opt Sele 
1A Go 
Vel. b4? 
| Volume 64D 


Number 5 


- Sept.-Oct. 1960 


$ép 20 1960 


Journal of 
Research 


of the 


NATIONAL BUREAU OF STANDARDS 








D. RADIO 
PROPAGATION 








Journal of Research 
of the 
National Bureau of Standards 


D. RADIO PROPAGATION 


SEPT.-OCT. - 1960 


VOLUME - 64D 


NUMBER . 5 


Editor: James R. Wait 
Central Radio Propagation Laboratory, 
National Bureau of Standards, Boulder, 
Colo. 

Associate Editors: T. N. Gautier, J. W. 
Herbstreit, R. C. Kirby, C. G. Little, A. G. 
McNish, R. A. Helliwell, W. E. Gordon, 
A. D. Wheelon, S. Silver 


IRE Advisors: D. G. Fink, K. M. Siegel 





Publication dates: 
Jan. 15; Mar. 15; May 15; July 15; Sept. 15; Nov. 15, 1960 





JOURNAL OF RESEARCH 


The National Bureau of Standards 
Journal of Research reports research 
and development in the fields of ac- 
tivity shown at right. Also included 
from time to time are survey articles 
of information on topics closely re- 
lated to the Bureau’s scientific and 
technical program. 


The Journal is published in four separate 
sections as follows: 


A. Physics and Chemistry 


Contains papers of interest primarily to 
scientists working in these fields. Issued six 
times a year. Annual subscription: do- 
mestic, $4.00: foreign, $4.75. 


B. Mathematics and Mathematical Physics 


Presents studies and compilations designed 
mainly for the mathematician and the theo- 
retical physicist. Issued quarterly. Annual 
subscription: domestic, $2.25; foreign, $2.75. 


C. Engineering and Instrumentation 


Reports research and development results 
of interest chiefly to the engineer and the ap- 
plied scientist. Issued quarterly. Annual 
subscription: domestic, $2.25; foreign, $2.75. 


D. Radio Propagation 

Reports research in radio propagation, 
upper atmospheric physics, and communica- 
tions. Issued six timesa year. Annual sub- 
scription: domestic, $4.00; foreign, $4.75. 


Functions and Activities 

The functions of the National Bureau of Standards are set forth in the Act of 
Congress, March 3, 1901, as amended. These include the development and 
maintenance of the national standards of measurement and the provision of 
means and methods for making measurements consistent with these standards; 
the determination of physical constants and properties of materials; the develop- 
ment of methods and instruments for testing materials, devices, and structures; 
advisory services to government agencies on scientific and technical problems; 
invention and development of devices to serve special needs of the Government; 
and the development of standard practices, codes, and specifications. The 
work includes basic and applied research, development, engineering, instru- 
mentation, testing, evaluation, calibration services, and various consultation 
and information services. The Bureau also serves as the Federal technical 
research center in a number of specialized fields. The scope of activities of the 
National Bureau of Standards is suggested in the following listing of the divisions 
and sections engaged in technical work. 
Washington, D.C. 
Electricity and Electronics. Resistance and Reactance. Electron Devices. 
Electrical Instruments. Magnetic Measurements. Dielectrics. Engineering 
Electronics. Electronic Instrumentation. Electrochemistry. 
Optics and Metrology. Photometry and Colorimetry. Optical Instrument 
Photographic Technology. Length. Engineering Metrology. 
Heat. Temperature Physics. Heat Measurement. Cryogenic Physics. Rheology 
Molecular Kinetics. Free Radicals Research. Equation of State. Statistical 
Physics. Molecular Spectroscopy. 
Radiation Physics. Neutron Physics. Radiation Theory. Radioactivity. 
X-ray. High Energy Radiation. Nucleonic Instrumentation. Radiological 
Equipment. 
Chemistry. Organic Coatings. Surface Chemistry. Organic Chemistry. 
Analytical Chemistry. Inorganic Chemistry. Electrodeposition. Molecular 
Structure and Properties of Gases. Physical Chemistry. Thermochemistry. 
Spectrochemistry. Pure Substances. 
Mechanics. Sound. Mechanical Instruments. Fluid Mechanics. Engineering 
Mechanics. Mass and Scale. Capacity, Density, and Fluid Meters. Combus- 
tion Controls. 
Organic and Fibrous Materials. Rubber. Textiles. Paper. Leather. Test- 
ing and Specifications. Polymer Structure. Plastics. Dental Research. 
Metallurgy. Thermal Metallurgy. Chemical Metallurgy. Mechanical Metal- 
jurgy. Corrosion. Metal Physics. 
Mineral Products. Engineering Ceramics. Glass. Refractories. Enameled 
Metals. Constitution and Microstructure. 
Building Technology. Structural Engineering. Fire Protection. Air Condi- 
tioning, Heating, and Refrigeration. Floor, Roof, and Wall Coverings. Codes 
and Safety Standards. Heat Transfer. Concreting Materials. 
Applied Mathematics. Numerical Analysis. Computation. Statistical Engi- 
neering. Mathematical Physics. 
Data Processing Systems. SEAC Engineering Group. Components and Tech" 
niques. Digital Circuitry. Digital Systems. Analog Systems. Applications 
Engineering. 
Atomic Physics. Spectroscopy. Radiometry. Mass Spectrometry. Solid 
State Physics. Electron Physics. Atomic Physics. 
e Office of Basic Instrumentation. e Office of Weights and Measures. 
Boulder, Colorado 
Cryogenic Engineering. Cryogenic Equipment. Cryogenic 
Properties of Materials. Gas Liquefaction. 
Radio Propagation Physics. Upper Atmosphere Research. Ionosphere Re- 
search. Regular Prediction Services. Sun-Earth Relationships. VHF Re- 
search. Radio Warning Services. Airglow and Aurora. Radio Astronomy 
and Arctic Propagation. 
Radio Propagation Engineering. Data Reduction Instrumentation. Radio 
Noise. Tropospheric Measurements. Tropospheric Analysis. Propagation- 
Terrain Effects. Radio-Metecrology. Lower Atmosphere Physics. 
Radio Standards. High-Frequency Electrical Standards. Radio Broadcast 
Service. Radio and Microwave Materials. Electronic Calibration Center. 
Microwave Circuit Standards. 
Radio Communication and Systems. Low 7% amd and Very Low Fre- 
quency Research. High Frequency and Very High Frequency Research. Mod- 
ulation Research. Antenna Systems. Navigation Systems. Systems Analysis. 
Field Operations. 


Processes. 





U.S. DEPARTMENT OF COMMERCE 
Frederick H. Mueller, Secretary 


NATIONAL BUREAU OF STANDARDS 
A. V. Astin, Director 





Order all publications from the Superintendent of Documents, 
U.S. Government Printing Office, Washington 25, D.C. 


Use of funds for printing this publication approved by the Director of the Bureau 
of the Budget (June 24, 1958). 











JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 5, September—October 1960 


ELF Electric Fields From Thunderstorms ”’ 
A. D. Watt 


(April 28, 1960; revised May 6, 1960) 


The varying electromagnetic fields produced by thunderstorms and associated light- 


ning discharges are examined. Calculated field variations produced 
cloud to ground discharge model are found to agree well with observed fields. 


by an assumed typical 
The mag- 


nitude of these vertical electric field changes are observed to decrease very slowly with 


distance from the source for values comparable to discharge channel heights. 


From 4 to 


20 kilometers a 1/d° relation is observed, and beyond 30 kilometers the field variations 


appear to follow a 1/d relation. 


The expected radiation field frequency spectra from 1 cycle per second to 100 kilocycles 
per second are calculated employing models assumed to be typical of “‘long”’ and ‘‘short’’ dis- 


charges. 


The radiation spectra obtained from 1 to 100 kilocycles per second for observed 


cloud to ground discharge field variations normalized to 1 kilometer are seen to agree 
within expected limits with calculated values. 

The models employed indicate that below 300 cycles per second “long’’ discharges 
produce much more energy than “short” discharges, and that inter- and intra-cloud 
discharges may produce as much energy as cloud to ground discharges. 

Anticipated variations of total vertical electric field frequency spectra as a function 
of distance, based on the work of Wait, are shown for the frequency range from 1 cycle 


per second to 100 kilocycles per second. 


1. Introduction 


It is well known that the natural background 
radio noise field in the region from 3 ke/s to 30 
Me/s is largely produced by lightning discharges. 
Although the natural noise level above 30 Mc/s is 
largely due to cosmic sources, Atlas [1] * has shown 
that lightning sources are observable at frequencies 
as high as 3,000 Me/s. 

Below 3 ke/s, the noise spectra produced by light- 
ning discharges is not well known, although it is 
generally believed that below 1 c/s the background 
noise fields are produced largely by ionospheric cur- 
rents or extraterrestrial sources rather than by 
lightning discharges. 

In view of the somewhat limited information avail- 
able regarding the ELF electromagnetic fields pro- 
duced by thunderstorm and lightning activity, it is 
the purpose of this paper to consider the mechanism 
by which time varying electric and magnetic fields 
and their associated frequency spectra are likely 
to be produced by thunderstorms and lightning 
discharges. 


2. Observed Vertical Electric Field Varia- 
tions 


The vertical electric field at the surface of the 
earth has a fair weather field potential of approxi- 
mately 100 v/m with a diurnal variation, which 
appears to be well correlated with worldwide thunder- 


1 Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo.; paper presented at Conference on the Propagation 
of ELF Radio Waves, Boulder, Colo., Jan. 26, 1960. 

2 The studies contained in this paper were sponsored by the Office of Naval 
Research under contract NR 371-291. 

3 Figures in brackets indicate the literature references at the end of this paper. 
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storm activity, having approximate plus or minus 
20 percent variation about this mean value, as shown 
by Pierce [2]. The fair weather field is negative 
since the potential increases with height above the 
surface of the earth.t This means that a vertical 
rod antenna will have a positive potential with 
respect to ground. 

During a thunderstorm or disturbed weather, the 
vertical electric field in the vicinity of such a storm 
can become quite great and usually changes sign 
from the negative fair weather field to a positive 
value which, as has been shown by Smith [4], can 
become quite large, i.e., values in the order of 4,000 
v/m. These changes in the vertical electric field 
caused by motion of clouds and charged volumes 
are at a relatively slow rate. The magnitude of 
the change is, however, great and the possible con- 
tribution by this mechanism to the total observed 
vertical electric field spectrum must be considered for 
frequencies in the order of several cycles per second. 

Tamura [5] has observed that, even with thunder- 
storms 10 to 20 km from the observing point, the 
field intensity can become several hundred volts 
positive. In some cases the field slowly varies to a 
relatively large negative value, although the general 
trend during storms is for a positive field with rather 
abrupt negative direction changes during cloud to 
ground lightning discharges. These negative field 
changes soon recover (in about a minute) to an 
average positive field of several hundred volts per 
meter. The general mechanism involved in a typical 
cloud to ground discharge can be seen from figure 1 


4 Since E=—dv/dz, the vertical electric field considering up in a positive sense 
is actually a negative quantity as shown by Clark [3]. Considerable care must 
be taken when reading the literature on atmospheric electricity. Most workers 
have plotted observed potential gradient which is sometimes referred to as the 
observed field without the appropriate change in sign. 
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MAIN DISCHARGE 
(return stroke) 


PREDISCHARGE 


(leaders) 
am 








Figure 1. Lightning discharge. 


(a) Predischarge (leaders), 2:80 m/ysec. (during each step), [:~300 amp 
(avg) (b) Main disch: arge (return stroke), 0-80 m/usec., J,~30 kiloamp (avg 
peak value). 


where it is apparent that the negative charge on the 
bottom of the cloud will produce a positive electric 
field beneath it. The buildup of charge in the 
thunderstorm cloud cell produces an increase in 
potential gradient. When this gradient exceeds the 
break down potential of the air, the step leader is 
initiated along a path which cenerally follows the 
direction of maximum gradient. Although the 
instantaneous direction may be quite variable and 
can contain various “false start’ trials as shown, 
the general trend must be to the ground for this 
type of discharge. The process of the leader or pilot 
streamer as it advances in spurts of 10 to 100 m has 
been described in detail by Schonland [6], and the 
total period during which it is progressing down- 
ward in a cloud to ground discharge can vary appre- 
ciably about some average value in the order of 
500 to'1,000 usec. 

It is apparent from figure 1 that if the point of 
observation is beneath the cloud cell in which the 
lightning discharge is forming that the field will 
increase positively as the leader lowers negative 
charge. It is well known that the leader mechanism 
contributes appreciably to the spectrum of the 
electric field at frequencies above 20 ke/s [7]; how- 
ever, aside from the contribution due to the positive 
field increase during formation and those cases where 
the leader lowers a substantial part of the total 
charge, the leader mechanism is not likely to appre- 
ciably contribute to the spectrum below about 5 ke/s. 


3. Return Stroke Current Moment 
Characteristics 


Once the step leader reaches the earth’s surface, 
the main return stroke is initiated which travels 
upward with an initial velocity in the order of 80 
m/yusec. It should be observed that this vertical 
upward travel which actually slows down at higher 
altitudes is really a growth vertically in the down- 
ward acceleration of negative charge (in almost all 
cloud to ground strokes) which has been deposited 
during the leader process of the lightning discharge. 
This downward flow of negative charge causes a 
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positive ®> (upward) vertical electric current. Em- 
ploying well-known concepts, we see that the main 
return stroke in practically all cases constitutes a 
positive vertical electric moment which can _ be 
obtained by integrating the current times differential 
height along the discharge path. 

The height of various dise harge paths differ appre- 
ciably, and it is obvious when one visualizes the 
mechanism involved that the shape of the moment 
curve as a function of time as well as the relative 
amounts of vertical and horizontal moment will 
vary appreciably from one discharge to another. A 
typical base current versus time for a single stroke 
is shown in figure 2a. Figure 2b shows the manner 
in which the return stroke length varies with time, 
and the effective — al moment and its differential 
and integral as a function of time are shown in 
figure 20. 
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Figure 2. Cloud to ground lightning stroke—estimated median 
characteristics. 


4. Electric and Magnetic Fields Produced 
by a Time Varying Vertical Current 


A vertical electric monopole on the surface of a flat 
perfectly conducting earth as shown in figure 3 


5 Schonland, Hodges, and Collens [8] observed only one apparent negative 
current in more than 350 cloud to ground discharges. 
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Figure 3. Current monopole field geometry. 


produces both electric and magnetic fields which, on 


the surface neglecting ionospheric effects, can be 
written as ° 


- al a Wet 
pe _— [- 


see Oe Vel (radiation) 


M(t Jd M(t’ )/dt | 
*d 


cd? c*¢ 


(1) 
Ho=h L si t’) M(t ee) 2) 
cd 
a (radiation) 
where: 


Ei,’ is the vertical electric field in volts/meter, 

H, is the tangential magnetic field in ampere 
turns/meter, 

Eo is the permittivity of free space = [367 X 10°]! 
in farads/meter, 


M(t)’ is the changing vertical electric moment, 
Ixl, in ampere meters, 
I(t) is the dipole antenna current in amperes, 
is the dipole length in meters, 
d is the distance from the source to the point of 
observation in meters where d>>l, 
c is the velocity of light=3 10° m/sec, and 


e =(t—d/e). 


If the current is chosen as /(t)=J cos w t, we can 
write 








—IlTsinwt’ , coswt’ wsinat’ 
E, = =— a 
27 wil? + cd? ed | (3) 
and 
Il [cos wt’ wsinet’ 
a a en | (4) 


It is interesting to observe the effects of distance 
upon the various terms of the electric field produced 
6 See for example Jordan [9] or Wait [10]. 
7 Note that with respect to the conventional spherical coordinates, E,=—E@ 
when @=90°. 
Tt 
8 It is noted that M(t) dt=q lets where q: is the total charge lowered in 


coulombs and Jer; is the average effective length of the discharge in meters. 





by an oscillating electric dipole [11]. Beyond one 
wavelength FE, and H, decay as 1/d. In figure 4, 
obtained from Norton, it can be seen that between 
d/A=0.1 and 1, all three terms are contributing to 
E,, while for distances less than 0.1 the (1/d)* term 
predominates. 








w= 20 
z< DIFFERENCE EQUALS FIELD INTENSITY 
<z”° 00 REDUCTION OBTAINABLE FROM CLOSE 
ak ELECTRIC DIPOLE SOURCES WITH 
wae SHIELDED LOOP 
= se 80} 

WwW 
zu 

a 
Su 60 

ra 
Ww <q 
= s 
ad ac 
=. 
-* 
Ld 
B20) 
Or 

“O00! 001 Ol 


DISTANCE FROM SOURCE (d/x) 


Ficure 4. Electric fields versus distance for oscillating electric 


or magnetic dipoles. 


5. Effective Discharge Moment Field 
Relations 


From eq (1) we obtain the three components for an 
electric monopole. The radiation field term, /,, can 
be shown to be 


, _—2dM(t")/dt 7 
ae (5) 





the induction field term is 


, —60M(t’) 
i (6) 


and the electrostatic term is 


= 1.810" {ML (e") ae 
a ; 


Ej= (7) 





It should be emphasized that the monopole fields 
shown hold only as long as d is large compared to the 
monopole length, and reasonably small compared to 
the height of the ionosphere whose effects have thus 
far been neglected. 

Before attempting to examine fields produced by 
actual discharges, it is important to note that the 
peak currents observed at the ground vary appre- 
ciably about the average 30-kamp value shown in 
figure 2a. Cloud to ground stroke data obtained 
from Robertson, Lewis, and Faust [12] are shown in 
figure 5 along with radiated field data from Taylor 
and Jean [13] where it is seen that the currents have 
a somewhat greater dynamic range than a Rayleigh 
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Figure 5. Cumulative distribution of cloud to ground lightning 


stroke current amplitudes at the earth’s surface, and Emaz of 


radiated waveform normalized to one km. 
Peak fields from 





Peak current from Robertson, Lewis, Faust [12]. 
Taylor and Jean [13]. 





distribution which has a slope of (—1) on this graph. 
It should also be noted that the high altitude strokes 
have much lower peak current amplitudes which 
may result from the lower break down potential of 
air at high altitudes or the lower ground conductivity 
high in the mountains. The slope of the distribution 
of normalized peak radiated fields is similar to that 
for low altitude (below 2 km at the ground) currents 
as would be expected. 


6. Variation With Distance of Field Strength 
Changes During Lightning Discharges 


Observed changes in the vertical electric field near 
to thunder storms obtained from Hatakeyama [14], 
Tamura [5], Florman [15], and Taylor and Jean [13] 
are plotted on figure 6 where it appears that the 1/d* 
relation is valid for distances of about 4 to 20 km. 
This agrees with Morrison [16] who indicated that 
E.=E, at d=26 km. Beyond 30 km the observed 
points group around the 1/d line with an amount of 
oe expected from the variations in peak radiated 

eld. 

The peak negative swing of the radiation field 
assuming a median stroke from figure 5 is seen to be 


E,<~300/d(km). (8) 
The peak field calculated for the example in figure 2 


is E,-~260/d(km) which would indicate that it is 
typical of a median return stroke. 
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Figure 6. Peak electric field variation from lightning discharges. 


*for a complete discharge, assuming gX/=5.6X104 amp meter sec. **for a single 
return “‘short’’ stroke (current flow from 0 to 150 usec.) 


When the electrostatic term is calculated with eq 


(7) and a value of | M(t’)/dt~1.5X10* amp meter- 


seconds, we obtain 
E.~3X 104/@ (km). (9) 
(single stroke) 


It is obvious that this line shown on figure 6 is far 
below the observed values. This relation takes into 
account only the charge lowered during the first 180 
usec which, for the example in figure 2a, is 2.1 
coulombs assuming that the current ceased to flow 
after this time. This assumption, which is allowable 
for the VLF radiation spectra considerations, is cer- 
tainly not valid as far as the total electrostatic field 
change is concerned. 

Typical “‘long’’® cloud to ground discharges con- 
tain several multiple strokes each lasting about 100 
usec and magn by an average time of about 40 
millisec. The median peak current is about 30 
kamp, and after each stroke a relatively small amount 

® A long discharge occurs when a small (7~500—1000 A) current continnes to 
flow for several hundred milliseconds, and g;>10 coulombs. Short discharges 


also occur where the current flow stops after about 4 millisec and ¢:™~2 to 10 
coulombs. 
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Fieure 7. Lightning stroke, complete discharge current. 


Record 208 7-31-42 smokestack of Anaconda Copper Mining Co., Great Falls, 
Montana (From McCann). 


of current (around 500 to 1,000 amp) continues to 
flow between these strokes. A typical long discharge 
from McCann [17] is shown in figure 7. Although 
the peak currents are less than the expected median 
value, it is instructive to note that 81 coulombs of 
charge were lowered to the earth in this complete 
discharge as compared to only 2.1 during the single 
“short discharge” stroke of figure 2a. This means 
that a large portion of the charge is actually lowered 
between and after the main strokes. 

Since the change in the electrostatic field is propor- 
tional to the charge lowered times the effective height, 
it is obvious that the actual field change observed 
for a complete discharge will be much greater than 
that indicated by (9) for a typical single stroke. It 
should also be noted that during the high currents 
of the return stroke, not only is the total charge 
lowered small, but in addition the effective height is 
likely less than during the between stroke current 
flow. The cltarge of 81 coulombs is larger than the 
average value of about 10 to 20 shown by McCann 
[17]. Assuming an average value of 20 coulombs 
and an average effective height of 2.5 km, we obtain 


E—=~10°/d> (km) 
(total discharge) 


(10) 


which is seen from figure 6 to agree very well with 
observed field changes.’° 

When the field is observed at a distance, compar- 
able or short compared to the discharge length, eq 
(7) no longer is valid. In close where d< <1, it is 
shown by Wait [10] that the length of the column is 
no longer a factor. The field is now a function of J 
and d, and we can write 


(11) 


Hel Nog. (7) (12) 


10 This relation obtained from independent data is the same as that given by 
Pierce [18]. Reference [18] and its companion paper [19] contain a large amount 
of useful information relative to the characteristics of lightning discharges. 





where yw is the permeability of the medium = 
4xX10~‘*h/m for free space, and X is the free space 
wavelength in meters. For these relations to hold 
d<<l,andd/A< <1. Thus it is seen that the magni- 
tude of F, will vary slowly with d. For example, if d 
varies from 4 to 1 km and we assume \ in the order 
of 6<10* km (f=10 c/s), the log function varies by 
about 1 to 1.2. A dotted line with this slope is 
drawn at the top of figure 6 where it appears that the 
observed fields are varying in about this manner from 
1 to 4 km. 


7. Frequency Spectra of Individual Return 
Strokes 


It is instructive to consider the frequency spec- 
trum of an individual return stroke such as shown 
in figure 2 where the complete event is considered as 
being consumated in approximately 180 usec. The 
frequency spectrum of the induction field term will 
first be considered because of the ease with which it 
can be obtained. 

The induction field produced, E;, from eq (6) and 
figure 2c is seen to be an unidirectional pulse with an 
areain(v/m). The frequency spectrum of the induc- 
tion field can be obtained by means of the Fourier 
transform 


E(t) e-7*'dt 


—-2 


es a im M(t’)e~?#tdt: 


Gfi= 


(13) 





When the frequency spectrum is obtained from the 
response of narrow band filters, the relations de- 
scribed in the appendix must be employ ed. 

It is well known [20] that for a pulse of length r, 
the frequency spectrum is essentially constant for 
f<1/3r and that G(f)=A where A is the area of 
the pulse. Since r~180 usec, we can write for the 
single isolated stroke 


6) 


anl= 7. M(t’)dt (14) 


290 c/s <f< 2,000 c/s. 


If M(t) actually became and remained zero beyond 
180 usec, eq (14) would be valid for all frequencies 
below 2,000 c/s. Since in a typical “long discharge”’ 

the channel continues to carry some 500 to 1 600 
amp until the next stroke or for a time in the order 


M(t)dt 


given in figure 2c is no longer valid beyond about 
20 millisec and a lower limit of around 209 c/s must 
be placed on f in eq (14). 

The radiation spectrum in this frequency 
can be obtained by observing from eq (3) that 


2a fdG(f): 
3X 105 


of a hundred milliseconds, the value of 


range 


G(f),= (15) 
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and as a result combining (14) and (15) 


ee 


IG(f) |= aa |. M(t) dt (16) 


200 c/s <f< 2,000 e/s. 


Assuming a typical average value of 1.4X10* for 


| M(t)dt for the first 180 usec, we can write 


IG(f) ke re (17) 


typical avg long discharge, 200 ¢/s< fs, 000 c/s; 
typical avg ¢ short stroke, I<2 000 c/s 


s for a long discharge 
M(t) 


dt for the complete discharge as shown in figure 8. 
This function is seen to be essentially a ramp func- 
tion with a linear slope m~1.7X10° amp meters 
out to the end of,the complete discharge which may 
be in the order of 100 to 500 millisee. From the end 
of the discharge, the electrostatic field recovers to 
its initial value in a period of the order of 100 sec. 

A ramp function with a slope ‘‘m” is known to 
have a spectrum 


The spectrum below 100 c/s 


can be obtained by observing the shape of the 


GO )= ap (18) 
Combining eq (3), (7), and (18) we obtain 
2m 
6 Dl=a04 (19) 


10<f< 100 e/s. 
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Fiaure 8. Typical long discharge moment relationships. 
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Employing an assumed typical faccoat with an 


m of 1.7><10° amp meters 


G(f) jue (20) 
ag 


10 <f<100 ¢/s typical avg discharge. 


It is interesting to observe that the radiated spectrum 
in this region is independent of frequency. 


M(t)dt 


For frequencies in the order of 1 ¢/s, the | 


looks like a saw-tooth wave where the important 
contributions come from the leading edge which 
approximates a step function. The step function 
has the well known spectrum 


h 


(f= 2 
where h is the height of the step. 
Combining eqs (3), (7), and (21) we obtain 
IG(f)+| =Tat, [ Mede(max) (22) 


0.2¢/s< f<2e/s. 


If we employ the maximum moment integral value 
shown in figure 8 as 1.510° amp meter seconds, 
we obtain 


Jaf), (23) 


The radiation spectrum obtained for an assumed 
average complete cloud to ground discharge is shown 
in figure 9 where the straight line sections are ob- 
tained from the preceding simplified relationships 
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Figure 9. Calculated and observed frequency spectrum of the 
radiation component of field strength from an average cloud to 
ground discharge, normalized to a distance of 1 km. (pre- 
cursor fields have been neglected). 


pamarsces > 





over the frequency range where they are expected 
to be valid. The solid and dotted curves represent 
the average spectra obtained by Fourier transforms 
of observed fields of individual cloud to ground 
strokes. The solid straight line with a 12 db/octave 
slope near 50 ke/s was calculated employing the ramp 
function transform and the initial slope of the dM//dt 
curve in figure 2c. The general expression is 


m (24) 


CD =F 


If we employ a slope m=8 X10" amp meters/sec? 


4x 108 = 
G(f)r= Fd 25) 
f>50 ke/s. 


This line appears to lie about 6 db below the observed 
spectral values in the 40-ke/s region. If the wave- 
form in figure 2c is closely observed, it is apparent 
that the reversal in slope at 20 ysec will contribute 
almost an equal amount to the frequency spectrum 
in the 30- to 50-ke/s region. Adding 6 db to the 
values from eq (25) gives good agreement with the 
observed spectra. 

It should be emphasized that individual spectra 
will vary appreciably since the moment time func- 
tions of individual discharges are quite variable. 
The maximums and minimums observed in the 15- 
to 40-ke/s region of the radiation spectra obtained 
from Florman are caused by the different lengths of 
the+and—half cycles of the moment differential, 
and each individual discharge is likely to have this 
type of structure above 15 to 20 ke/s. 

The average frequency spectra shown by the 
dashed lines in figure 9 are based on assumed average 
cloud to ground discharges where the low frequency 
portion for the long discharge include the effects of 
normal multiple strokes. The actual spectrum of 
any particular cloud to ground discharge may vary 
appreciably from the spectra shown. ‘There is also 
a possibility that discharges from tropical types of 
storms may differ appreciably from the results shown 
here which are based on a model believed to be 
fairly typical of the discharges occurring in temperate 
zone thunderstorms. It is instructive to observe 
that in the frequency range from roughly 10 to 100 
c/s that the radiation spectrum for a long discharge 
appears to be essentially constant. This results from 
the appreciable current flow between multiple strokes 
which may last for periods up to several hundred 
milliseconds. For short discharges where the cur- 
rent ceases to flow relatively soon after the initial 
stroke, the frequency spectral components continue 
to decrease with decrease in frequency as indicated 
by eq (17). Since the frequency spectrum compo- 
nents in the 1- to 200-c/s region are seen to be 
primarily generated by the relatively low amplitude 
current flow between strokes, it would appear that 
inter- and intracloud strokes with appreciable ver- 
tical travel may be as effective as cloud to ground 





strokes in producing ELF energy. The importance 
of the initial slope of the dM/dt curve in producing 
energy in the 3- to 30-ke/s region indicates that 
cloud to cloud discharges are not likely to produce 


large VLF fields. 


8. Variation of Frequency Spectra With 
Distance 


The frequency spectra shown in figure 9 would not 
be observable at any given location because of the 
wide frequency range covered. The actual observed 
field would vary according to eqs (3) and (4) if the 
ionosphere could be neglected and the earth were a 
perfectly conducting flat plane. For distances short 
compared to the height of the ionosphere, this as- 
sumption is relatively valid provided of course that 
the distance is large compared to the height of the 
discharge channel. 

Wait [21] has treated the waveform variations at 
short ranges, and also given the relationships antici- 
pated at longer ranges for the observed electric and 
magnetic fields relative to the plane earth radiation 
field from calculations based on the waveguide con- 
cept [21, 22]. The results obtained are shown in 
figure 10 in terms of the W function which is the 
ratio (expressed in decibels) of the vertical electric 
field to the radiation component of the vertical elec- 
tric field for an assumed infinitely conducting plane. 
The frequency spectra expected at 10 and 100 km 
from a typical average discharge have been calcu- 
lated with the aid of figures 9 and 10 and the results 
shown in figure 11. For longer ranges the appro- 
priate W function values can be obtained from Wait 
[21 to 23]. 
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Fiaure 10. Ratio of actual vertical electric field to the radiation 
component over an infinitely conducting plane, |W\=E,/E, 
(from Wait). 


Calculations based on ionospheric: 
height=90 km 


parameter, w-=5X105 rad/sec }night. 
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Ficure 11. Calculated spectrum of the vertical electric field for 
an assumed average long discharge cloud to ground lightning 
discharge, d km from the observing point. 


9. Spectra From Fields Produced by Motions 
of Clouds 


The motion of clouds and charged volumes pro- 
duces relatively large vertical electric field changes. 
The magnitude and rate of change in these fields 
suggest that a very rough approximation of the 
spectra for f<1 c/s might be obtained by considering 
portions of E(t) which appear as ramp functions. 
Typical slopes are in the order of 4 and 0.004 (v/m)/ 
sec for stormy and fair weather fields. Employing 
eq (18) we obtain 


: 1 


stormy clouds 
f~1 e/s 
and 
GN E~—s 
ae 
fair weather 


f=! e/s. 


For frequencies above 1 c/s the spectrum is likely 
to decrease as 1/f* since the field appears not to 
have discontinuity in slope for f>1¢/s. These fields 
are included in figure 11 to give a rough estimate of 
possible contributions from this mechanism. Loop 
antennas will of course be much less subject than 
whips to effects of this kind. 


The author acknowledges the assistance received 
from: J. R. Wait, E. L. Maxwell, A. G. Jean, and 
W. L. Taylor during many helpful discussions, as 
well as permission to use material prepared by them; 
and from Winifred Mau during the preparation of 
the manuscript. 
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10. Appendix. Filter Impulse Response 


It should be observed that the frequency spectrum 
as defined has the dimensions of E(t) multiplied by 
time which in this case is (volts/meter) seconds. 
The frequency spectrum amplitude observed with a 
spectrum analyzer is dependent on the characteristics 
of the filter employed. The impulse function re- 
sponse of a circuit is given by 


n(t)== {Ae cos [wt — B(w)|dw 


where A is the area of the impulse function, A(w) 
and B(w) are the amplitude and phase functions of 
the circuit. If we assume an idealized loss-less rec- 
tangular filter with a linear phase B(w)=Sw, the 
output is 

of 


v(t) —4AF, [ ee] Cos w) (t—S) 


where the peak transient response is 2A6 which 
means that peak output of this filter is 2bg(w) pro- 
vided of course that g(w) is constant over the 6-db 
bandwidth 6. In actual practice A(w) is not rec- 
tangular and the peak response of a physical filter 
with unity gain at the center frequency is given as 


Vo(peak)=kg(w) 6 
=kG(f) b 


where k is dependent on filter configuration, and 
varies from values of about 1.5 to 3 for typical filters. 
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Field Strength Measurements in Fresh Water’ 
Gurdip S. Saran? and Gedalia Held * 
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Experiments were performed to measure field strength at a frequency of 18.6 kilocycles 
per second in fresh water of conductivity 2.66 < 10-3 mhos/meter down to depths of 1,000 feet 


using monopole and loop antennas. 


The experimental results verify the theoretical values 


of field strength attenuation with depth for all antennas and of the ratio of vertical to 
horizontal field strength for the monopole antennas. 


l. Introduction 


The theoretical relationships of field strength in 
air and in the conducting medium for different 
antennas imbedded in the semi-infinite conducting 
medium have been presented by different authors 
[1 to 7].4. M. B. Kraichman [8] has presented experi- 
mental results of the measurements of magnetic field 
strength in air for the various dipoles and loops im- 
mersed in a concentrated sodium chloride solution, 
which are in agreement with the above-referenced 
theoretical work. His experimental results, however, 
are limited in the horizontal range to a distance of 
over a wavelength in the conducting medium but a 
fraction of wavelength in air. Experiments are now 
in progress at Boeing Airplane Company to verify 
the theoretical results of electric field strength in air 
and in the conducting medium for the horizontal 
electric dipole in salt water for distances of several 
wavelengths in air. 

Unfortunately the model-scale experiments per- 
formed in a laboratory are generally limited in 
scope due to the small dimensions of the tank, lead 
lengths, and the scaling factors that are introduced 
to fit the experiments to the limited space. There- 
fore full-scale experiments were performed. They 
are described briefly in this paper. 

The experiments were performed at Lake Chelan 
in the State of Washington during the summer of 
1959. The attenuation of field strength for different 
antennas down to depths of 1,000 feet was measured, 
and the field strength relationship between the hori- 
zontal and vertical monopoles was established experi- 
mentally. The conductivity of the water was 
2.66 X 107? mhos/meter, which is comparable to that 
of the ground. The large size and great depth of 
the lake simplify considerably the experiments with 
regard to configurations and. orientations of the 
antennas. 


1Contribution from Boeing Airplane Company, Seattle, Wash., paper pre- 
sented at Conference on the Propagation of ELF Radio Waves, Boulder, Colo., 
January 25, 1960 

2 Present address, Space Sciences Laboratory, Missile and Space Vehicle Dept., 
General Electric Co., 3750 D St., Philadelphia, Pa. 

3 Present address, Space Technology Laboratories, Inc., P. O. Box 95001, Los 
Angeles 45, Calif. 

‘ Figures in brackets indicate the literature references at the end of this paper. 





The signals were received from the U.S. Navy 
Radio Station (7) Jim Creek, Oso, Washington, at 
a frequency of 18.6 ke/s. The field strength at 
different places on the surface of the lake was 
nearly 40 millivolts per meter. 

The antennas tested were a 10-ft loop with 15 turns, 
a 6-ft loop with 15 turns, and a 36-ft short-circuited 
coaxial antenna with 88-ft bare wire for grounding 
to the water. The short-circuited coaxial antenna 
consists of an insulated section and a_bare-wire 
section for grounding to the water [2]. All antennas 
were made of wire gage No. 4 with neoprene insula- 
tion. 


2. Theoretical Results 


The theoretical results of field strength for the 
electric and magnetic dipole antennas imbedded in 
the conducting medium are of the following general 


form: 
¥=CPg(f, 0) exp. {—2/5}h(f, 7, 4). 


C=a constant, 

P=electric or magnetic dipole moment, 

o=conductivity in mhos/meter, 

z=sum of depths for the transmitting and the 
receiving antennas, 

5=[2/wpoo]”, skin depth, 

f=frequency, 

r, ¢=range and azimuth. 


While the theoretical results involve different 
assumptions in the solution, they all suggest that 
the field strength attenuates exponentially with 
depth for the different antennas in the conducting 
medium. The exponential variation, furthermore, 
is invariant to the mode of excitation and reception 
for the antennas, as long as the distances involved 
are much greater than a skin depth [5]. The 
behavior of appropriate electromagnetic waves, 
therefore, is similar to that of a plane wave propagat- 
ing in the conducting medium. For attenuation 
measurements in the lake water, therefore, only the 
relative amplitude of the electromagnetic wave was 
measured and is of importance. 
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The ratio of vertical to horizontal component of 
the electric field strength in the conducting medium 
for a plane wave propagating along the interface is: 


n= E,/E,=[weo/io]”. 


For a wave propagating in water, the vertical 
component is negligible compared to the horizontal 
component of electric field strength. The index of 
refraction of water is determined by the conductivity 
and is large compared to that of air. The direction 
of propagation of a wave in the water, therefore, is 
nearly vertical [9]. 


3. Experimental Apparatus and Procedure, 
and Results 


3.1. Apparatus and Procedure 


The apparatus consisted of a wooden raft, a small 
boat, a tank, antennas, and the receiving equipment 
consisting of batteries, converter, recorder, and a 
timer. The metal tank was used to accommodate 
the receiving equipment and could withstand pres- 
sure down to water depth of 1,500 ft. The test 
antennas were kept at a distance of nearly 12 ft 
from the tank. The tank and antennas were 
supported by a nylon rope from a wooden raft. 
A barge was used only to handle the weight of the 
tank when the latter was out of the water. During 
the experiments, however, the barge was taken 
away and kept at a distance of at least 2,000 ft 
from the test site. The timer inside the tank was 
set to start the receiving equipment approximately 
12 min before the end of each hour and to shut oif 
the equipment a few minutes past the hour. During 
the equipment-on period, the signals from the Naval 
Radio Station followed this sequence: a period of a 
few minutes with no signal followed by a period of 
approximately 5 min with ew power. During the 
ew signals, the antenna depth was varied with the 
rope on the wooden raft. The signals were also 
monitored in the air with another receiver on the 
raft to notice possible variation in field strength and 
to check the period of cw power from the radio 
station. 


3.2. Experimental Results 


The attenuation of field strength with depth for 
the monopole and the loop antennas are presented 
in figure 1. The field strength follows an exponen- 
tial law as E= KE, exp. {—2/5}. At one skin depth 
(72 meters for this case), for example, the field 
strength decreases to 1/e of its value at the interface 
of air and water. The field strength, furthermore, 
decreases to %o and Moo of its interface value at the 
depths of 164 and 329 meters respectively. 

The vertical component is smaller than the hori- 
zontal component of the field strength. The exper- 
imental ratio of vertical to horizontal components 
is 0.0141, 0.0138, and 0.0149 for the respective depths 
of 3, 10, and 50 meters. 
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Figure 1. Altenuation of field strength with depth for the 


electric and magnetic dipole antennas. 


4. Discussion of Results 


The experimental values of field strength with 
depth correlated closely with those of theoretical 
values represented by E=E,) exp {—2z/6}. Precau- 
tions were taken to keep metal objects, including the 
barge, at least a few thousand feet away from the 
test site and the wooden raft. In order to avoid any 
questions about the transmission of the signal over 
lines or wire, only nylon rope (no wires) was used to 
lower, raise, or handle the receiving equipment in 
the water. 

The theoretical ratio of vertical to horizontal com- 
ponents of the field strength in the conducting 
medium is 0.0197 for the frequency of 18.6 ke/s and 
conductivity of 2.6610-* mhos/meter. The ex- 
perimental values are lower than the theoretical 
results and are presented in table 1. 


TABLE 1.—», Ratio of vertical to horizontal component of E in 




















water 
Depth in | Experimental Theoretical 
meters ” | ” 
. | | 
3 | 0.0141 0. 0197 
10 . 0138 . 0197 
50 "0149 0197 





The discrepancy of 20 to 30 percent could have 
been caused by the change of azimuth angle and test 
site during experiments. The strong winds, partic- 
ularly during these tests, on the lake could easily 
have moved the raft at least a mile away from the 
original test site. The change in both the azimuth 
angle and test site can influence results; the former 
because of transmitter location and the latter be- 
cause of the variation of field strength with location 
at the surface of the lake. 
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5. Conclusions 


The experimental results for the attenuation of 
field strength with depth for the different antennas 
correlate with the theoretical results. The experi- 
ments, furthermore, verified the theoretical results 
that the horizontal electric antennas are superior to 
the vertical antennas for reception, and also for 
radiation (by reciprocity theorem), in the conducting 
medium. 
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Electrical Resistivity Studies on the Athabasca Glacier, 
Alberta, Canada’ 


G. V. Keller and F. C. Frischknecht 
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The use of electrical methods for measuring ice thickness and properties on the Athabasca 
Glacier, Alberta, Canada, has been studied by the U.S. Geological Survey. Two methods for 
measuring resistivity were tried: (1) a conventional resistivity method in which current 
was introduced galvanically into the glacier through electrodes, and (2) the other an electro- 
magnetic method in which a wire loop laid on the ice was used to induce current flow. Results 
of the galvanic measurements showed large variations in the resistivity of the ice; in a surface 
layer several tens of feet thick the resistivity is between 0.3 and 1.0 megohm-meters, and 


under this layer, the resistivity of the ice is more than 10 megohm-meters. 


The resistivity 


of the surface ice is determined by its water content rather than by molecular resonance loss. 
The ice had no effect on the mutual coupling measurements in the frequency range from 


100 to 10,000 cycles per second. 


As a consequence the electromagnetic data could be inter- 


preted simply in terms of ice thickness and bedrock resistivity. 


1. Introduction 


Geological exploration in polar areas is often 
hampered by the presence of thick ice sheets covering 
rock outcrops. Geological studies in ice-covered 
areas are facilitated by the use of geophysical tech- 
niques to provide information about the rocks under 
the ice. Seismic, magnetic, and gravity methods are 
commonly used, but electrical methods have been 
used only rarely [1, 2], despite the fact that ice 
probably has more significantly different electrical 
properties than any rock with which it may be in 
contact. 

An opportunity for studying the use of electrical 
methods over glacial ice came about during the 
summer of 1959, when the U.S. National Bureau of 
Standards planned a field study on Athabasca 
Glacier in Alberta Province, Canada, [3] and invited 
the U.S. Geological Survey to participate. The 
Athabasca Glacier was an attractive location for 
preliminary studies because of its accessibility and 
because an extensive program of glaciological work 
is being carried on there by the Universities of Alberta 
and British Columbia. 


2. Description of Athabasca Glacier 


The Columbia Ice Field, which is the source of the 
Athabasca Glacier, lies astride the British Columbia- 
Alberta border, about 110 mi north of the town of 
Banff, Alberta. Athabasca Glacier extends approxi- 
mately 214 mi from the névé line at an elevation of 
8,000 ft, to the toe at an elevation of 6,300 ft (fig. 1). 
There are two ice falls in the first *% mi after the 
glacier leaves the ice field, each with a drop of several 
hundred feet. The lowermost step of the glacier is 
relatively flat and smooth for more than a mile before 
the ice surface drops off to the terminal lake. 

! Contribution from U.S. Geological Survey, Denver 25, Colo.; paper presented 


at Conference on the Propagation of ELF Radio Waves, Boulder, Colo., January 
25, 1960. 


439 









TRUE NORTH 





4 








yt 





COLUMBIA 
ICE FIELD 
Y ie, 9.000 =) 
LEGEND 
----- GALVANIC RESISTIVITY SOUNDINGS 0 | 2 





© INDUCTION LOOP LOCATIONS 
—~— 500 ft ICE CONTOURS 


CONTOURS TAKEN FROM INTERPROVINCIAL BOUNDARY COMMISSION 
SHEET NO. 22 


Figure 1. Sketch map showing the Athabasca Glacier. 

The lower step is only slightly crevassed, though 
during the melt season parallel hummocks 3 to 5 ft 
high, spaced at 10 ft intervals, develop over most 
of the surface. Commonly, the valleys between 
these hummocks provide drainage for melt water. 
Drainage streams usually end in moulins, or melt 
holes, several hundred feet deep. 

All of the electrical studies were carried out on the 
lower step, as indicated on figure 1. 





3. Field Work With Electrical Methods 


Two methods of measuring resistivity were used; 
one, a conventional method in which current was fed 
galvanically into the ice through electrodes, and the 
other, an electromagnetic method in which the 
mutual coupling between two wire loops laid on the 
ice was measured. 


3.1. Galvanic Method 


The galvanic measurements consisted of five depth 
soundings made at 300-ft intervals across the glacier 
from the midpoint to the northwest margin, and a 
resistivity profile along this line (fig. 1). A four- 
terminal electrode system was used to make the 
depth soundings, with three of the four electrodes 
being fixed in position, and the fourth electrode 
(P,) being moved to increase the effective depth of 
the resistivity measurements (fig. 2). The electrodes 
(C, and C,) used to supply current to the ice were 
separated a distance of 2,500 ft, while the fixed 
voltage-measuring electrode (P2) was located 2,500 
ft further down the glacier. The other voltage- 
measuring electrode was placed at distances ranging 
from 5 to 1 ,600 ft from the middle electrode. 

CURRENT CIRCUIT PICKUP CIRCUIT 
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AND RECORDER 
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AND PULSE GENERATOR 
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Ficure 2. Block diagram of the single moving electrode array 
used in measuring ice resistivity. 


Electrode P; is the only electrode moved in making a depth sounding. 


The steel pins or lead rods used for electrode 
contacts in the ice, were usually placed in shallow 
melt ponds. Contact resistance which varied from 
location to location, was within the range 0.5 to 
5 meg. Pulsed direct current, with a period of 0.1 
to 3 sec, was used to energize the current spread, 
with the plateau current being approximately }4 ma. 

The voltage between the pickup electrodes was 
recorded on a hot-stylus oscillograph. Examples of 
some typical recordings are shown in figure 3. Ideal 
voltage forms (fig. 3a) were recorded only at short 
spacings: the signal was large compared to back- 
ground noise, and the transient rise and fall of the 
signal due to capacitance in the ice may be detected 
in spite of the switching transient. With large 
electrode separations the recorded signal was com- 
parable in amplitude to the noise level (fig. 3b). 
Frequently, the recorded voltage form showed the 
effect of the capacitive surge of current from the 
wire connecting the current electrodes (fig. 3c). This 
surge became larger as the current cable melted into 
the ice, and the capacity between the cable and the 
ice increased. 
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Figure 3. Examples of voltages recorded at the pickup electrodes 
during current pulses. 


In a few cases, the recorded voltage form fell to a 
very low plateau value after the initial capacity 
surge (fig. 3d). It is possible that this type of volt- 
age form occurred when the pickup electrode was 
located over a zone of highly resistant ice causing a 
very large source impedance to be in series with the 
recorder. Such high source impedances could not 
be detected by connecting an ohmmeter across the 
pickup terminals because the resistance measured in 
this way is that of a conducting surface film of water. 

Both the apparent resistivity and the apparent 
dielectric constant of the ice can be calculated from 
the recorded voltages. Resistivity is calculated 
directly from the voltage, current and electrode 
geometry: 


E 1 
o=2e7(T 7 11 (1) 


where 
pa=the apparent resistivity for d-c current 
E=the plateau voltage 
J=the current 
d, and d,=the distances between the moving 
electrode and the near and far current 
electrodes, respectively, 
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d; and d;=the distances from the fixed pickup 
electrode to the near and far current 
electrodes, respectively. 


The dielectric constant may be calculated from a 
Fourier analysis of the pickup-voltage form. The 
Fourier analysis gives the phase shift for the har- 


monics comprising the square wave pulse transmitted | 





through the current electrodes. The apparent 
dielectric constant, is 
tan 6 
‘= (2) 
PaWEo 


where 


=the phase shift determined by Fourier analysis. 
pa=the apparent resistivity calculated from the 
same data. 
€)=the dielectric constant for free space, 8.854 
10-? f/m. 
w=the angular frequency for which the phase 
shift is determined. 


3.2. Interpretation of Galvanic Resistivity 
Measurements 


The resistivities measured at one depth-sounding 
point near the northwest edge of the glacier are 
shown in figure 4, plotted as a function of the current- 








10 Bars i hae ae ae eS a: <a 1 
RESISTIVITY SOUNDING NO. 4 | 
| 
[oho] | 
E ° 
' ° %_° ° 
o ° 
= | 
E10 c - o® | 
> ° 
e ° ° | 
2 ° © 0 | 
F | 
Fr ° | 
% Po 
° 
0.1 \ ail 
1 10 100 1000 10000 
C,-P, ELECTRODE SEPARATION , ft 
Ficure 4, Example of resistivity depth sounding recorded on 


the Athabasca Glacier. 


electrode pickup-electrode (C,—P;) separation. The 
most striking feature of these data is the large amount 
of scatter, more than can be accepted if the data are 
to be used for quantitative interpretation. In spite 
of this scatter, the general form of the sounding is 
evident: it represents a surface layer with a resis- 
tivity of the order of 1 meg-m, a second layer with a 
much higher resistivity, and a bottom layer of low 
resistivity. 

Resistivity departure curves were prepared from 
tables given by Mooney and Wetzel [4] for this 
sequence of resistivities. An example of a family of 
such curves is shown in figure 5 for the case in which 
the resistivity of the second layer is 100 times that 
of the first layer and the resistivity of the third layer 
is 1/100 that of the first layer. Each curve repre- 
sents a different thickness for the second layer. Such 
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Fiaure 5. Theoretical curves of apparent resistivity as a 
function of electrode separation (computed from Wetzel [4]). 


families of curves were prepared also for resistivity 
ratios between the three layers of 1:10:1/100 and 
1:3:1/100. 

It is difficult to compare the field measurements 
directly with these families of departure curves 
because of the large scatter in the data. The field 
data were smoothed by taking a running harmonic 
average of each consecutive set of six resistivity 
values. The five smoothed sounding curves are 
shown on figure 6. Sounding 1, which was made 
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Ficure 6. Resistivity sounding curves after forming a running 
average of each six consecutive resistivity values. 





along the center line of the glacier, showed much 
higher resistivities than any of the other soundings, 
with values ranging from 1.1 meg-m for relatively 
short spacings to 21 meg-m for relatively large 
spacings. 


of resistivity, one to another, though the resistivities | 


recorded for sounding 4 (the closest of the three to 
the edge of the glacier), are significantly lower than 
for the other two soundings for the largest electrode 
separations. 


the rubble-covered edge of the glacier, shows the | 


lowest resistivities, approximately 0.1 meg-m. 


Field measurements which indicate a medium- | 


high-low sequence of resistivities may be interpreted 
in the following manner. The initial portion of the 
sounding curve is matched with the initial portion 
of a family of three-layer curves, as shown in figure 5. 


The shape of this initial portion of the curve is inde- | 


pendent of the resistivity of the third layer, and if 
the thickness and resistivity of the second layer are 


greater than some threshold value, the initial shape | 


is also independent of these parameters. By fitting 
only the first part of the field data, we may obtain 
values for the resistivity and thickness of the surface 
layer: 














Sounding | Resistivity of surface Thickness of 


layer | surface layer 
1 1.8X106 ohm-m 60 ft 
2 0. 070 or 0. 70108 18 or 140 
3 . 70 108 | 60 
4 . 75X 106 | 70 
5 070X108 | 50 





The form of sounding 2 indicates a very low resis- 
tivity in a thin surface Jayer which was not apparent 
in the other soundings. The other four soundings 
suggest the surficial layer of low resistivity is approxi- 
mately 60 ft thick and varies in resistivity from a 
high value of 1.8 meg-m at the center line of the 
glacier to a low value of 0.070 meg-m in the rubble- 
strewn margin of the glacier. 

This variation in the resistivity of the surface ice 
in the glacier is further demonstrated by a resistivity 
profile which was measured along a line running from 
the midpoint of the glacier to the northwest edge 
(fig. 7). A constant electrode separation of 80 ft was 
used, so the measured resistivity is controlled mainly 
by the thickness and resistivity of the surface layer. 
It is apparent that sounding 1 (fig. 6) was located in 
an area of high-surface resistivity, soundings 2, 3, 
and 4 in an area of low-surface resistivity, and sound- 
ing 5 in an area of very low surface resistivities. 

The resistivity and thickness of the second layer 
indicated by the soundings were determined from 
the position and value of the maximum observed 
resistivity for each sounding. The spacing for which 
the maximum resistivity is observed is related to the 
thickness of the second layer (fig. 8). If the resis- 


Soundings 2, 3, and 4 show similar values | 


Sounding 5, which was recorded along | 
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Glacier to the northwest edge, measured with a fixed electrode 


| Ficure 7. Resistivity profile from the midpoint of Athabasca 
| separation of 80 ft. 


| tivity of the second layer is very high, the maximum 
will be observed with electrode separations as much 
as three times greater than the combined thickness 
of the first and second layers. If the resistivity of 
the second layer is only 10 to 20 times greater than 
the resistivity of the first layer, then the maximum 
will be observed at an electrode separation about 
equal to the combined thicknesses of the first two 
layers. 

The maximum observed resistivity will always be 
less than the true resistivity of the second layer for 
the sequence of resistivities observed on the Atha- 
basca Glacier. Curves showing the relation between 
the maximum observed resistivity and the true 
resistivity of the second layer are presented in 
figure 9. 

The ragged shape of the observed sounding curves 











makes the selection of maximum values somewhat 
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SPACING FOR MAYXIMIIM ACPRPARENT OCeccicTivity 


arbitrary. One set of reasonable values is: 








From field data 





; : 

| , re Pee : ‘ 

: } Maximum resistivity | Spacing at which maxi- 

Sounding | a | mum resistivity is 
Surface resistivity measured 





1 7.2 1,000 to 1,500 
2 | 2.9 900 to 1,200 
3 2.9 800 
4 2.1 400 
5 427 250 





Interpretation 





Depth to bottom of 


Sounding | Resistivity of 
second layer 


| second layer 


1 22X10 ohm-m 1,000 ft 
2 | 11X108 900 
3 | 153X108 | 800 
4 | 21108 400 
5 | 35xt0 250 





These measurements are in agreement with seismic 
determinations of the thickness of the glacier near 
the midpoint, where depths of approximately 1,000 
ft were recorded (oral communication, P. J. Savage, 
Univ. of British Columbia). The bulk of the glacier 
appears to have a high resistivity, approximately 10 
or 20 meg-m. 

The electrode separations used were not large 
enough to determine the resistivity of the third, or 
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Figure 9. Maximum measured apparent resistivity as a 
function of the depth to the third layer for several sets of 
resistivity ratios. 


bottom layer. However, the rate at which measured 
resistivity decreased at very large spacings indicates 
that the resistivity is 1/100 (or less) than that of the 
surface layer. Resistivity of the bottom layer is, 
therefore, thought to be 7,000 ohm-m or less. 

In summary, the data show that the glacier has a 
surface layer 60 ft thick which is highly variable in 
resistivity, ranging from 0.07 to 80 meg-m. Beneath 
this surface layer, the ice has a resistivity of 10 to 
20 meg-m. The lowermost layer has a resistivity of 
7,000 ohm-m or less, and so, is probably bedrock. 

The apparent dielectric constants for a depth 
sounding located at the middle of the glacier are 
shown in figure 10, plotted as a function of the C;—P, 
separation. No theoretical curves are available for 
interpreting these data for an insulator over a con- 
ductor. However, data presented by Zablocki [5] 
suggest that if the surface layer in a section is much 
more resistant than the underlying medium, as elec- 
trode separations are increased, the apparent dielec- 
tric constant will first increase over the true value 
for the top layer and then decrease to the true value 
for the lower medium. 

The lowest value of dielectric constant calculated 
from field data is approximately 140. The higher 
values indicated on figure 10 for C,—P, separations 
of 100 to 1,000 ft are probably caused by resistivity 
layering, which results in large interfacial polari- 
zation. 
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Figure 10. Apparent dielectric constant as a function of 


electrode separation. 


3.3. Electromagnetic Methods 


Electromagnetic soundings were made at five loca- 
tions near the southeast edge of the glacier, as 
indicated by the pairs of small circles on the map in 
figure 1. The procedure consisted of measuring the 
mutual coupling between two loops of wire laid on 
the ice as a function of frequency in the range 100 to 
10,000 ¢/s (fig. 11). An oscillator and a 70-w audio 
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Figure 11. 











| amplifier were used to supply several amperes of 
current to the transmitting loop, which consisted 


of 1 to 3 turns of wire, 100 to 300 ft on a side. The 
receiving coil consisted of eight turns of wire with a 
braided shield and was 60 ft on a side. The loops 
were separated by a fixed distance in the range from 
500 to 1,820 ft for each sounding. Neither loop was 
tuned. 

A reference voltage, induced in a small coil placed 
at one side of the transmitting loop, was carried to 
the measuring apparatus over a two-conductor 
cable. The phase and amplitude of the received 
signal were compared with the reference voltage 
using a ratiometer and null detector. A variable- 
frequency bandpass filter was used to reduce in- 
terference from sferics and signals from a low- 
frequency radio station at Jim Creek, Wash. 

The amplitude ratios and phase differences ob- 
served at different frequencies are a function of the 
impedances of the receiving and reference coils and 
of the reference line. This dependence was deter- 
mined by measuring the frequency response of the 
system with the coils very close together and with 
the reference line extended to its full length. All 
subsequent measurements were corrected for the 
frequency-dependence determined in this way. 

Instrumentally, the only problem in making the 
field measurements was the difficulty in obtaining a 
sharp null at frequencies below about 300 c/s and 
above 3,000 c/s. The difficulty at low frequencies 
was caused by low signal strength, and at high 
frequency by the high noise level from sferics and 
signals from the Jim Creek station. Amplitude 
ratios were measured with an accuracy of about +2 
percent at low frequencies. The phase angles and, 
above 3,000 c/s, the amplitude ratios are of doubtful 
accuracy. 


3.4. Theoretical Curves for Electromagnetic 
Sounding 


Equations for the mutual coupling between hori- 
zontal loops lying on the surface of a homogeneous 
flat earth are given by Wait [6] for the case in which 
both the dielectric constant and the conductivity of 
the earth are important. The family of curves 
presented by Wait are plotted with the mutual 
impedance ratio, Z/Z) as a function of the parameter 
B, for various values of b, where 








pwr? 
B= Dp 
Z)=mutual coupling between loops in free space 
b=wpe 
Z/=Z/e* complex mutual coupling between these 
loops with the earth present 
/Z/=amplitude of the coupling with the earth present 
6=phase angle of the coupling with the earth 
present 
Ho=Magnetic permeability of free space—4m x 107? 
h/m 
w=angular frequency 
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r=spacing between the loops 

e=dielectric constant of the earth 

p=the resistivity of the earth=reciprocal of con- 
ductivity. 


These theoretical curves may be compared with 
field curves of mutual coupling measured as a 
function of loop separation, but with the frequency 
held constant. In the present-work, mutual coupling 
was measured as a function of frequency with the 
loop spacing held constant. In order to plot coupling 
curves, which vary with frequency rather than 
spacing, we permit 6 to vary proportionally with B?: 


b— AB? (3) 


where A is an arbitrarily selected constant, instead of 
holding 6 constant. Referring to the definitions of 
band B, we see that this is equivalent to: 

2p*e 

<P *=Ar? (4) 

Ko 


and since p, €, wo, and A are constants, this means r 
must be constant for this particular curve relating 
coupling to the ratio B. Figure 12 shows two families 
of coupling curves, one calculated for constant values 
of the ratio 6, and the other calculated for sets of 
values of 6 proportional to B?. These sets of curves 
are valid only if the coil spacing, 7, is larger than the 
height of the loops above bedrock. 
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Figure 12. Mutual impedance plotted as a function of the 
conductivity parameter for two horizontal loops on a lossy 
dielectric earth (calculated from Wait [7]). 


In reference [7] Wait gives equations and some 
computations and curves for the case in which the 
loops are raised above a conducting homogeneous 
earth, but with the effect of dielectric constant 
neglected. Slichter and Knopoff [8] have presented 
equations and computations for the case in which 
loops are placed on the surface of a conducting two 
layer earth. This case degenerates into the preceding 





case, considered by Wait, if the conductivity of the 
upper layer is zero. In both cases, the mutual 
coupling is presented as a function of loop separation 
rather than of frequency. They may be replotted 
as a function of frequency, but they do not cover 
adequately the range of interest. 

Wait [9] has derived equations for the coupling 
of loops raised above a two-layer earth. This 
equation has been evaluated for a large number 
of cases by the Computations Branch, U.S. Geo- 
logical Survey. The results are plotted as families 
of curves with mutual impedance Z/Z, plotted as 
a function of B, for various parametric values of 
the ratios h/r, d/r, and K=p,;/p:. where 


h=height of the loops above the earth 
d=thickness of the upper layer 
p; and p.=resistivities of the upper and lower layers, 
respectively. 
A family of curves for horizontal loops raised above 
homogeneous earth (A=1) is shown in figure 13. 
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Figure 13. Mutual impedance plotted as a function of the 
conductivity parameter for two horizontal loops raised above a 
two-layer conducting earth (calculated from Wait [9)). 


Portions of curves for loops raised above a two- 
layered earth with K=0.3 and d/r=0.25 are also 
shown in figure 13 as dashed lines. If it can be 
assumed that the ice is an insulator, then the meas- 
urements made on Athabasca Glacier can be treated 
as a case in which the loops are raised over a con- 
ducting earth by a distance equal to the thickness 
of the ice. The field data then could be compared 
with the families of curves shown in figure 13. 
Neither the curves in figure 12 or figure 13 apply 
to the case of a lossy dielectric over a conducting 
earth, but each set is an approximation to the two 
limiting cases, one where the ice is very thick, and 
the other where the loss in the ice is very small. 
Relative to the theoretical curves, both the 
abscissa and the ordinate of the measured curves 
contain undetermined constant multipliers. In nor- 
malizing the field curves by making measurements 
with the loops close together, the free-space mutual 
coupling, Z, is determined. However, since Z) 
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varies as the cube of the separation between the 
loops, it is not possible to calculate an accurate value 
of Z) for a large spacing from the value determined 
at a small spacing. Therefore, the ordinate of the 
field curve is ¥,Z/Zo, where y, is undetermined. Sim- 
ilarly, the abscissa of the field curves is f rather than 
B, so B=y.vf, where y, is not known. 

In interpretation, the field curves and the the- 
oretical curves are plotted on separate sheets of 
log-log graph paper. The field curve is laid over 
a family of theoretical curves until a good match is 
found with one of the theoretical curves. If a 
valid fit between curves is found, y,, y: and the 
other parameters are readily determined. The 
position of the ordinate of the field curve relative 
to the theoretical curve determines y,; the position 
of the abscissa determines y2, from which p may 
be calculated. The particular theoretical curve 
which is matched specifies wed or h/r, depending on 
which type of curve is used. If the field curve can 
be extrapolated to zero frequency, ¥;, may be de- 
termined from the relationship ¥,(Z/Z))=1. If 
p is known by some independent measurement, y.2 
and B can be determined without curve matching. 


3.5. Results of Electromagnetic Soundings 


The first two soundings were made with a 500-ft 
coil separation over a section of the glacier where the 
ice is known to be at least 800 ft thick. The data 
from one of these soundings is shown as curve a, in 
figure 14. The maximum change in coupling with 
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Figure 14. Changes in mutual impedance (as a function of 


the square root of frequencies) measured on the Athabasca 
Glacier. 


change in frequency is about one-half percent, which 
is the approximate range of scatter of the data. The 
soundings with relatively close spaced loops showed 
that the ice had a negligible effect on coupling, so 
that it would be impossible to use the curves in figure 
13 for interpretation. 

The rest of the measurements were made with 
larger loop separations with the loops alined along 
the length of the glacier near the southeast edge 
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(fig. 1). The data are shown as curves ), c, and d, in 
figure 14. Soundings 6 and c were made at the same 
distance from the edge of the glacier. 

The data for soundings b and ¢ are superimposed 
on theoretical curves for horizontal loops raised above 
a conducting earth in figure 15. Only the amplitude 
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Fiaure 15. Comparison of data from Athabasca Glacier with 
theoretical curves (calculated from Wait [9]) for horizontal loops 
raised above a two-layer conducting earth, 


curve for sounding 6 matches the theoretical curves 
well; the amplitude curve for sounding ¢ and the 
phase curves for both soundings do not fit the 
theoretical curves. 

Three possible explanations for the departure of 
these sounding curves from the theoretical curves 
have been considered: (1) layering within the bed- 
rock, (2) a dipping surface at the bottom of the gla- 
cier, and (3) response from the ice. It is likely that 
the dipping contact at the base of the glacier is the 
most important of the three factors. This dip may 
be as much as 30 or 40 deg, so the approximation 
of horizontal loops raised over the horizontal surface 
of a conducting earth is in error. A better approxi- 
mation may be obtained by replacing the horizontal 
loops with two sets of component loops, one set with 
their axes parallel to the bedrock surface and the 
other set with their axes perpendicular to the bed- 
rock surface. Figure 16 shows the soundings b and ¢ 
superimposed on theoretical curves for loops inclined 
at 45 deg to the surface of the earth. The measured 
and theoretical amplitude curves match well, and 
while the match with the phase curves is not perfect, 
it is better than that shown in figure 14. 

The amplitude curves may be interpreted as fol- 
lows: for sounding 6, we find that h/r~0.50, and 
since r=1,020 ft, h&510 ft. The abscissa position 
gives a value for the resistivity of the bedrock as 
670 ohm-m. For sounding c, we find that h/r227, 
and since r=1,680 ft, h454 ft and p=530 ohm-m. 
These values for soundings 6 and ¢ compare reason- 
ably well, particularly, since observation of the edge 
of the glacier indicates that the bottom surface is 
irregular. 
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Ficure 16. Comparison of data from Athubasca Glacier with 


theorectical curves (calculated from Waii [9]) for coplanar 
inclined loops raised above a homogeneous conducting earth. 


4. Summary of Electrical Properties of 
Athabasca Glacier 


Extensive laboratory studies of the electrical 
properties of ice have been reported in the literature 
(see, for example, Smythe and Hitchcock [10]). The 
ice molecule is polar, and exhibits molecular reso- 
nance at audio and lower frequencies at subzero 
centigrade temperatures. The relationships between 
dielectric constant and frequency and between re- 
sistivity and frequency as found by Smythe and 
Hitchcock for ice near the melting point are shown 
by the two solid curves in figure 17. At low fre- 
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Figure 17. Summary of the electrical properties of ice slightlu 
below the freezing point (data from Smythe and Hitchcock, 
1932). 


quencies, the dielectric constant is 73.7, while at 
high frequencies, it is 4.0. The relaxation frequency 
of the dispersion is 15.5 ke/s. 

As in any case of molecular resonance, the relaxa- 
tion frequency is also the frequency at which the 
highest loss is observed. At high frequencies, the 
resistivity of the ice approaches a constant value, 
0.0335 meg-m. At frequencies below the relaxation 
frequency, the resistivity increases as the inverse 





square of the frequency. At zero frequency, the 
resistivity is infinitely large. 

In the measurements on Athabasca Glacier, it was 
found that the resistivity of the ice at low tempera- 
tures is finite and for the surface layer ranges from 
0.3 to 1.0 meg-m. This can be attributed to the 
fact that glacial ice has a different genesis than the 
ice usually studied in the laboratory. For the most 
part, glacial ice is compacted snow rather than frozen 
water. In this respect, glacial ice resembles any 
other detrital rock. In general, glacial ice will have 
considerably more pore space than crystalline ice, 
and during the melt season, these pores may contain 
water. 

There are three types of porosity apparent in 
glacial ice; (1) crevasse porosity, (2) vugular or melt 
cavity porosity, and (3) microporosity. An open 
crevasse might be expected to increase the resistivity 
of the ice greatly. On the lower part of the Atha- 
basca Glacier, most of the fractures are not open, and 
are probably filled with a thin film of water, affording 
a path for conduction. Even if the glacier is slightly 
below the melting point, these fractures may contain 
water. Since the fractures absorb the downward 
motion of the glacier, there may be pressure melting 
of ice where irregularities on either side of a fracture 
bear the brunt of the down-glacier pressure. 

In many respects, the porosity of glacial ice re- 
sembles the porosity in limestones, which also have 
three types: (1) intercrystalline microporosity, (2) 
vugs or solution cavities, and (3) joints. It seems 
reasonable that the equation relating water content 
and resistivity in limestones might be applied to ice: 


p=14p,S7"* (5) 


where pw is the resistivity of the water contained in 
the rock and S is the volume fraction of water in the 
rock. 

Samples of water taken from the runoff streams on 
the glacier were found to have a resistivity of 650 
ohm-m at 0° C. Assuming eq (3) applies to glacial 
ice, we may calculate that ice with a resistivity of 0.3 
meg-m has a water content of 4.0 percent by volume. 

Fine-grained detrital rock material in ice can 
lower the resistivity considerably, because such 
impurities can retain water in a liquid state even well 
below freezing. Parts of the Athabasca Glacier 
appear to include high concentrations of rock, 
particularly along the lateral moraines where land- 
slides have covered the margins of the glacier with 
rock. These zones were found to be 10 to 100 times 
more conductive than the clean ice, but this con- 
ductivity extended only a few inches or few feet 
into the ice. 

At low frequencies, it is apparent that the resistiv- 
ity of the ice is determined by the moisture content 
rather than by molecular resonance. At some 
frequency, the molecular loss must become more 
important than conduction through the water, 
since at high frequencies, the conduction caused by 
molecular losses is ten times greater than the 
conduction through the water. 
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5. Conclusions 


Resistivity studies on Athabasca Glacier indicate 
that electrical methods may be useful in studying 
the thickness and texture of temperate-glacial ice. 
Electromagnetic methods are probably preferable 
to galvanic methods if the primary interest is in 
the thickness of the ice and the nature of the under- 
lying material. 

The electromagnetic method described here can 
probably be used over thicker glaciers or ice caps 
with equal success. The limiting factor in using 
the method over very thick ice will be the response 
from the ice itself. It would be possible to calculate 
coupling curves taking into account the loss in the 
ice, but probably the effect of the loss in the ice 
would mask the small response from the conductive 
earth under the ice for those ice thicknesses where 
loss in the ice becomes important. 

In order to use this electromagnetic method on 
an ice cap four times as thick as the Athabasca 
Glacier, the coil separation would have to be in- 
creased by a factor of 4 to maintain a favorable 
ratio, h/r. The frequeacy range would have to be 
lowered by a factor of 16 to stay in the same range 
of values for the parameter B. Therefore, the prod- 
uct pwe for the ice could be 16 times larger than on 
the Athabasca Glacier and yet cause no more 
distortion of the observed data. 

In many areas, bedrock resistivities may be larger 
than 600 ohm-m. The frequencies used in sounding 
must be increased in a direct ratio to the bedrock 
resistivity in order to stay in the same range of values 
of B. If the bedrock resistivity were too large, 
such high frequencies might be required that some 
response would be obtained from the ice itself. 

If primary interest is in the properties of the glacial 
ice rather than bedrock, galvanic resistivity measure- 
ments are preferable. In this study, it was found 
that resistivity measurements could distinguish 
between zones of massive ice and zones of compacted 
névé, and so, may be helpful in tracing structure in 
a glacier. Resistivity measurements may be used 
to detect the depth to which a glacier contains 
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As corollary, it may be possible to 
measure thermal layering in a glacier by measuring 
the resistivity layering. 


liquid water. 
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Amplitude Distribution For Radio Signals Reflected by 


Meteor Trails. I’ 
Albert D. Wheelon 


(March 22, 1960; revised May 2, 1960) 


The probability distribution for the envelope of the received signal composed of reflec- 
tions from many meteor trails is derived theoretically. Both the effects of numerous, small 
meteors and the residual reflections from infrequent, large meteors are treated simultaneously. 
For the particular example of exponential decay of initial spikes which are themselves dis- 
tributed as the inverse square of their amplitudes, we find that the probability that the 


composite residual signal amplitude exceeds a prescribed level r is given by 


Pik >t 


1 


This function behaves as a Rayleigh distribution for small amplitude margins r. For the 
larger, less likely amplitudes it agrees with the result predicted by elementary analysis of 
isolated meteor reflections. Possible refinements of these results are also discussed. A 
second paper will discuss time correlation of composite meteor signals at different times. 


1. Introduction 


Backscattering of radiowaves by meteor trails in 
the E region of the ionosphere is a valuable direct 
means for studying meteors. VHF signals are also 
propagated obliquely to as far as 1,500 km by oblique 
reflections from the same meteor trails. Signals 
reflected from the largest meteors are easily recog- 
nized as individual spikes in amplitude records. 
There are also overlapping signal contributions from 
much smaller meteors which cannot be so distin- 
guished. 

The smaller meteors have been suggested as a 
possible source of the continuous background signal 
observed on the VHF scatter circuits. To dis- 
tinguish between the signal due to turbulence and 
that due to small meteors, the cumulative probability 
distribution for signal amplitudes has been measured 
for narrow beams directed both on and off a great 
circle path. However, a theoretical distribution for 
overlapping meteors does not seem to have been 
developed thus far, and this paper is addressed to 
that problem. 

The very small meteors can be analyzed if one 
considers only the meteor signals which arrive at the 
precise instant of signal evaluation. A vector com- 
bination of many randomly oriented (phased) signal 
vectors is known to follow a Rayleigh distribution. 
The corresponding probability that the echo signal 
lies in the range R to R+dR 1s: 


Small: WR) Ran" ye aH 


where 


e=i< R> (1.2) 


1 Contribution from Space Technology Laboratories, Inc., P.O. Box 95001, 
Los Angeles 45, Calif. 
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is the mean square voltage in the ensemble of meteor 
echoes. Although this description does recognize a 
distribution of meteor signals, it is deficient in that it 
ignores the residual effect of meteor signals created 
prior to the measuring instant. Even though such 
signals may have experienced appreciable decay, 
their combined effect may make a significant contri- 
bution to the distribution. This is especially true of 
the larger meteors, which have a poorer chance of 
occurring precisely at the instant of measurement, 
although their residual signal may still be com- 
paratively large. 

The very large meteors can be treated as isolated 
random events. The probability of receiving such 
an echo signal with an initial pulse height lying 
between p and p+dp (volts) is experimentally found 
to follow a distribution of the form 


D( plp= dp, (1.3) 


where the parameter ¢« is commonly taken to be 
zero for analytical convenience. The residual signal 
left after ¢ seconds is adequately described by an 
exponential decay of the initial spike p. 


R=pe-*”, (1.4) 


where 7 is the characteristic (diffusion) decay time 
of the meteor trail itself. The probability that the 
residual signal exceeds a prescribed level 7 is thus an 
interlocking marginal average over the distribution 
of observing a signal of exactly strength p and the 
probability of having received an echo at all. Since 
the echoes are found to occur at random at an average 
rate p, 


r 


P(R>r)= J dle a UDieant ae 





The distribution W(2) for the signal produced by 
large isolated meteor echoes is obtained from this 
result by differentiation. 

‘ R 
W(R)dR=vnQ or (1.6) 


Large: 


This form is evidently quite different in nature 


| 


from the Rayleigh distribution (1.1) ascribed to the | 


smaller meteor contributions. However, these two 
results will emerge as asymptotic behaviors of a 
distribution which accounts for the effect of both the 
large and small meteors simultaneously. 


This dis- | 


tribution is derived in section 3, after the basic | 


probabilistic expressions are developed in section 2. 
The bivariate probability density function for 
observing two meteor echo signals within prescribed 
ranges at different times will be discussed in a second 
paper on the subject. 


2. General Amplitude Distribution 
Expressions 


To derive the statistical distribution of the fading 
signal amplitude produced by a variety of meteor 
signals, one must recognize a spectrum of echo signal 
strengths in various stages of decay. It is convenient 
to tabulate the random occurrence of each meteor 
echo according to the envelope amplitude p with 
which the echo first appears. 
meteor echoes is so separated in figure 1. The 
individual signals are randomly phased as they arrive, 
but figure 1 plots only the envelope magnitudes, 
independent of phase. The larger, less frequent 
signals are plotted on the top line as they might occur 
in time; with the smaller, more frequent echoes 
plotted on the lower scales. Actually, we shall wish 
to deal with a continuum of initial echo amplitudes 
p, and one should really show an infinite number of 
traces to handle each signal size interval p to p+dp. 

At any given time, the total measured signal is the 


vector summation of the individual residual signals | 


produced by each meteor in all size classes. Of 
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Figure 1. Typical occurrence history of individual meteor 
echoes arranged according to increasing initial pulse height. 


course, the pulses which occur closest to the measur- 
ing instant produce the greatest remnant signals. 
On the other hand, there are an infinite number of 
very small signal remnants in the receiver from all 
previous meteors which may well contribute signifi- 


cantly to the composite total signal. To calculate 
the precise distribution in which both effects take 
their balanced roles, we use the Markoff method. 
The application of this method to the meteor echo 
: : meee 

problem follows closely Chandrasekhar’s derivation of 
the Holtzmark distribution! for stellar attractive 
forces. 

Consider first a finite time interval 7 prior to the 
time of measurement. The number of meteors 


_ which are likely to have occurred during this fixed 





A typical sequence of | 








interval is, of course, a random variable. Let us 
suppose, however, that exactly N meteor echoes occur 
in this interval. Since the meteor echoes form a 
Markoff process of small probability, one can argue 
that the probability of observing exactly N echoes 
in a fixed interval 7' should follow a Poisson distribu- 
tion. 

(vT')” —yT 


P(N|T)= NT ees: 


(2.1) 
The average number of meteors to be expected in an 
interval 7’ is v7’, and this estimate becomes sharper 
as this interval is lengthened. Let us assume that 
N is fixed for the moment, and label the individual 
meteor echoes by a subscript 7. The residual vector 
signal S, remaining at the measuring instant 5 


m 
produced by an initial pulse p, at time t; becomes: 


> > 

S,;=p:F (to—t), 1<i<Vn, (2.2) 
where F(r) is the form factor which describes the 
temporal decay of the initial pulse. The composite 
signal at ¢) is the vector sum of all N residual signals. 


(2.3) 


According to Markoff’s method, the probability 
> 


distribution for the total measured vector R at 
time ft) is the two-dimensional Fourier transform of 
a finite product taken over the set of initial echoes. 


. ee Poe . 
VW (L)=o5: [ake t-R A(k), (2.4) 
where 
N me 4 
Aw) =I exp tk-p F(t-t,) >> (2.5) 
i=1 7 


In the definition of A(k), the averaging brackets 
must sum over all possible: (1) times of echo oc- 
currence t;, (2) initial echo vector pulse amplitude 
as 


p., and (3) total number of echoes N in the interval 


1 §. Chandrasekhar, Stochastic problems in physics and astronomy, Rev. Mod. 
Phys. 15, 1 (1943). 
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T. The initial pulses p; are independent of one 
another, since multiple (1.e., trail-to-trail) scattering 
is apparently unimportant, and there is insignificant 
gravitational interaction between the meteors. The 
infinite product thus becomes: 


; Ps : 3 > aga N 
Aw=<| fer { dty (p,theb Peo? | >: (2.6) 


* 
where y(p,t) is the probability that a single meteor 
echo occurs at time ¢ and produces a vector signal 
p in the receiver. 

The average over N can be performed by multi- 
lying with ‘the srobability (2.1) of observing ex- 
| 
actly “N echoes in the interval 7 and summing over 


all N. 


© m )V 
A(k) = > cm eT 


N 
0 
oT = 
= patf feel” dt y snidld (2.7) 


To proceed further, one must examine the proba- 


bility “density function v(pit) ) for a single echo pulse. 
Ifywefw ere to examine the interval T i in an a priori 
fashion, we could estimate that N=vT' echoes 
would most probably occur somewhere in the in- 
terval. However, their actual time of occurrence 
could not be predicted at all accurately, and one 
could only say that an individual meteor is equally 
likely to occur anywhere in the interval, viz, 


> 1 = 
Y(P,=pY (p). (2.8) 


One can exploit this form in equation (2.7) by 


noting that 
pier. dt y (p)=1 
T 0 : 


> 
since y(p) itself must be normalized to unity. Sub- 
stituting this expression for the one in the exponent 
of (2.7) allows one to cancel off the arbitrary finite 
time interval 7. 


T > 23> 
A(k)=exp—v fev : dt y (p) [1—e?F"— 0} (2.9) 
0 


At this stage one can safely take the limit of infinite 
sample length, T->«, since the exponential term’s 
unit value for large time displacements (i.e., F 
small) is now cancelled in the integrand. 

One can further reduce expression (2.9) by recaliing 
that the initial echo pulses are randomly phased, 





since the distance from the transmitter to each 


meteor (and back) is a random variable, when 
expressed in wavelength units. 
) 
fe rv(r)=| pp | le, a (2.10) 


Here D(p) is the distribution of initial pulse heights, 
and @ is the angle between p and a convenient 
reference, which we choose as the transform vector k. 
One can now use the integral definition of the zero- 
order Bessel function to carry out the angular @ 
integration in (2.9). 


A(k)=exp—v | at | dpD (p) {1—Jo [kpF (to—2)]} 


0 0 


(2.11) 


in conjunction with the Fourier 
transform (2.4), represent the formal solution to the 
problem at hand. To proceed further with the cal- 
culation of the probability density, one must assume 
explicit forms for the temporal decay function F(r) 
and the pulse height distribution D(p). 


This expression, 


3. Meteors Which Decay Exponentially 


Most of the smaller, underdense meteor echo sig- 
nals are found to decay exponentially, 


(3.1) 


corresponding to molecular diffusion of reflecting 
electrons in the ionized column of the meteor trail 
itself. The decay time constant 7 is related to the 
diffusion constant D at the height of reflection and 
the wavelength \ of the radiation employed. 


F(t)=e-", 


167°D 
os ees i 99 
(n) = re ; 





There are, of course, overdense meteor echoes? 
which do not obey the simple decay law (3.1), and 
one must treat them separately. 

In evaluating A(k) from eq (2.11), it is convenient 
to take the reference or measuring time f) to be zero 
and to run the time backward in a positive sense. 


A(k)= exp—v | dpD (p) ‘ dt [1— Jo (kpe~“")]. 
0 0 
(3.3) 


One can simplify the calculation by settling u=kp 
exp—t/n and reversing the order of integration. 


Oe ee |  dpD(p). 
U J u/k 


(3.4) 


A(k)=exp—vn | 
0 


2, A. Manning and V. R. Eshelman, Meteors in the ionosphere, Proc. IRE 
47, 186 (1959). 
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The cumulative integral of D(p) expresses the proba- 
bility that the initial pulse height equals or exceeds 
the lower limit. As noted earlier, measurements of 
individual echo pulse heights show that 


1 ( 
|, dpD ( p= (3.5) 


and it is presumed that this same law extends down 
to the smaller meteors which cannot be distinguished 
as individual echoes. The fractional exponent ¢ 
has been variously reported to lie between 0 and 0.3. 

The case e=0 is analytically important, since all 
of the required integrations can be performed for 
this case and it serves as a good working example. 
Combining (3.4) and (3.5), we find for this special 
case, 


“© du Qk 
™ t1—Juw)] (“) 
or since the definite integral has unit value. 
A(k)=exp—vnQk. 


One may now compute the probability distribution 
for the resultant signal by introducing (3.6) into 
expression (2.4). 


MB awry <0 | 


0 


(3.6) 


WR, =z, dkk ,  diae't® €08(u-#)¢— rh 


= f deck Ty(kR eo" 


or 


_R___mQ 
~ a [RE onQhP? 





W(R, ¢) (3.7) 


| 





This distribution is independent of the phase angle | 


¢, expressing the fact that the vector sum of a large 
number of randomly phased vectors is itself randomly 
oriented. The probability density for R alone is 
obtained by integrating over ¢. 


(vnQ)RdR 


[Re+ (vnQ)?p? (3.8) 





W(R)dR= 


It is important to note that this distribution does | 


not possess finite moments of any order, although it 
is properly normalized to unity. This means that 
one cannot define an RMS signal level for describing 
the cumulative probability as suggested in eqs (1.1) 
and (1.2). The root of the problem, of course, lies 
in the initial pulse height distribution assumption 
of eq (3.5). The integrals of W(R) diverge for 
large amplitudes, which, in turn, are produced by 
the very large individual echoes. The assumed 
distribution (3.5) does not suppress these large 
echoes rapidly enough to insure convergence, although 
most workers agree that the form (3.5) must eventually 
change its rate of decrease with r so as to properly 
represent the rarity of really large meteors. 


The function which is commonly measured experi- 
mentally is the cumulative probability that the 
total signal amplitude R exceeds a prescribed level r. 


a 
+(sr0) | 


This result is plotted on Rayleigh graph paper versus 
the ratio r/vnQ in figure 2. The Rayleigh cumula- 
tive distribution P=exp—(r?/2o?) plots as a straight. 
line with slope minus one on. this paper. The 
probability of observing very small signals 7 is seen 
to follow the straight line Rayleigh behavior with 
slope minus one. This is because the small argument 
expansion of eq (3.9) 


3.9) 





P(|R|>)= { sa | 


. 
2 (vnQ)? 


is essentially identical to that for the Rayleigh 
distribution (1.1) with o=(vyQ). On the other 
hand, we have already noted that the meteor distri- 
bution (3.8) does not possess a finite variance, so 
that vn cannot be identified with an RMS signal 
level. Note, however, that the curve in figure 2 
is displaced upward from the normal Rayleigh 
curve by a factor of ¥2=0.707, since P (r) is plotted 
versus vnQ, not ¥2v7Q which would be the root 
mean square signal level of a Rayleigh distribution 
with the same small amplitude asymptotic behavior. 


lim (P)=1— (3.10) 
r>0 
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Figure 2. Probability that signal exceeds prescribed level for 
exponential meteors with e=0, compared with Rayleigh 
curve. 
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The cumulative probability distribution for the 


very large, unusual signals is markedly different 
than a Rayleigh distribution, reflecting the unique 
character of meteor echoes. One may expand (3.9) 
for large r to find 


P(R>r) Ze 


in agreement with the qualitative result (1.5). 
This also agrees in form with the basic assumption 
(3.5) for the cumulative probability that an indi- 
vidual meteor echo amplitude exceeds the level r. 
The important difference is that eq (3.5) assumes 
that a meteor signal has just been received, whereas 
eq (3.11) calculates the residual large meteor signal 
at any time. The additional factor vy in (3.11) 
is the average rate of occurrence times the half 
life of individual meteors, and is a measure of the 
fraction of time that the large, isolated meteor 
signals are greater than e~! of their initial value. 

The simplified theoretical result of eq (3.9) was 
compared with experimental data gathered by 
Bowles * on the Havana, Ill., to Boulder, Colo., 
VHF scatter link operated by the National Bureau 
of Standards. Totalizer outputs obtained with 
rhombic antennas directed off path were employed, 
so as to accentuate the meteoric signal contribution. 
The experimental points follow a Rayleigh distribu- 
tion above the 50 percent level, but indicate a 
higher probability of observing the very large 
signals produced by combinations of strong echoes 
than is predicted by the Rayleigh distribution. 
This is in qualitative igo with the theoretical 

result plotted in figure 2, although the quantitative 

agreement is not as precise as one would like. It is 
believed that the residual discrepancy can be traced 
to the three basic assumptions used in deriving 
eq (3.9): 

1. The large meteors do not decay exponentially, 
as assumed in eq (3.1), especially if they are strong 
enough to produce overdense echoes. 

2. The assumption e=0 in applying eq (3.5) is 
not consonant with some meteor radar experiments, 
which suggest small fractional values. 

3. The initial pulse height cumulative distribution 
(3.5) is almost certainly not correct for the very 
large meteor end of the spectrum. 

The second possibility was checked numerically 
by rederiving the transform function A(k) for 
arbitrary 


A.(k)= exp nfo — [1—J,(u)]: = 


= exp —vnQk'*6€ (3.12) 


1 *G) 


= ce rt) 


where 





3K. L. Bowles, private communication. 








However, the coefficient of k't* which appears in 
the polar integration for computing W(R) may be 
removed by renormalizing k itself. 


W(R)RdR=RaR j, dk Iy(eRe* 
0 


=dp [of dezdy(eo)e-*** |, (3.13) 
0 


R 
pe pte and z=ky"'t«. 


with 


The function given by the bracketed integral in 
(3.13) was tabulated numerically on a digital com- 
puting machine for the following values: «=0.1, 
0.2, 0.25, 0.3, and the results are plotted in figure 3. 
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Figure 3. Plots of the probability that the instantaneous signal 


lies in the range R to R+dR for various values of the param- 
eter € which determines the distribution of initial pulse heights 
for individual meteors. 


The cumulative probability corresponding to 
the various e-fractional distributions (3.13) was 
also computed numerically using the analytical 
equivalence 


P(p)= { dis J, dzzJo(pz)e-**; 
Pp 0 


=1-p { dzJ,(pz)e-?*'s (3.14) 
0 


which follows by reversing the order of integration, 
and treating the limits cautiously. The s second form 
is plotted in figure 4 for various values of ¢ on Ray- 
leigh paper. The various curves in this figure do 
not have the same asymptotic behavior because 
of different normalizations of the vertical scale 
for each «. However, one can imagine the signal 
levels adjusted for each case so that all approach 
the same Rayleigh limit. This would show that the 
P (r) curves all fall between the e=0 curve shown 

in figure 2 and the Rayleigh distribution straight 
lines. Insofar as the present data of Bowles suggests 
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Figure 4. Plots of the cumulative probability that the instan- 
taneous signal exceeds a prescribed level for various values of 
the parameter « which determines the distribution of initial 
pulse heights for individual meteors. 
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that the departure from Rayleigh is not as marked 
as that predicted in eq (3.9), this would seem to 


indicate that values of ¢ near 0.2 may give better 


agreement. On the other hand, the data sample 
now available is certainly too limited to pronounce 
final judgment. 

The first two objections raised above also deserve 
further attention in a careful comparison of the 
theory with experiment. The approximate descrip- 
tions developed by Manning and Eshelman (see 
footnote 3) for overdense echoes were examined 
briefly, but unfortunately the split (p) integrations 
were not found to be tractable analytically. 


Valuable discussions of the problem with V. R. 
Eshelman and T. A. Magness are acknowledged. 
K. L. Bowles kindly made his experimental data 
available prior to publication. B. A. Troesch and 
L. Stohler computed the numerical results displayed 
in figures 3 and 4. 
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JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 5, September—October 1960 


Computation and Measurement of the Fading Rate 
of Moon-Reflected UHF Signals’ 


S. J. Fricker, R. P. Ingalls, W. C. Mason, M. L. Stone, and D. W. Swift ? 


(April 29, 1960) 


A method is described for predicting the fast fading rate of moon-reflected signals. It is 
based entirely upon considerations of the observer-moon positions and relative motions. 
Experimental results which are in good agreement with the computed fading rates have been 
obtained from a moon-reflection experiment at a frequency of 412 megacycles per second. 
Some possible implications of this method of interpreting fading rates are given. 


1. Introduction 


The effect on UHF signals of transmission through 
the ionosphere and into space is becoming a problem 
of increasing importance. At present the char- 
acteristics of the transmission medium are not known 
in detail, and the effects upon transmitted signals 
remain questionable.’ It is known that under certain 
conditions, e.g., auroral activity, the disturbances 
are such that radar returns may be obtained from 
them. While this provides valuable information 
about the backscatter which may be expected, it does 
not give a direct measure of the effect upon the trans- 
mitted signal. Some information may be obtained 
by making use of the signals received from radio 
stars; the scintillation rates of such signals have been 
observed to increase at times of disturbed ionospheric 
conditions. However, a more controllable extra- 
terrestrial signal source has some advantages com- 
pared with radio stars. Prior to the advent of 
artificial satellites, it appeared that use of the moon 
as a reflector was a reasonable means of obtaining 
such a signal. Moon-reflected signals have been 
reported for some years [2],* and the use of moon 
relay circuits for communications purposes is de- 
veloping, but most of the measurements reported 
have not been directly applicable to the problem of 
ionospheric transmission effects upon UHF signals. 
The results reported in this paper were obtained in 
the course of a moon-reflection experiment carried 
out between South Dartmouth, Mass., and Alpha, 
Md. [3]. The procedures established in this test 
formed the basis for a later transmission experiment 
carried out between College, Alaska, and Westford, 
Mass. It is hoped to publish a full account of this 
latter experiment at a later date. 

Among the results of the test was the direct 
correlation between the fading rate of the received 
signal and the predicted calculations of the total 
libration rate of the moon. The spectral broadening 


1 Contribution from Lincoln Laboratory, Massachusetts Institute of Tech- 
nology, Lexington 73, Mass. The Lincoln Laboratory is operated with support 
from the U.S. Army, Navy, and Air Force. 

2 Present address of D. W. Swift: Aveo Research and Advanced Development 
Division, Wilmington, Mass. 

3 A summary of the work in this area through 1956 is given in reference [1}. 

4 Figures in brackets indicate the literature references at the end of this paper. 
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of the lunar signal was thus shown to be an effect of 
the motion of the moon. The major portion of this 
paper is concerned with an outline of these calcula- 
tions and a demonstration of their agreement with 
measured values. 


2. System Used in the Experiment 


The transmitter and 60-ft diam parabolic antenna 
were located at the M.I.T. field station at Round 
Hill, South Dartmouth, Mass. (41.5395° N, 70.9512° 
W). The receiving site was at Alpha, Md. (39.3224° 
N, 76.9258° W), about 350 miles from South Dart- 
mouth. The receiving system used a 28-ft diam 
parabolic antenna with two orthogonal feeds. Two 
identical receiving systems were used with common 
local oscillators. With a transmitted power of 40 kv 
at 412 Me/s and a final receiver bandwidth of 50 c/s, 
a signal-to-noise ratio of 25 to 30 db was obtained. 
Paper tape records were made of the detected signals, 
and periodic magnetic tape recordings were made of 
the signals at an intermediate frequency of 2,500 c/s. 
Observations were made from moonrise to moonset 
each day from 6 August until 29 August 1957. 


3. Paper-Tape Recording for Fading-Rate 
Measurements 

Typical recordings of the detected signals are 

shown in figures 1, 2, and 3. The frequency of the 

“fading” shown is a prominent feature, and during 
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(Traced from original recording chart.) 


Ficure 1. 
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Figure 2. Fast recording of detected signal, medium fading rate. 
(Traced from original recording chart.) 
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FicureE 3. Fast recording of detected signal, fast fading rate. 


(Traced from original recording chart.) 


the test it was found to vary within fairly wide 
limits. At times the rate appeared to be several 
cycles per second, at other times the signal level 
remained almost constant for several minutes. 
Figure 1 shows a typical section of a recording taken 
at a relatively slow fading rate period, figure 2 shows 
an average fading rate, and figure 3 shows one of the 
faster fading rates. All of these were taken during 
the test with a detector time constant of 0.15 sec. 
The magnetic-tape recordings of the 2,500 c/s IF 
signals formed a convenient stored source of signals 
to be played back through a detector with an 
adjustable time constant. Some experimentation 
was needed to determine a suitable time constant 
which, it was felt, produced a record that showed up 
most of the signal variations without being too 
affected by noise. A value of 0.015 sec for the time 
constant was chosen as a suitable compromise, and 
many of the recorded 2,500 c/s IF signals were 
replayed with this modified detector system. Typical 
results obtained on a Brush recorder are shown in 
figures 4 (a) and (b). The paper-tape recordings 
thus obtained were used to measure the fading rate in 
a rather arbitrary but consistent manner. This was 
done simply by counting the number of detected 
signal maximums occurring over an interval of 
approximately 1 min at any given period. Results 
varied from 3 to 4 fades/sec to approximately 0.005 
fades/sec. The higher frequencies were observed 
most of the time, while the very low fading rates 





were comparatively infrequent, and lasted for only a 
short time in any case. Some of the measurements 
are shown plotted as fading rate versus time of day 
in figures 11 (a) to (g). 


4. Libration-Rate Computations 


It seemed to be a reasonable assumption that the 
effective libration of the moon had a large part to 
play in producing the varying fading rates of the 
moon-reflected signals [2]. (The computations to be 
described first determine what is termed here the 
“total libration rate’ of the moon, and thus proceed 
to calculate the resulting “Doppler spread.”’ This 
can then be interpreted as a fading rate, and compared 
with the measured fading rate.) 

An overall view of the geometry involved in the 
calculation may be useful. Figure 5 shows a simpli- 
fied sketch of the earth-moon system. In effect, the 
moon presents a slightly varying face to the earth, 
due to the dynamics of its motion. This means that 
an observer on earth looking toward the center of 
the moon does not always see the same surface point 
(A in fig. 5), but rather a changing point on the surface. 
The motion involved is described by the selenographic 
latitude and longitude figures listed in the American 
Ephemeris and Nautical Almanac. The axes about 
which these positions are measured are shown in 
figure 5. In general, the axis for the selenographic 
latitude variations is inclined to the celestial equator. 
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An observer on earth, at point B, must look in the 
direction BA in order to see the moon. Then, due 
to the earth’s rotation about the axis OP, the ray BA 
sweeps across the moon’s surface. On addition, the 
combination of these two effects give rise to what is 
termed the “total libration” of the moon. A system 
of axes can be set up, and the motion of the moon 
can be resolved along the same set of axes. Combi- 
nation of the two sets of components is then a simple 
matter. In effect, expressions are derived for the 
total libration rates in latitude and longitude, Ig and 
lpy, respectively, of the form 


lrg= (le-+hi), 
and 
lrp= (ln +-f2), 


where /; and /; are libration rates due to the moon’s 
motion, and f; and f, are equivalent functions due to 
the earth’s motion. All the functions, of course, are 
time-dependent. The total libration rate is given by 
the square root of the sums of the squares of l7g and 
ly,. Hence, both of these quantities must become 
small in order to give a low value for the total effective 
libration rate. 

With the libration rate computed, the next step is 
to transform it into an effective fading rate. Suppose 
that instantaneously the moon had only one strongly 
reflecting region located centrally at point A, so that 
a ew signal reflected from this region would show only 
the main Doppler shift in frequency. If now two 
additional reflecting portions are assumed to exist at 
€ and D, toward the rim of the moon and symmetri- 
cally located with respect to the center portion, then 
each of these regions would be in motion due to the 
effective libration of the moon. The component of 
this motion resolved along the direction to the ob- 
server would give rise to a small additional ‘‘Doppler 
spread,’ so that an incident cw signal would be 
reflected with two Doppler sidebands. Reception 
and detection of this signal would then show a signal 
of varying level, with the Doppler spread in effect 
producing the “fading rate.” Now actually a large 
portion of the moon must be effective in giving rise 
to appreciable reflections, and each small contributing 
area gives rise to its own particular Doppler spread. 
Integration over the whole surface is difficult, since 
the reflection mechanism is by no means well under- 
stood, and the moon is a rough body. However, it 
is possible to examine the moon’s surface to determine 
the maximum extent of the Doppler spread. Con- 
sider a circle drawn on the moon’s surface, the radius 
of this circle being specified as a given fraction of the 
actual full radius of the moon All points on this 
circle can then be examined to determine that point 
which gives rise to the maximum magnitude of 
Doppler spread. If the point C on the moon’s surface 
is considered to be the point in question, then its 
position on the circle is specified by the angle , meas- 
ured from the y’ axis. It is apparent that major 
emphasis in the calculation must be given to a careful 
consideration of the geometry involved. 








4.1. Moon's Position 


Figure 6 shows a sketch of the celestial sphere 
vith the celestial equator in the same plane as the 
sarth’s equator. The ecliptic has its ascending node 
on the celestial equator at the point y, the vernal 
equinox, while the ascending node of the moon’s 
orbit on the celestial equator is marked by the point 
vy’. ‘The moon is assumed to be at the point B, so 
that the right ascension of the moon, RA, is given 
by the are yC, and the declination, 6,,, by CB. 


ECLIPTIC 







EARTH'S 
EQUATOR 


Fiaure 6. Moon-position geometry. 


The angle 6 is measured in the plane containing 
the radii Oy’ and OB, and is taken to be positive in 
the direction from Oy’ to OB. The angle 6; is the 
inclination angle of the great circle, centered at QO, 
and passing through the points y’ and B. 

At any particular time the position of the point 7’ 
is given by noting the value of the moon’s right 
ascension during the preceding month when its 
declination is zero, and when it is changing from 
negative to positive values Hence, with this value 
of right ascension P Ap in degrees, y’y is given by 


y’y=360°—RAb, 
and 
y'C=7'7y+ RA, (2) 


Thus, from the triangle y’CB, the angle @ is speci- 
fied by 

cosé=cos(y’y+RA,)COSdm, (3) 
and 





pi eas /sin (S—8@) sin (S—y’y— RA,,) 
cians me eS 





where . 
S=[0+7’7y+ RAmt |6,||/2. 


4.2. Orientation of Moon in its Orbit 


Figure 7 shows the moon’s equatorial plane, with 
its ascending node on the celestial equator desig- 
nated as 7y’’’. The angle ’ is defined as the distance 
along the celestial equator from the true equinox to 
the ascending node of the moon’s mean equator, 


so that the are y’y’’’ is given by 
yy =O +7 (5) 


Consider two vectors A, As, where the vector A, 
is parallel to the equatorial plane of the moon and 
perpendicular to OB, while A, is orthogonal to A, 
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FIGURE 7. 


and normal to the equatorial plane and directed 
upward. These vectors describe the axes about 
which the moon’s selenographic latitude and longi- 
tude are measured. For computational purposes, 
it is convenient to transform these two vectors into 
Aj, where A; is in the moon’s 


two vectors Aj, 
orbital plane, perpendicular to OB, and Aj is 
orthogonal to A; and OB. Let three unit vectors 


be defined as follows: 


i,,=unit vector in direction OB, 
i, =unit vector in direction OZ 
dicular to orbital plane), 


(OZ perpen- 


7,’=unit vector in direction OP (OP perpen- 


dicular to equatorial plane). 


Consider an ry2-axis system, with the z-axis coinci- 
dent with Ol and with the y-axis in the orbital plane. 
Then the angle ¢ is defined as the angle from the 
z-axis to OB, measured in the orbital plane. The 
angle J; is the included angle y’/ly’”’ (see fig. 7). 
Unit vectors 74, dy, in the direction of A and A 
respectively, are given by 


: = ap i 

== 6 

=F (6) 
and 


tye ye x <7 (7) 


The vectors A,, A, can be described with the aid of 
unit vectors as 


A,=Ayty (8) 
and 
A,=A,(—1, sin 1,+7, cos 1;). (9) 


The relations between the two sets of vectors A;, A» 

and Aj, As give the following expressions for the 
oo 8 ; 8 

magnitudes A; and Ag: 


- 777 Ay 


A\=(A,+ Ay) + 4y"=- — A, sin 1; cos € 


(10) 


1+ cos? € “tan? 1. 





«1, Cos € tan Up 


= -+A,cosl; (11) 
V1+cos? e tan? /; 


The angle 7 is defined as the inclination of the 
moon’s mean equator to the earth’s true equator. 





With knowledge of y’y’’’, 7 and 46,, the triangle 
‘y’’’l can be solved for /; to give 
1,=are cos [cos 6, cos i+sin 6; sin 7 cos (y’y’"")] 
(12) 
and 
F cos 6; cos 1;—cos 7 e 
y’l=are cos $$. —— | (13) 
sin 6; sin J; 


? 


With the angle @ obtained from (3) and y’l from (13), 
the angle ¢ is given by 


e=0—7'. (14) 
4.3. Effect of Nonspherical Earth 


If a meridianal cross section of the earth is assumed 
- be elliptical in shape, then each point on the sur- 
face has a geocentric latitude that is slightly different 
from its normal geographic latitude. In addition, 
of course, the radius from the center point of the 
earth to the observer varies with latitude. The 
relations among the following parameters: 


Qeq= equatorial radius of earth, 
r=radius to point at geocentric latitude ¢¢, 
e=ellipticity, 

¢-= geocentric latitude, 


¢=geographic latitude, 


are given by 


a2 (1—e?) 


a ee ee 
1—e? cos”? g& 


(15) 


P= 


tan g,.=(1—e?) tan g, (16) 


768658. 





4.4. Doppler Shift of Moon-Reflected Signal 


The sketch shown in figure 8 demonstrates the 
geometry involved. In essence, for an observer at 
position A, it is necessary to calculate the rate of 
change of the distance D. The moon’s position is 
given by the distance Dy and the coordinates shown 
in figure 9, It is necessary to note the distinction 
between the two sets of coordinates shown in this 
figure. The unprimed set is related to the earth’s 
equatorial plane, while the primed system is related 
to the moon’s orbital plane. The following param- 
eters are shown in figures 8 and 9. 
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D,=distance from center of earth to center of 





moon, 
D=distance from observer at A to moon’s | 
center, 

| 

d,=—distance between earth’s center and ob- 


server at A, 


Y=angle between Dy and ay, 


6,=angle between earth’s equatorial plane and | 
the moon’s orbital plane, 
, Y ~ P 4 , 
y’C=right ascension of moon +77, 


6, —=declination of moon, 


| 
| 
| 
=geocentric latitude of observer, 
‘ : : | 
y’D=right ascension of observer +7’y. | 
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Ficure 8. 
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Geometry for positions of observer and moon. 


FIGURE 9. 


In order to express the angle y in terms of the 
position parameters two unit vectors are introduced. 
A unit vector 7, is defined in the direction OA, while 
i,’ is defined as a unit vector in the direction of Dy in 
figure 8 (OB in fig. 9). These vectors may be 
expressed as 


ta= 7, sin bg+ 7, COS bq COS (y’D) +i, cos ¢, sin(y’D), 
(17) 
and 


2’ =1z SIN bn +z COSS, COS (y’C)+%y cos 6, sin (y’C) 


bx 





(18) 


The angle y is given by 


cosy =i,’ +iq 


“. cosy=sin 6, sin ¢,+cos¢, cos 6,,cos(LHA) 

(19) 
where L/ZA is the local hour angle of the moon, and 
may be expressed as 


LHA= (y'D)—(y'C)= (yD) — (©) 
Now the rate of change of the distance D is given by 


pat 


\ D2+-a2—2ayl), cos y 
dt 


. l 
Di(Do~ ae cos Y)—Dda rs (cos y) (20) 


D 





D= 


The values of horizontal parallax, II, listed in the 
American Ephemeris may be used to compute Da, 
giving 
eq 
0 _-_. ay’ 
sin II 
and 


Qe cos II di 
Do= dt 


sin? II 


It is also necessary to differentiate cos y from eq (19), 
which in turn involves the rate of change of the 
local hour angle. In this manner the angular rota- 
tion rate of the earth and the rate of change of right 
ascension of the moon are brought into the computa- 
tions. Thus 


< (cos ¥) =4,,[COs 6», SIN ¢,—SiN bm cos d, cos (LH A)] 
tf 


—Cos oq COs 6, sin (LH A) £ (LH A) 


and 


d 


d 

(LH A)=a,—— (RA 
dt \ ) € dt ( mF 
where w, is the angular velocity of the earth, and 
d/dt (RA,,) is the major component of the angular 
velocity of the moon about the earth. 

The above expressions enable D, and D, to be 
derived for the transmitting and receiving stations, 
so that the total Doppler shift f, is given by 


f 


fa=—"2 (D+ Ds) (21) 


where D, and D, now represent the distances between 
the transmitter and the moon and the receiver and 
the moon, respectively. 
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4.5. Libration-Rate Computation 


The essence of this computation lies in the descrip- 
tion of the motion of a point on the moon’s surface 
as seen by an observer on earth. Part of this motion 
is due to the actual libration of the moon, and part is 
due to the movement of the observer. Thus the 
computations involve the rates of change of the 
selenographic latitude and longitude, plus the rate 
of change of some quantity which describes the 
geometrical earth-moon relationship. The effects of 
these two physically distinct processes, when added 
appropriately, then give the total libration rate. It 
is convenient to use the sign convention used in the 

American Ephemeris. Thus, the selenographic longi- 
tudes are measured in the plane of the moon’s equa- 
tor, positive toward the west, the axis of reference 
being the radius of the moon which passes through 
the mean center of the visible disk. Latitudes are 
measured from the moon’s equator, positive toward 
the north. 

In section 4.2, two vectors A,, As were considered. 
Now, let A; become the axial vector Sz and A, be- 
come the axial vector S;, where Ss and S, represent 
axes about which the selenographic latitudes and 
longitudes are measured. The tinie derivatives of 
the scalar values of these quantities are given by 


dS3 
lg= Th 
and 
_ dS, 
l= dt 


Also, in sections 4.2 and 4.4 primed quantities were 
used with reference to the moon’s orbital plane. The 
same significance again is attached to primed quanti- 
ties here. Equations (10) and (11) can be rewritten 
to give S; and S;, and the resulting expressions 
differentiated to give 


dS 5 yy _ ls 
- =l3= eat eee 


l ; : ———/,, sin /; cos ¢ 
- V1+cos’e tan?/, 








Ss cos’ € tan? uP see ai dl, 
+ ‘1+cos*e tan? 2] , 3/2 y+& COS € cos 1 |, 


Ss cos € tan?/,; sine : : (le 
S; Ss Ss i. 22) 
+| (erenre e tan?/, eat ciearuies 1 | dt 


and 


dS,» Us cose tan bs 


dt =.= ———+]/, cos i 


V1l+cos?e tan2/; 


Ss cos € sec*/; 


(1+ cos? tan2/,)3? iia A 


Ss sin € tan J; 1 


wee (2s 
(1+ cos? tan? /;)°/?_| dt (23) 





The effect of the observer’s motion may be intro- 
duced through use of the parallax angle >), shown in 
figure 8. Consider >) to be an axial vector repre- 
senting a small rotation when the magnitude of 3} 
represents the angle between D and Dy. Hence for 


small >), >) is given by 


S_7,.7)& 

= (Ver + % (24) 
pe z= 1) D, 
where 

D,=Dy—a, cos v (25) 

In general, the observer’s motion will give contribu- 
tions to both the longitudinal and the latitudinal 
libration rates. Bearing i in mind the assoc lation of 
the primed coordinates ‘with the moon’s orbit, and 
the fact that the selenographic latitudes and long- 
itudes were adjusted to this set of coordinates, it is 
apparent that the projections of >) on the y’ and 2’ 
axes are required. The component in the 2’ direction 
is given by 


= — = ¢ as = foe’ 
Dye (ter X Ug) * ber HH Mg I (26) 
L x 2? ' 20, 
— ee dD, at a . 
and in the y’ direction by 
— ax = @ a> = oak 
—— ict Va) be = —— 14° Ver (27) 
> 8 ( x a y! dD, D, a 2 
From figure 9, it is seen that 
127=12 COS 6;—1, SiN 4; (28) 


and the unit vector 7,, is given by 


with 7,, and 7,, described by eqs (28) and (18) respec- 
tively. The dot products in eqs (26) and (27) may 
now be expanded to give the components of >) as, 


a oL= me cos 6; cos 6, cos ¢, sin (LHA) 
1 


sin ¢,] } 
(29) 


—sin 6; [sin 6,, cos ¢, cos y’ D—cos 6» cos (y’C) 


and 


Za mS “ [sin 6; cos ¢, sin (y’D)—cos 6;sing,| (30) 
1 


The above two equations can be differentiated to 
give their rates of change. This involves a number 
of terms, as most of the parameters are time de- 
pendent. However y’y and 6; change so slowly that 
negligible error is introduced by assuming them to 
be constant. The terms thus involve the rate of 


change of the distance, D,; the angular rotation rate 
of the earth w.; and the rates of change of the moon’s 


right ascension and declination. Hence 53, and >}; 


461 





may be expressed as 





ae D a a, . ‘ ° . ’ 
>t —7 r+, D. COS g [cos 6; cos 6, cos (LHA)+sin 6; sin 6,, sin (y’D)| 
1 l 
d ; ; 5 — 
ae (RA) COS bm D = [cos 6, cos g, cos (LHA)+sin 6; sin g, sin (y’C)| 


ae : 
—-—~ 6,,{s1N 6, cos 6; COS g sin (LH A) 


D, 


+sin 6; [cos 6, cos g cos (y’D)+sin 6, cos (y’C) sin g]} (31) 


and 


+ D - i 
>3,=——! Sisto, — sin 6, cos g, 008 (y’D), (32) 
dD, dD, 


where 


. . d 
D,=D)—a 7 (cos y). 


In obtaining the sum of the effects of the moon’s 
motion and the earth’s motion, it must be remem- 
bered that a rotation in one sense on earth appears 
as the opposite sense on the moon. That is, an 
increase of the parallax angle toward the west or 
north appears as a rotation of the moon toward the 
east or south. Hence, the components of the total 
libration rate for a two-station system are 


we ES Lo a 
lrs —_= { sz ee i» } (33) 
iS : 
lrt {ti-33 a = Sus} (34) 


where the subscripts a and 6 refer to the transmitting 
and receiving stations. The total libration rate, /7, 
is thus given by 


lp= Vl 3+ Ut. (35) 
4.6. Doppler Spread of Moon-Reflected Signal 


So far, when considering the geometry of the 
earth-moon system, the reference point on the moon 
has been its center. The corresponding point seen 
on the surface of the moon may be imagined to be 
the main reflecting point. However, as mentioned 
previously, many other points on the moon’s surface 
are effective as reflectors. Any one such point will 
be in motion due to the libration of the moon, and in 
consequence of the fact that its line-of-sight velocity 
is different from that of the central point, its Doppler 
frequency will be slightly shifted with respect to that 
of the central point, i.e., with respect to the main 
computed Doppler frequency. This shift in Doppler 
frequency is referred to as the “Doppler spread.” 
Obviously, this will depend upon the position of the 
offset region as well as on the angular velocities in- 
volved. Consequently, in order to obtain an idea of 
the maximum Doppler spread that may occur over 





a given portion of the moon’s surface, it is convenient 
to specify a ring whose radius is a given fraction of the 
radius of the moon, and to examine this ring from 0° 
to 360° in order to pick out the maximum value of 
| the Doppler spread. 

This method of computing the Doppler spread 
allows a number of approximations to be made. The 
choice of which approximations to make can_ be 
based upon the magnitude of the total libration rate. 
When this is not too small, the Doppler spread is of 
the order of cycles pers second, and any refinement 
in the computation would have a relatively small 
effect. As the libration rate decreases, so does the 
magnitude of the Doppler spread, and at some point 
the errors introduced by the approximate computa- 
tions may become significant. The overall accuracy 
depends, of course, upon the accuracy of the input 
information and, if this is not very precise, any small 
differences carried in the computations may not 
show up. 

Figure 10 shows a sketch of the geometry involved. 
The moon’s center is at 0 and the observer at 0’. 
Although only one observer’s position is shown, the 
computations are carried out for two separated sta- 
tions, i.e., transmitter at station @ and receiver at 
station b. The axes shown at the moon’s position 
refer to the moon’s orbit, as mentioned previously, 
and the quantities /7, and /73 are used to describe 
the moon’s apparent rotation about these axes. The 
circle to be examined is shown as GULCH with radius 
FL, or kR.,,, where R,, is the moon’s radius and k is 
the fractional moon’s radius. The position of the 
point Z is specified by giving the value of k and the 
| angle v, where y is measured positively upwards 
from a line parallel to the axis of 73. 








Om 





19) 


o 


Figure 10. Geometry for Doppler-spread computations. 
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Due to the apparent rotation of the moon about 
the pg axis, the point Z has a component of velocity 
directed towards 0’. The approximation is made 
that station @ may be assumed to be at 0’, so that an 
observer sees the incremental velocity of point J as 


vae=kR,, sinv (U3 —Zpq). 


Rotation about the /7;, axis gives a similar component 


VeL— —kR,, COSV (l,— Sy) , 

The Doppler spread for each station is due to 
these incremental velocities. The Doppler spread 
of the transmitted signal plus the Doppler spread of 
the reflected signal is the total observed Doppler 
spread. Thus, the Doppler spread due to the moon’s 
libration is 





Br kR ‘ a ° ° ° 
MSfi=So— ™ [sin »(213,—Xg,—Zg») —cos v(21,—Lp_.—Zz) |. 
Hence with the use of eqs (33) and (34) this may be 
expressed as 


a 





afi=2p (sinv-l7g—cosv-l pz). (36) 


There is a small additional Doppler spread term 
which arises from the fact that the observer is 
approaching the general point J on the moon’s sur- 
face, rather than its center. The original main 
Doppler shift, given by eq (21), was developed for 
the center point of the moon. Actually it is the rate 
of change of D,, in figure 10 which should be con- 
sidered, i.e., D,—D-+ small correction, and_ this 
correction will be different for the transmitting and 
receiving stations. Now D,,~D may be expressed 
as D,, =Dy1—(k?R2/D2,). The first term expansion 
of D,, is sufficiently accurate for our purposes, so 
that with D substituted for D,, in the expansion term 
the correction is given by 





. | Pin. 
D~D—; DD 


Thus the additional Doppler spread term is 


D, , Ds 
Pet D} | 


where the subscripts a and 6 refer to the two stations. 
The total Doppler spread is now given by 


1 fe p2 pe 


afin 
id 9 Cc 


Afa= P= — = [sin Vy lrg—cos V- lrz| 
1 fe ye De D ae 
a oe nm pt 7 Ps (38) 


The maximum (or minimum) 











value of the Doppler 


spread occurs at the angle » given by 


Yo— arctan [— (Lrg Lry)). (39) 
In order to obtain the maximum Doppler spread 
value, the positive value of (36) is chosen and added 
to the absolute magnitude of (37). 

When the libration rates are not too small in mag- 
nitude (for example, not less than 1077 rad/sec) a 
number of approximations can be made in the com- 
putations. In eqs (31) and (32), terms involving 
6, and D,/D,X37 can be ignored. The term Afy 
(eq (37)) also may be neglected. Check calculations 
show that in general a negligible effect is produced by 
these approximations. For small libration rates their 
effect needs to be included. 

However, it is to be noted that the calculations 
for the Doppler spread involve the daily values of 
selenographic latitude and longitude. The American 
Ephemeris and Nautical Almanac lists these to only 
three significant figures, so that at some point it is 
to be expected that lack of accuracy in these data 
will affect the computations. This appears be 
the case at periods of very low libration rate. 


4.7. Relationship of ‘‘Fading Rate’’ and ‘Maximum 
Doppler Spread” 


The “fading rate” of the detected signal was de- 
termined as outlined in section 3, i.e., by counting 
the number of maximums in a given time interval. 
This obviously gives some measure of the form of 
the returned signal spectrum. It is apparent, phys- 
ically, that the total signal is due to reflections tak- 
ing place over much of ‘the moon’s surface, probably 
with a larger weighting factor attached to the cen- 
tral regions. If the spectrum is regarded as similar 
to that obtained when Gaussian noise is passed 
through a narrow Gaussian bandpass filter, then 
work by Rice [4] indicates that the expected number 
of maximums per second is 


N&?2.520 


where o is the standard deviation of the Gaussian 
filter. Suppose the noise bandwidth, B ¢/s, is defined 
as that bandwidth containing half the total power 
passed by the filter, then 


Bo&1.35 ¢ 


Bo0.54 N e/s. 


This gives a relationship between the bandwidth 
and fading rate that may be useful as applied to the 
lunar signal. The maximum Doppler spread (Af,) maz 
is a measure of the change in Doppler experi- 
enced at the limb of the moon due to libration. The 
maximum band limits of the signal, if its spreading 
were entirely due to libration effects, would be 2Afz 
corresponding to the range of signal returns from 
opposite limbs of the moon. 


463 





The fading rate of the lunar signal was found to 
be proportional to the libration rate and hence to 


the value of (Afy) maz. The best fit to the data 
was found to be given with k=0.67 by the empirical 
formula 


N=k (Afa) mar=0.67 (Afa) mar- (40) 
If our assumed relationship between fading rate 
and bandwidth is correct, then 
B=0.54 Xk (Afa) mar=9.36 (Afa) mar: (41) 
The bandwidth obtained is 0.36/2=0.18 of the 
maximum possible band limits due to the libration 
spreading. Since the change in Doppler Af, is pro- 
portional to the distance from the center of the 
moon’s disk, then it is apparent that most of the 
signal energy is reflected from a portion of the moon 
about the center of the face with a fractional radius 
of only about 0.2. 


4.8. Actual Computations 


As results were required at intervals of a few 
minutes over a period of months, the computations 
were programmed for the IBM 704 and 709 Elec- 
tronic Data-Processing Machines. Much of the 
astronomical input data for the program was ob- 
tained on standard IBM cards from the U.S. Naval 
Observatory. Other input quantities were prepared 
from the American Ephemeris. The machines also 
were used for additional computations concerned 
with the antenna orientations. 


5. Results Obtained 


Figures 11 (a) to (g) show plots of some of the 
measured fading rates. The computed curves are 
based on a value of 0.67 in the empirical relation- 
ship of (40). The agreement in general is excellent, 
except at periods of very low fading rate of the order 
of 0.05 to 0.005 e/s. 

In general, the computed values for August 1957 
did not fall below approximately 0.1 ¢/s for either the 
approximate or the more accurate methods of compu- 
tation. The approximations involved in the method 
of computation are capable of allowing a_ better 
resolution than this, and it appears that the limiting 
factor probably is due to the 3-figure accuracy of the 
published daily values of selenographic latitude and 
longitude given in the American Ephemeris and 
Nautical Almanac. 

The value of k used, 0.67, when inserted in eq (41) 
for the “noise bandwidth” B, gives 


B=0.36 (Afa)max c/s. 


On this basis the major portion of the reflected signal 
is obtained from a central disk on the moon, the 
fractional radius of this disk being approximately 
0.2. 


of experiments carried out at the Naval Research 
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A different approach is afforded by the results 
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Laboratory [5, 6], in which the interpretation of the 
form of reflected pulsed signals was that only a 
relatively small central portion of the moon’s surface 
was effective as a reflector. 

Although not described here, it is of interest to 
note that the measured total signal levels showed no 
evidence of any slow fades. The Faraday rotation 
was observed, but the total received signal level, 
after correction for the varying earth-moon distance, 
was essentially constant. 


6. Conclusions 


Calculation of the rapid fading rate of moon-re- 
flected signals, in the manner described, has been 
shown to give results which agree very well with 
measured values. It appears as if most of the re- 
flected signal may be obtained from a central disk 
on the moon with a fractional radius of approximately 
0.2. 

The variation of the position of the region on the 
moon’s surface which gives the maximum Doppler 
spread is of interest. Table 1 lists values of the 
angle vp for a typical day, together with the angles 
of elevation and azimuth. The angle » depends 
upon the rates of change of the moon’s selenographic 
latitude and longitude, so that the figures given in 
table 1 vary from day to day. However, the varia- 
tion is typical; values of approximately 200° to 300° 
during moonrise, an increase to values of 10° to 30° 
while going through transit, and then a further in- 
crease to 70° to 130° during moonset. It is apparent 
that whatever the value of the fractional radius of 
the moon is taken to be, a considerable portion of the 
moon’s surface is covered during the course of a day. 
Since the agreement between the computed and 
measured fading rates is so striking, it would seem 
that, in its behavior as a reflector or scatterer at 
400 Me/s, the moon’s surface is reasonably uniform 
over quite a large region. 


TABLE 1. Variation of angle vo with time for 21 August 1957 


Moon direction at South Dartmouth 





Time WU OR A ne 
21 August 1957) Doppler spread | 
(G.m.t.) vo degrees Elevation Azimuth 
degrees degrees 
0600 196 3.9 67.8 
0700 229 14.4 76.8 
0800 316 25. 0 85.9 
0900 349 35. 9 95. 7 
1000 359 46.7 107.3 
1100 005 56. 6 123.0 
1200 010 64.5 146. 1 
1300 | 016 | 67.6 179. 5 
1400 021 64.5 213.1 
1500 029 56.5 236. 4 
1600 038 46.6 
1700 053 36.0 
1800 074 25. 0 
1990 102 | 14.2 | 
2000 128 3.8 | 


From the measured signal levels and a knowledge 
of the parameters of the system, the usual radar 
equation was applied to give an estimate of the 


cross section of the moon. This was 


= 7 X10" ni 


The projected area of the moon is approximately 
0.9510" m?, so that the radar cross section, at 
412.85 Me/s, represents 0.074 of the projected area. 
The manner in which the effective cross section of 
the moon may be proportioned between “gain’’ and . 


| “reflectivity” figures has been the subject of some dis- 





cussion[2, 7, 8]. If an element of surface is assumed 
to scatter in a fairly directional manner, for example 
according to (cos @)*, where typical k values may 
be 30, 40, 50, ete., then most of the return is given 
by the central portion of the moon, and the “gain” 
of the moon as a reflector, relative to its cross 
sectional area, approaches 4. With this sort of 
model, which is not critical at all, the power reflec- 
tivity must be of the order of 0.02. Values of 0.1 
have been quoted, which appear to be high, even 
allowing for a possible 3-db error in the measure- 
ments. 

The predictability of the rapid fading rate of a 
moon-reflected signal is of interest when considering 
the effects of the ionosphere upon transmission of a 
UHF signal. The signal is fairly well described 
when its average amplitude is known, the Faraday 
rotation allowed for, the Doppler shift computed, 
and the fading rate predicted to within a constant 
factor. Changes in the transmission medium, for 
example, auroral effects, then may be investigated 
by measuring their effects upon the known char- 
acteristics of the undisturbed signal. As mentioned 
in the introduction, such an experiment has been 
carried out between Alaska and Massachusetts. 
This experiment will be described in a forthcoming 
article. 
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On the Theory of Wave Propagation Through a 
Concentrically Stratified Troposphere With a 
Smooth Profile’ 


H. Bremmer 


(February 1, 1960) 


Part I. Discussion of the Extended W.K.B. Approximation 


The W.K.B. approximation for the solution of the height-gain differential equation for 
a curved stratified troposphere is discussed in detail. The approximation depends mainly 
on a variable ui(r) which can be interpreted as the height dependent contribution of the 
phase for a field solution obtained by separation of variables. An expansion of u;(r) with the 
aid of partial integrations leads to further approximations which facilitate the determination 
of the eigenvalues, and of the amplitudes of the modes connected with the propagation 
problem. The influence of the refractive-index profile, if assumed as smooth, then appears 
to be restricted to a dependence on the surface values of this index and of its gradient insofar 
as propagation over the ground is concerned. Further, all height effects of elevated antennas 
can be expressed in terms of the distance to the corresponding radio horizon. This results 
in simple relations between the fields connected with two different refractive-index profiles, 
provided both profiles coincide near the earth’s surface. 


1. Introduction 


The propagation theory of a concentrically stratified atmosphere usually concerns a 
discussion of the corresponding height-gain differential equation. The W.K.B. approximation of 
the latter has amply been discussed, but little attention has been paid to its corrections. Some 
material on the form of these corrections has been presented by Pekeris [1]? while applying 
an earth-flattening approximation. This paper concerns (in part IT) an expansion of the 
solution for a curved stratified atmosphere which starts with an ‘extended W.K.B. approxi- 
mation.’”’ By the latter we understand a well-known modification of the W.K.B. approxi- 
mation, in terms of Hankel functions of order 1/3; it is determined such as to remain finite at 
a turning point of the geometrical optics trajectory associated with the solution. The dis- 
cussion of this extended W.K.B. approximation (in part I) shows the dominating role of the 
refractive-index profile near the earth’s surface, provided that this profile and all its derivatives 
are continuous functions of the height throughout the troposphere. 


2. Reduction to a Scalar Problem 


We start from Maxwell’s equations for time-harmonic solutions (time factor e~**/) for a me- 
dium with spherical symmetry, the refractive index n(r) of which only depends on the distance 
r to the center of symmetry. We further assume a permeability 1; the equations in question 


then read as follows in Gaussian cgs units: 


Curl e—i= h—0, (1) 


Curl h+i - n?(r)e=0. (2) 


1 Contributions from Philips Research Laboratories, N. V. Philips’ Glocilampenfabrieken, Eindhoven, Netherlands. 
2 Figures in brackets indicate the literature references at the end of this paper. 
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The two standard solutions, known as the electric and the magnetic solution respectively, 


can be represented by: 


Ya 
e.g eurl curl {n(r)IL,r}> 
w n*(r) (3) 
h,=curl {n(r)ILr}, 
and 
() 9 
e,, =—-—~-curl ‘nv (7)IL,r ’ 
cn? (r) oe 
(4) 


1 cs, 
h,,=curl Ex url TL (7)I1,.° | 


The symbol r represents the radial vector of length (22+ y¥?+ 2)'”. 

The Maxwell eq (2) is verified at once for the electric solution (3); the same holds with 
respect to the other Maxwell eq (1) for the magnetic solution (4). The remaining Maxwell 
equations can be checked by deriving the following relations with the aid of a tedious analysis 
based on vector-field identities: 


Curl inne h,=— curl [r{ ' am+( fi ine : yn} 
c w n c? dr? n 
Curl bat ne, = — curl [r{ Al+( a nll }} 


Therefore, both Maxwell equations are satisfied, for the electric as well as the magnetic 
solution, if the scalar II does satisfy a wave equation of the form, 
ae 53 
AII+— n2,(r)I=0; (5) 
- 
the effective refractive index then has to be defined as follows: 


2 2 
, _ 2a er 
ng(r) =v?——; n= 5- for the electric solution, 
w dr’n 
(6) 


n2.(r)=n? for the magnetic solution. 


3. Height-Gain Differential Equation and Its Extended W.K.B. Approximation 


Weare particularly interested in the solutions corresponding to a vertical electric or magnetic 
dipole. In the system of spherical coordinates r, 6, ¢(x+iy=r sin 6e'*?, z=r cos 6) this dipole 
may be situated at r=b, @=0. The field then becomes independent of gy, and particular solu- 
tions II; of (5) are found by a separation of variables according to 


I,=f, (7) P, (cos 6). (7) 
The corresponding height-gain differential equation for f,(r) can be put in the form 
d? Ww " P . , 
at @ mite) } {rfi(r)}=0, (8) ; 
if 
i I(l+1) 
mi(r) =nbg(r) Sa (9) 


0 
ky=w/e being the wave number in vacuum. 
The W.K.B. approximation of (8) consists of a linear combination of the functions 


exiko ig m,(s) ds 





{m,(r) }¥/? 
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it therefore breaks down at a so-called turning point, that is a zero r=r, of m,(r). In the case 
of a single turning point a better approximation is obtained, as is well known, by approximat- 
ing m7(r) near r=r;, by a linear profile; the equation can then be solved there rigorously with 
the aid of Hankel functions of order 1/3. This procedure leads to the following “extended 
W.K.B. approximation:” 


Sy 1/2 
{ | ml (s) as} * 10) 
rfi(r) rd 1, y _ AY { ks | m i(S) ds \ 


{m (7) }'/? 


it reduces to the conventional W.K.B. approximation if the Hankel function is replaced by 
the first term of its asymptotic expansion for large arguments. 

In (10) we assume Im m,>0, which guarantees an exponential decrease for r+ if Im m 
differs from zero; the function (10) then represents an approximation in accordance with the 
radiation condition at infinity. In part IT of this paper (10) will appear as the first term of a 
complete expansion for the solution II). 


4. Position of a Turning Point for a General Profile of the Refractive Index 


The significance of a turning-point level r=r, is obvious when 7; is a real quantity larger 
than the earth’s radius a. We then consider the relation 


W(d+1)}¥2 


} ) 
re (11 


Neg (7-7 sin 7 (7) = 


it determines a ray trajectory in a stratified troposphere with refractive index n¢q;, if 7(r) 
represents the angle, at any level r, between the tangent to the trajectory and the radius vector 
towards the center of the earth. On the other hand, the turning-point relation m,(r;)=0 can 
be written as follows in view of (9): 


[J(JL1)y12 
meg (ti) r= et i (12) 





Therefore, 7=r,characterizes the level at which the trajectory in question becomes horizontal 
(r=7/2). In other words, the turning-point level constitutes an altitude at which this tra- 
jectory passes continuously from a rising branch into a descending branch. 

In the absence of a turning point in the physical space acr<@, a zero 7; of m,(r) might 
occur in the interval r<a@ outside the troposphere (in accordance with some extrapolation 
there of n(r)), or also at some complex value of 7. The “extended W.K.B. approximation” 
(10), defined with the aid of such a nonphysical turning-point level, will still be important 
when the latter proves to be situated near the section acr< © of the real axis in the complex 
r-plane. 

As a matter of fact zeros r; of this type occur for the most important modes (7), since all 
these modes correspond to complex / values situated near /) defined by 


® aneg(a) ={Lo(lo-+1) }. (13) 


According to (12) J itself is connected with a ray trajectory tangenting the earth’s surface, 7; 
then assuming the value a. Hence we expect for all eigenvalues / near /, (to be discussed in 
part II) a corresponding turning point r; near a. 
The exact position of this turning point can be derived from an expansion to be obtained 
as follows. We replace (12) by the equivalent equation: 
Mar) = “Gag = CH, say, (14) 
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in which 


Meal) =" Neg (1) (15) 


denotes a modified refractive index which includes the effects of both the curvature and the 
profile of the effective refractive index ner. We consider the following Taylor expansion of (14): 


Ma()+20 5 7 (tray = ih =, (16) 


in which the dimensionless parameters 


_ , fd(M4) : 
A; =a’ - -- : a (17) 


characterize the complete tropospheric profile. In view of (14), (15), and (9) we may replace 
(16) by 
A; 


tia! 2 ij! (r,—a)’= Cj —n§(a) = — mi(a). 
We next assume the possibility of inverting this latter relation. The inverted series can 
e to) 


be represented as follows: 


oA 5 A’ 


r—a_—s mi(a)_—s Ay Az > 5 Ag ee 
ones Soe ae ae s GAt DA ay mia) +( Ti “i 8 Ai 24.48 -mi(a)+- i has (18) 


;: s&s tar 





mila) +(e 


It shows how the turning point can easily be evaluated for modes with small values of m3(a)= 
n24¢(a) — C?, which, however, are the only modes of practical interest. 


5. Dependence of the Extended W.K.B. Approximation on the Profile 
In view of (10) this approximation can be represented by the expression 


rf (r)~A, me 2) inl AD {u(r)}, (19) 


{5 u(r) _ 


which depends uniquely on the variable: 
r : *t ds x ah 
ui(r)=ke f m(s)ds—ka | — {M2,(s) —C?}"”. (20) 
l At Ti 


This variable constitutes, apart from the factor 7, the exponent in the asymptotic approx- 
imation of (19) for large values of |w,(r)|. Therefore, uw; may be interpreted as the radial con- 
tribution to the phase of the complete wave function f;(7) P; (cos 6). 

Unfortunately, the definition (20) of wu, involves the turning point r;; hence, the expan- 
sion (18) should be substituted in order to show the complete dependence of u,(r) on the 
profile M,,;(r). Under practical circumstances, however, this dependence can also be estab- 
lished without having to resort to the turning point at all. In fact, by applying partial integra- 
tions to (20) we obtain an expansion in which the turning point disappears in all but the last 
term, such in consequence of (14). The expansion in question reads: 


( )=k . Ln (—1)? {M 2(r)— CT} j+3/2, v ate 
saga 94 90357 (27+3) d(M?2,)/ ) r gg 
432F open (CD? [| (Me CN? aa “Tare } aM) 
357 (2p+1) m_ ™e Vy d{M2,(s)}? ) 8 a M on (S 


470 





1 





This expression suggests the infinite serie 
ba 33222... 2 (~1) (0, @)—CN = “dM, 
ur (r)\=kha > sss5°°° oS Mia (7 i" - — Me (21) 
1( ) 0 fx 357 (27 +3) (— t at ( : di (M2, (r)}? rs a \ 
differentiating term by term, the 


In the case of convergence of this series, we can verily, 
relation 
du, (r) _ koa fas 
BA) (Me (0) —C3 
this proves the correctness of (21) when taking into account the property wu,(r;)=0 
As an example we consider the magnetic solution in the case of the ‘Eckersley profile.’ 


The refractive index n(r) of the latter is defined by 
7 . a a\a? 
nr’ (r)=n? (a) < — (1- =) 
”) {ey .  Aeg J T” ; 


The corresponding effective modified refractive 


(22) 


Gete being the effective earth radius 


index, viz 
Menlo) =n) A:ert : ‘ G—2) } 


leads to the following series for (21): 
n*(a) 4 OU ee a 2 


2 2 A-Qett 
(27+3) | n?(a) a: ts ?? 


Patil” »2 
{u,(r)} Eck ar it "35 








The convergence condition here amounts to 
a 
<t 


a: ee 
Ss {1 ie nr 5 


in view of the smallness in iti of the quantities (,—a)/a=h/a and 6C,=C,—n(a) this 


educes to the following approximative condition 
12h dete 5C; | 

poe Seer A <1 

? 


| @ a na) | 
The actual smooth 


which is satisfied for all relevant values of the height ) and the parameter C 
profiles, excluding ducts and so on, deviate only slightly from the Eckersley profile; this sug- 


xKC 1 g . ¢ 
ulidity of the corresponding expansion (21) in all practical cases 


gests the 


Actual profile 


"< 7 
Eckersley profile 










outt)? cos” (+) 


e—@ 
V6ty, | 
eck! I=( r 
r'= ——__t_—_—_. . r=ath 
cos {(-2-)* a(n} 
(r') 





Geometry of radio ray bending. 
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Ficure 1. 








6. Formulation of the Eigenvalue Problem 


It is now well established [2] that our propagation problem concerning the two media of 
the spherical earth and its surrounding stratified atmosphere can be reduced approximatively 
to a one-medium problem by introducing a proper boundary condition at the earth’s surface. 
This condition is arrived at by considering the surface impedance 


Z _4n Ey 

cH 
which depends on the ratio of the horizontal components /), and #7) of the electric and the 
magnetic field at the earth’s surface. The factor 4z/e is such that Z represents the ratio of the 
tangential electric field at the earth’s surface, and of the density of a properly chosen two- 
dimensional current distribution on this surface; the effect of this fictitious current distribution 
is identical with that of the actual field inside the earth. 

The value of Z depends on the field solution under consideration. In the case of a flat 
boundary, and a plane incident wave arriving from the atmosphere, e.g., Z depends on the 
direction of arrival 7 of the incident wave. The assumption which enables us to leave out of 
consideration the medium inside the earth altogether is that Z may be replaced by its special 
value for a plane wave at grazing incidence (r=7/2). The corresponding boundary condition, 
viz 

e 


E\=_ Zen atr=da, 
4 


can be worked out with the aid of (3) and (4) for the electric and magnetic solution respec- 
tively. It results in a relation of the following form for the scalar II describing these solutions: 


) r 
= > ana, 5 ~— yf 
is (rl) =" rll at r=a. (23) 


The parameter T is then given, respectively, by 


—_ 1/2 lg 
he — £ —_ 4rd _ _ ip, an(a)(n?—1)"*; 


a 1C27 
44m 


lw n’ (a) 
r,=— an*(a)Z,,—a —~—=1tky a n(a) ——a : 
© Aer oe n(a) inate n? n(a) 7 


in these expressions n(a) denotes the atmospheric refractive index at the earth’s surface, and 
n, the refractive index associated with a refraction from the atmosphere towards the earth. 

The boundary condition (23) can only be fulfilled for a discrete set of modes (7). Hence- 
forth the parameter / will refer to a special complex eigenvalue fixing the order of the Legendre 
function P,(cosd) that constitutes a factor of the field of such a mode. The amplitudes of 
the modes depend on the source of the field. In the case of a vertical electric or magnetic- 
dipole point source at r=6, }=0 the expansion in terms of these modes becomes as follows [3]: 


7B —_ 2l4+1) —_—_sf() f(r) Pi{eos (r9—8)} 


~ ab 





oO (rfy) 
Ov 


I ) os (x—t 
fila) sin (z/) (24) 





rfy r=a;\=1 


The constant B represents the moment of the dipole. Each function /,(r) constitutes a 
solution of the height-gain differential equation, that has to satisfy the radiation condition 
at infinity. 


472 





7. Logarithmic Derivative of the Height-Gain Function at the Earth’s Surface 


The boundary condition (23) can be put in the following form for the individual modes: 
fo ry ) 
(Jy : . 
or I (25) 
rfy r=a;\=1 a 


% rfy rT=a 


Hence the quantity 


proves to be important in connection with the evaluation of both the eigenvalues /, and of the 
denominator of the amplitude factor in (24). Its approximation for small values of h/a and of 
6C’,=C,— n(a) (see the end of section 5) will be discussed now. 
We start from the extended W.K.B. approximation (19) for rf. Its logarithmic deriva- 
tive becomes: 
or A) 4 uy | m F1y)(Uy)_ (26) 


——==— re ; 
rfy 6u, 2 uy » AY (uy) 
Another logarithmic derivation of the expression 


koa 


uf M0) — CF}? ~ ko Mal) — CF” (27) 


results in: 
ux Mon(r)-Mea(r), 


res 9 % 7) (28) 
U Mea(r)—Ci 
We next introduce a definition for the effective-earth radius for any profile, viz: 
Men (1) Min (a) 
den= —— i ee (29) 
( Min(a) 
sf 1 1Neg (7) } 
dr r=a 


This definition involves the following value of (28) at r=a: 
fan] 


ce n2q(a) —_ 
— ~~ _— (30) 
UJ aa Von | N2g (a) —C7F} 


On the other hand, the expansion (21) may be approximated for small h/a and 6C, by its first 
term. Its value for r=a reduces to: 

fre 12 13/2 
Kotler {Men(@) —C3 }°™ 31) 


uy(a) ~ - (: 
Ma, 3 Nea (a) “ 


A comparison of (30), (31), and of the special value of (27) at r=a@ then proves the vanishing 
(for the approximations under consideration) of the quantity 
, ” 
lwy_ 1% 
‘ 7 
6u, 2uy, 


at r=a. Further, when evaluating the remaining term in the right-hand side of (6) for r=a, 
we may substitute, applying (27) and (31) 


9y2 1/3 
uy (a) ~ko{n2g(a) —CF}!? ~ ko 3men(@) {uy(a) }18. (32) 
ker 
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The following final approximation thus results from (26) for r=a: 


: (rfy) 
ap 2J.27,2 1/3 () f 
x) { 3kinea(A) } yi9(q) Haaln@)} (33) 


rfy en FT {}3{uy(a) } 
8. Equation for the Eigenvalues 


According to (5) and (33) the eigenvalues are to be determined from the equation: 


} 1/3 
23 T323{u,(a) } De 7 ‘ 
u}’3(a) paatu(ell =——¢ Caen . 34 
{13 { u;( a) } a 3k3n2_ (a) (34) 
The resulting roots u,(a) fix in succession the corresponding values of C, and / (see (31) and 


(14)). 

The only profile parameters entering in the equations (34), (31), and (14) for the eigenvalues 
are n(a), and the effective earth’s radius d,;; defined by (29). Hence the conventional diffrac- 
tion theory for a homogeneous atmosphere with refractive index n(a) can be applied at once, 
provided that the actual earth’s radius a is replaced by dey;. This simple result depends on 
the smallness of 6C,=C,—n(a) which will be proved later on in the rigorous theory of part 
II. It then appears that the eigenvalues do only depend, in the approximations under con- 
sideration, on profile properties of the refractive index near the earth’s surface; these properties 
concern n(a@) and the derivative n’(a), both of which determine the parameter @er,. However, 
we emphasize the assumption of a smooth profile n(7) without any discontinuity of a derivative of 
any order; such a discontinuity would involve higher-order terms in the expansion (21) for 
u(r) which are not negligible with respect to the first term. 


9. Approximate Expansion in Terms of Modes 


In order to obtain a final approximation replacing (24) we have to evaluate, among others, 
the derivative of (33) with respect to \. This can be facilitated with the aid of two relations, 
to be derived as follows. First we obtain from a differentiation of (31): 


Ou(a) —3'* f koder 7? 15, , (Cr) on 
Od : Neg (a) my @) ~ dy (35) 








The last factor can further be reduced, with the aid of the approximation C,~l/koa of (14). 
We find: 

O(C\?) 2A+1  2{vAAA+1)}!" 2C) 

av.|)6CUha ka? ya 





(36) 


On the other hand, we shall make use of the identity 


d wPHENw) ein wef i+ en irl F173} (u) ‘|: (37) 
du Hiya) Hin(u) < 


The application of (35), (36) and (37) to the determination of the \ derivative of (33) results 
in an expression which can further be simplified for \ equaling an eigenvalue /. In fact, we 
then have CQy\=C,~n.,(a); this latter zero-order approximation [which is equivalent to 
L~ko@ Net1(@)] is well known from the diffraction theory for a homogeneous atmosphere. More- 
over, we may then also eliminate the Hankel functions with the aid of (34). The procedure 
outlined here results in: 


Oo 2 rfr) 3 kial 1s al), os a+e 
x) a ( 3hr 














"7. @e 


ns (a) 


r=a;A=1 
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We further substitute in (24): 
214+-1~21~2kan.g(a) (39) 


as well as the well-known approximation for Legendre functions with large complex order 
having a positive imaginary part. The latter reads: 





P,{cos 3) ell? ’ 
a) ~— (2%) (40) 
sin (z/) a sin #)! 

In view of the approximate value /~kyaner:(a) we introduce the representation 
l=kan._(a) +61, (41) 
whereas the correction 64 may be omitted in the factor /'’*. The substitution of (38), (39), 

(40), and (41) into (24) leads to: 

I~ _ 2°(ar)! 2BKN 6 eikoanets(a)d fi(b)fi(r) ei Al b (42) 














chals{ang(a) sin 8}? f(a) E eSeeree 
e q e J d eal {3 | 2/3 — 
wia)}**+or{ patay } | 


We are interested first of all in the field strength attenuation that is due to the atmospheric 
refraction and the diffraction by the earth. Therefore, we next pass to the ratio of |II| and 
the modulus !II,,| of the scalar determining the primary unattenuated field. The latter modulus 
reads [4]: 

Bl B 


29? ae (43) 


| ! 
{II,7|= 


TP being the distance from the transmitter to the receiver. 
We thus obtain from (42) and (43): 


| 1} 2 or rad ful) fi) se (44) 





al ae YT f z 4 
ils, es Nen(@) - Om | Bu @ +5 en, aa | "I. 


The effects of the elevations b—a of the transmitter, and r—a of the receiver, are con- 
tained, for each individual mode, in the height-gain factors 
? ? oD 


Fi(b) fi (r) 
f(a) and f(a) 


These factors depend, according to (19) and (20), on the complete profile between the earth’s 
surface and the levels of the transmitter and receiver. On the other hand, these factors can 
be left out of consideration when considering propagation along the ground. In this case the 
field is completely determined by Nerr(@), Gere and T'; the dependence on the profile of the re- 
fractive index (if assumed as smooth), then only concerns its properties at the vicinity of the 
earth’s surface. 





10. Connection of the Height-Gain Factors With Horizon Distances 


For an investigation of the height-gain effects we can restrict ourselves to an elevated 
receiver, the dependence on the height being completely similar for an elevated transmitter. 
Substitution of the extended W.K.B. approximation (19) in both f;(r) and f,(a) yields: 


fit) af w(r)-wi(a) 1? Air {u(r)} * 
pea u,(a) -ui(7) Hi {u(a) } ” 
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The effect of the height A=r—a enters implicitly through the variable w,(r), and also in 


the factor 
1 l 


r{ur(r)}"2 (kar)? {M24(r)—CF} 





The dependence on the height can therefore be expressed by: 


fir) Fur} | 
fila) r'?{M?2,(r)—C}}4 (46) 


The variable w,(r) can be connected with a geometric property of the profile, viz the 
angular distance &3(r) from the elevated receiver to its horizon point. This distance can be 
evaluated with the aid of Snell’s law for the curved ray trajectory that passes through the 
receiver, and meets the earth tangentially. For our spherically symmetric medium this law 
amounts to the relation (11), if its refractive index is given by Meq_(7) instead of n(r) [thus 
differing slightly from the actual refractive index in the case of the electric solution, see (6)]. 
We have: 


1’ Neg (r’) sin 7(7’) =ANeg (A), (47) 


if r(r’) represents the angle, at an arbitrary point (7’,8’) of the trajectory, between the tangent 
of the latter and the vertical through this point. Hence tan r=r’dd/dr’. 
The relation (47), or the equivalent one 


M.g (r’) sin r(r’)=M,g (a), 
can also be put in the form: 


dé’ _tan T(r’) MM. (a) 





dr or {M2 q(r’) M2, (a) }™ 


An integration along the trajectory, from the horizon point at r’=a up to the receiver at 
r’=r, vields the following formula for the angular horizon distance #(r) of the receiver: 


F dr’ 
d(r) =M.n @ 7’ { M24(r’) —M2q (a) } L 2° (48) 
We also need the derivative of this function, viz 
di Mera) 


(49) 


dr r{M2,(r) —M2,(a) } 1? 

The connection between r and #(r) is unique for the smooth troposphere profile (excluding, 
e.g., ‘“ducts’’) under consideration. Therefore, all functions of r may also be considered as 
functions of #(r), in particular the variable u,(r). In order to determine the explicit dependence 
of u,(r) on &(r), we first derive, with the aid of (49), the relation: 


Rie 
di Min(r)—Meg(a) }"*_ dr 
dd ~~ 2Qn(a) 


We can deduce similar relations for the higher-order derivatives of {M]2?,(r)—M2,(a)}/? with 
respect to #, again using (49); for instance we find: 


@ pags ey _ gt (a) tae IM ea") | cage ny age 
age Mee(") M?,(a) } 992, (a) dr a {M!2, (7) —M2, (a) }1/?- 


The special values of these derivatives at r=a can be expressed in terms of the coefficients 
A, defined by (17). These latter derivatives determine the coefficients of the Taylor expansion 
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of {M2,(r) —.M2,(a) }'’?, with respect to 3, taken at the point r=a, that is d(r)=0. The expan- 
sion in question starts as follows: 
9 9 Aj 2 
M?,(r)=M?2,. (a) +—"— _ 8 (r)+ 
4ni(@) 


A “il A, ot A 3) 4 


: , (r)+ i han ote 50) 
24 ni.(a) i ” 


moreover, the definition (29) implies the relation 


mee = 
A,=2Nnia(a) a (51) 
eff 


We next consider the approximation of u,(r) by the first term of (21), viz 


169) m2 deg MeO CH _2 fe _(Mia(0) —C9{ M2e(r) Mga) } 
. ie dM 3 Nett(Q) d( M2,)/dd (52) 


eff ) 


dr 


Each factor can be expanded with the aid of (50), but we shall only retain terms up to the 
first one depending on 3. This requires the validity of the relation 


(A, + Ay) 8 (r)<n2(a). (53) 
Moreover we substitute [compare (14) and (41)]: 
Dp) " Y)92 9 ‘ , 9 / ti % él = 
CF= { Mere (@) + 6C, }? ~ n24(@) + 2 ee (a)-6C, ~ 24 (a) + 2WMer (A) — (54) 


The corresponding evaluation of (52) results in: 


KeoGere 2 6l a 3/2 
w(r)~ ; 7 ~- Net (2) = ° (Pr . (55) 
i(r) 3{Nerr(a) } 3? kya Thett a, = 


Apart from the inequality (53) this approximation depends on the neglect of the higher- 
order terms of (21). This neglect proves to be justified in view of the smallness of 6//koa and 
# compared to unity, remembering also the order of magnitude of unity for Nere(@) and a/dere. 
Moreover, (53) is even satisfied automatically for all #(7)< <1 provided that we have |Ay|< <A). 
Under such circumstances u;(7) only depends on the eigenvalue 6/, the horizon distance #(r), and 
the profile properties ner.(@) and de; on the other hand, the eigenvalues 6/ merely depend on 
Nett(@) and Aer, (See section 8). As a consequence Nerp(@), Gere and B(7) may be considered as 
the only quantities determining u,(r). The same then holds for F'{w,(r)} in (46), as well as 
for the quantity [compare (50) and (54)], 


(M3()—CH "= —2ng(a) 2 +-—AL_ gay b”. 
(404 eff uj oe, ales koa 4n2,(a) 7" 


The still remaining factor r~'? of (46) can be approximated by a7”. We thus finally conclude 
that the height-gain factor does depend, in the approximations under consideration [the most 
restrictive one being (53)], on no other quantities than Nerr(@), dere and &(7). 


11. Asymptotic Approximation of the Height-Gain Factors 


We might substitute the approximations of the preceding section into the height-gain 
factors (45) for both the transmitter and the receiver, and next the values of the latter into the 
mode expansion (44). This would show the explicit dependence of the attenuation factor 
II/II,,| on the four quantities ner(@), Gert, P(r:) and &(r2); F(7;) and d(r2) here represent the 
angular distances from the transmitter and receiver to their horizon point. The complicated 
final expression depends, among other things, on Hankel functions of order 1/3. The latter 
can be simplified considerably by replacing them by their asymptotic approximation. This 
can be justified in the case of an argument with modulus well above unity. Unfortunately, 
the argument u,(a) of the Hankel functions in the denominator of (45) proves to be of the 
order of unity, but the other argument w,(7) of the Hankel functions in the numerator of (45) 
may be much larger for elevated transmitters and receivers. 
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Let us consider, once again, the height-gain function for the receiver, and estimate the order 
of magnitude of |u,(r)|. When leaving out of consideration the term with & in (55) we find 
an order of unity for |u,(r)|, remembering (from the case of a homogeneous atmosphere) the 
order of (koa)'* for 6l. Therefore, |w,(r)| > >1 will certainly hold provided we have 


261 1 


Jam 56 
ie ~ (kya)? om 


Neg (a) * 9? (r >> 

O25 
Hence, a sufficient condition for applying the asymptotic expression for H7{}}{u,(r)} reads 
very roughly [nere(a) and a/der, being of the order of unity]: 


] = 
90) > Gai (57) 
This inequality holds for altitudes h=r—a above some critical value, h,, say. 

Let us now assume h>h,, for the receiver in question. We may then also replace the 
expression between braces in (55) by the first two terms of its binomial expansion with respect 
to 6/, so as to obtain: 
kote (a) a 


3a, v(r)—6l-3(r)- (58) 


u(r) ~ 


The substitution of the asymptotic expression for /7{}}{u,(r)} into (44) first results in: 
a 1» tt u(r)—Sx\ 
f(r) af2 ua) 1/2 gh MOTO 
See Ma precip cok ar pam 5 —- 
fia) r \ruj,(a)-u;(r) H?3{u,(a)} 
In the exponent we must take into account both terms of (58), but the dominating first 
term suffices in the nonexponential factors. We shall substitute, moreover, the relations 


(31) and (32) for evaluating w,(a) and w,’(a) [applying also (54)], the approximation a/r~1, 
and finally the following relation based on (20), (50), (54), (51) and (56): 


; koa ae A? PUP +2 
ui(r) =—— M2, (7 ‘)\— CF} hy Mig(a) Ci +z “(a) vn } 
eft ( 


=hy{ —2ne (a) jot en(a)a” - 8 (7 ) ~ otter (A) 47 8(0). 


O24 
We then find: 


koM,¢ (a)a3 5 
, soft ..93(r) — 81.9 (r) —— 
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Ir) sy" P i | 30g, mn 5 — (59) 
fi(a) “(¢ fins 1/2, FJ) en (— 261)?” om | sii 
—261-3(r) })/?- AY), 31 Te “i a (a)} 7q 





12. Mode Expansion for Transmitter and (or) Receiver Above the Critical 
Altitude 


We first assume a receiver at an elevation h,=r,—a above the critical height h,, given by 
(57), and a transmitter on the ground. When evaluating the mode expansion (44) we can 
then substitute (59) for the height-gain factor of the receiver, that of the transmitter being 
unity. The term proportional to 3 in the exponent of (59) drops out, it being real and 
independent of /; it therefore has no effect on the modulus {II/I,,!. 

The use of this substitution results in: 
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in which 
eg (—261)*”? 


u,(a) = 
3{ Kotter (a) }!/a8 


We next consider a transmitter and receiver at elevations h;=7,—a and h,=r.—a which 
are both above the critical height. We may then apply (59) to each of the two height-gain 
factors f,(7,)/fi(a) and f,(r2)/f,(a) occurring in (44). It leads to the expression: 


ellia— d(T, )—-d(T2 


| II | _ bki’® (2a8)'/? | 
5. | SS a 
3 | 9p.) 11/72 | 2 
Tye! dag? (aman (a)9(04) 972) “ea | (sua) a4 — } 7 (HI: u(a) }}? 


k2n2,(a) 


13. Final Expressions for the Vertical Field Component 


So far we have derived expressions for the scalar quantity II. The transition to the field 
components is conditioned by (3) and (4). In the case of the electric solution this transition 
is effected for the vertical component F, of the electric field by multiplying the coefficient of 
each individual mode by [5] /(/+-1)/(kor).. In view of our approximations this quantity can 
be simplified to 


il? 


kya 


~ ikpa n2_ (a). 


By combining this quantity with the expression (43), that is 


B B 
HT pe! ~ chad ca?d’ 


we deduce the following converting factor for passing from the attenuation factor |II/II,,| to |/,): 


B ky Bni,(a) 
kya ° n2, (a) cae ae 


A similar factor proportional to 3~' applies to the reduction of |II/II,,| to the vertical magnetic 
field component |/7,| in the case of the magnetic solution. 
With the aid of this factor we find the following representation replacing (44): 
93/2 2 kei! "Bn >(a) so @). fr( r) e! ald 


7 ue { : 

— ae | oe — 2 (62) 
vase cals a 2 fia) ¥ Ces 2/3 

ua}? a ef 
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We also mention the field representations corresponding to (60) and (61) for a transmitter 
and (or) receiver well above the critical height: 
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All these expressions contain the quantity //({!;{u,(a)} either explicitly, or implicitly in the 
This quantity can not be reduced any further for the most general soil 
However, a convenient expression may be obtained in the two limit- 
The latter case corresponds to an infinite value 
of the right-hand side of (34). Let us denote this right-hand side by —e'"*N. The solution 
of (34) can then be expanded with respect to N~', a method well known in the diffraction 
theory for a homogeneous atmosphere [6]. A corresponding expansion then exists for 


height-gain factors. 
conditions of the earth. 
ing cases of very long and very short waves. 


H},{u,(a)}. Its leading term for large |N| reads: 
en : x e~'* 3H (uy, )-eat!> 
AY) { u,(a) } ar ee i oN = ns ? 


u;,.. here marks a zero of H}{}}(u). 


14. Comparison Between the Fields Corresponding to Two Different Profiles 


As stated above (end of section 9), the influence of the refractive-index profile is restricted 
to that on the parameters n._(@) and a._ for propagation over the ground. Moreover, the 
height-gain effects reduce to an additional dependence on the angular horizon distances #(7;) 
and &(r2) of the elevated transmitter and receiver (see section 10). This involves an extremely 
simple relation between the fields corresponding to two profiles having identical values of 
Neg(@) and dg. Such two profiles show the same surface values of the refractive index and 
its gradient, but they may differ noticeably at high altitudes. According to section 8 the 
eigenvalues /, too, prove to be identical for these profiles; therefore, the same then holds for 
all parameters occurring in expansions such as (62), (63) and (64). 

We shall compare the actual profile with some reference profile, the quantities of which 
will be marked by a dash (see fig. 1 in which the Eckersley profile (22) is assumed to be the 
reference profile); both profiles are assumed to have coincident values of a and ad. In view 
of the above remarks, raising of an antenna (transmitter or receiver) to an elevation h=r—a 
will produce the same field as an elevated antenna at a height 4’=r’—a in the reference profile, 
provided that we have #(r)=0'(r’). 

This may be applied to atlases of propagation curves, such as edited by the C.C.LR. [7] 
and by the Japanese Ministry of Postal Services [8]. The data of these atlases are essentially 
based on the Eckersley profile (22) with a.,=(4/3)a. The evaluation of (48) for the angular 
horizon distance results for this profile in the expression: 


r. N42 ‘ 
ey a 
Ive (1)=(“") arc COS (“): 


Therefore, the curves of the mentioned atlases can also be used for other profiles with the same 
value of d._ [the value of n._(@) is irrelevant, since ng(a@)~1]. The antenna heights h=r—a, 
corresponding to a horizon distance #(7), are then to be replaced by an effective height h’=r’—a 
for which 

a 


am a. a \'?2 ; 
cos ‘/(. ) -0(7) 
( eg 
Examples of the use of such corrections are given in two recent publications by Norton [9, 10]. 


15. Concept of the Effective or ‘‘Angular’’ Distance 


The most striking feature of the expressions (63) and (64) concerns the presence of the 
angular distances }—#(r2) and d—V(r,;)—V(r2) in the exponent. The effect of the antenna 
heights is mainly contained in the corresponding exponential, the influence of the nonexpo- 
nential factors {#(7,)}/? and {#(r2)}!/? being much smaller. The importance of the distances in 
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question has been emphasized in particular by Norton, Rice, and Vogler [11]. These authors 
have introduced the term ‘angular distance” with an extension to the cases of propagation 
over irregular terrain. For propagation over a smooth spherical earth beyond the line of 
sight the ‘‘angular distance” represents simply the actual distance between the radio horizons 
of the transmitter and the receiver divided by the radius of the sphere. 

For a smooth earth the expansions (63) and (64) justify the reduction of the height depend- 
ence to that on the “angular” distance, under the following conditions: (a) the elevated 
antennas are to be situated above the critical height h,, fixed by (57); and (b) the effect of the 
square roots {#(r,)}!/? and {8(r.)}'? should be negligible. 

Let us abstract from the factor 8? in (63) and (64) which is not very critical. The 
dependence on the “angular distance”? then combines both the influence of the antenna eleva- 
tions and of the horizontal distance. The influence of the former simply amounts to a reduction 
of the actual distance d=ad to that of the radio horizons, that is to a{8—<d(7,)} or a{e—8(7,) — 
d(r2)}. The comparison with a reference profile (see the preceding section) can be expressed 
here in terms of a shift Ad of the “angular” distance. In fact, let an antenna height h=r—a 
in the actual profile produce the same field, at a distance d=ad, as the reference profile at a 
distance d+ A=a(d+ Ad), the antenna elevation being kept constant. The unique dependence 
on the “angular” distance, assumed here for both profiles, then involves the relation: 


oe 


I—9(r)=9-+ Ad—8'(r). 
Hence 
Adv=V0' (r)— V(r). 


The corresponding linear distance shift is given, according to (48), by 

"ar" l l 

=add=aM | a mae: | 
a= aao= aller) J Mae )—Ma@)* (ME) Ma)” 
The derivative with respect to the antenna elevation h=r—a, reading 
dA l ] 

—~Ma(a)| aaa oo Oo oT ono ei PP 
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can be reduced for small altitudes with the aid of the expansions: 


Mi (1) —Mi(a) = Tht SER + 


M23(r)—M3,(a) =~! ot h?+... 
u 2a” 


( 
This leads to the following approximation for A itself for small heights: 
Neg (A) (Ay—Ag) 
a 


ysis Ag) Ou? ye, 
6a!/7A,°/? 12.2'/?n2,(a)a? 


Equivalent expressions have been derived by Millington [12] and Wait [13] in a simplified 
derivation of the effective-distance concept. 
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Polarization and Depression-Angle Dependence oi 
Radar Terrain Return’ 


I. Katz and L. M. Spetner 


(March 25, 1960; revised May 2, 1960) 


A study of recent experimental results on radar back scattering from land and sea 
surfaces indicate: (a) The polarization dependence of the normalized radar cross section, 
a, of ocean surfaces cannot be explained by the usual ‘interference phenomenon,” and (b) 
there is a distinet difference in the form of the depression-angle dependence in that oo for 
“smooth” surfaces follows a negative exponential whereas oo for “trough” surfaces drops off 


as the sine of the depression angle. 


1. Introduction 


In order to progress toward a better understanding 
of back-seattering from natural surfaces a large 
amount of radar-return data from various sources 
has been studied. 

For the first time in the history of the radar terrain- 
return problem, large volumes of data have become 
available. The data which have been studied include 
experimental results from the Naval Research Labo- 
ratory and Goodyear Aircraft Corp. under sponsor- 


ship of the Applied Physics Laboratory, Ohio State | 


University, and the Admiralty Signal and Radar 
Establishment and the Royal Radar Establishment in 
Great Britain. As a whole, these data include radar 
return from various kinds of terrain as well as from 
the ocean in various sea states, several wave lengths, 
and in general both polarizations. In most of these 
cases, a wide range of depression angles has been 
covered. Asa result of these studies certain features 
of radar terrain back-seattering are becoming clear. 
In this paper the polarization and depression-angle 
dependence of radar return are discussed. 


2. Polarization Dependence 


The polarization dependence of sea return is more 
striking than that of land return and the present 
discussion of polarization dependence will be con- 
fined to sea return. Herbert Goldstein [1]? has 
postulated a droplet theory to explain the fact that 
the radar return for horizontal polarization is less 
than that for vertical polarization. In his theory, 
it is the droplets or spray particles that are cast up 
by the water which do most of the reflecting or back- 
scattering of the radar energy. Since these droplets 
are illuminated within the interference pattern 


! Contribution from Applied Physics Laboratory, The Johns Hopkins Uni- 
versity, Silver Spring, Md. This work was supported by the Bureau of Naval 
Weapons, Department of the Navy under Contract NOrd-7386. 

2 Figures in brackets indicate the literature references at the end of this paper. 





formed by the direct ray from the radar and the 
reflection from the ocean surface, horizontally polar- 
ized radiation which has a higher reflection coefficient 
for forward scattering has a deeper first null and 
hence, gives weaker illumination on the scattering 
droplets. This leads to a smaller radar return. 
Katzin [2] has postulated surface scatterers in the 
place of Goldstein’s droplets, which are also illumi- 
nated within the interference pattern of the radar. 

There is now evidence that the polarization de- 
pendence of sea return cannot be explained by an in- 
terference pattern in the illumination. Results on 
forward scattering of energy by the ocean surface [3] 
indicate that for microwave frequencies and for de- 
pression angles above a few degrees in most sea con- 
ditions the interference pattern may be negligible 
even for horizontal polarization. In figure 1 are 
shown experimental values of the normalized radar 
cross section, oo, plotted against depression angle 
using an L-band radar. Although the sea state in 
this experiment is unknown, the water surface was 
subjected to a 30-knot wind which would normally 
result in 8 ft rms wave heights in a fully developed 
sea. Interference effects, at depression angles above 
10 deg, can account for less than 3 db difference be- 
tween the reflected power for horizontal and vertical 
polarization even if one assumes only a root mean 
square wave height of 1 ft. Yet the difference be- 
tween the powers returned on the two polarizations 
is greater than 6 db between 10 and 25 deg. 

It is only at the very low angles that significant 
interference effects can arise, usually at angles sub- 
stantially smaller than 1 deg, depending, of course, 
upon the sea state and the wave length. Note, 
again in figure 1, that at the lower depression angles 
it appears that the curve for vertical polarization is 
tending to cross the one for horizontal polarization. 
Figure 2 [4] shows that this trend continues and 
crossover does take place,’ i.e., for depression angles 

3 Although figures 1 and 2 refer to different sea states and different radar fre- 


quencies they do tend to establish the existence of crossover at least for some 
frequencies and for some sea states. 
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FicurE 2. Normalized radar cross section of sea surface for 
vertical and horizontal polarizations as a function of depres- 
sion angle for very small depression angles. 
less than 2.5 deg the normalized radar cross section 
for vertical polarization is smaller than that for hori- 
zontal polarization. 

Thus the interference pattern explanation of the 
polarization dependence of sea return is faced with 
the following dilemma. It setves as an explanation 
of the fact that o) for vertical polarization is greater 
than that for horizontal polarization but a non- 
negligible interference pattern obtains only at ex- 
tremely low depression angles. At these low angles, 
however, experimental evidence is quite to the con- 
trary in that o for vertical polarization is smaller 
than that for horizontal polarization. Where the 
experimental data show o» for vertical polarization 
greater than that for horizontal polarization, inter- 
ference theory is at a loss for an explanation. 

The interference theory has a further unsatisfac- 
tory feature. It is not clear how a scatterer on the 
surface can be illuminated in an interference pattern 
which includes a ray reflected from the same surface. 
If the scatterers on the surface of a homogeneous sea 
are sufficiently illuminated to enable them to scatter 
in the forward direction a ray which is strong enough 


| to produce a deep null in the interference pattern, 
then the scatterers should be illuminated strongly 
enough to reflect back to the radar. 

Since the interference phenomenon cannot reason- 
| ably explain the polarization dependence of sea 
return one must look elsewhere; it is possible that 
the correct explanation will come by examining the 
fundamental properties of electromagnetic scattering 
from an ocean-type surface. Katzin suggested in his 
paper an array of circular disks as a model for the 
ocean surface. The exact theory of electromagentic 
scattering off a circular disk has recently been 
worked out by Flammer [5] and by Meixner and 
Andrejewski [6]. The results of these calculations 
are difficult to evaluate numerically. Calculations 
have been made, however, from Flammer’s results 
for a disk of diameter of the order of a wavelength. 
These results show that a disk has a larger back- 
scattering cross section for horizontal than for vertical 
polarization. This agrees with the results of Copson 
7] for scattering from an extremely small disk. In 
applying these results to interpretation of the data 
it is tacitly assumed that effects of multiple scatter- 
ing are negligible. It is interesting to note that 
single scattering off small circular disks is consistent 
with the experimental results available at the 
extremely low angles, because at the very low angles 
one expects only the small and rather isotropic 
scatterers to be effective. At the higher angles, one 
can expect larger, more directive, scatterers to con- 
tribute the bulk of the radar return; an examination 
of the back-seattering from a large circular disk may 
suggest an appropriate explanation for the experi- 
mental results. 


3. Depression-Angle Dependence 


Data from Ohio State University [8] on radar 
return from various kinds of land surfaces show that 
for the case of rough surfaces with only a few excep- 
tions, there seems to be no significant difference 
between horizontal and vertical polarization, but for 
smooth surfaces and for angles larger than 10 deg, 
o) for vertical polarization is larger than that for 
horizontal polarization just as in the case of the 
ocean. 

This leads to a plausible explanation for the de- 
pression angle dependence of sea return. At ex- 
tremely large depression angles, near 90 deg, the 
radar return arises largely from specular reflections 
off the very large and almost horizontal facets of the 
ocean surface. At the very small depression angles, 
radar return is in large part caused by the isotropic 
scattering off the extremely small scatterers. .In 
the intermediate range of depression angles from 
about 20 to 70 deg, lies an interesting region which 
may also hold the key to the polarization dependence. 

A study of the curves of normalized radar cross 
section versus depression angle, 6, brings out clearly 
the difference in form between “rough” and “smooth” 
surfaces. For the most part the curves taken over 
rough surfaces show that oo varies as 6 or sin 6 
between 10 and 80 deg. Figure 3 is an example of 
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The solid line represents a linear variation of oo with @. 


radar return from a forested area using an X-band 
radar. These measurements were made over New 
Jersey woods which consisted of trees about 50 ft 
high. The important feature of the radar return 
from rough terrain appears to be the flatness of the 
o) Versus 6 curves. 

For smoother surfaces the cross section curves 
increase more sharply with increasing depression 
angle as illustrated in figure 4. In this figure are 
presented radar-return data from three surfaces with 
different degrees of smoothness characterized as; 
(1) concrete road, (2) concrete road with 2 in. of 
smooth snow, and (3) concrete road with 2 in. of 
rough snow; clearly, the smoother the surface the 
steeper is the oo curve. 

In a previous paper [9] theoretical results were 
reported based on a facet model with specular reflec- 


tion to explain radar return from smooth-type 
surfaces. There it was suggested that if the proba- 


bility distribution of the slopes were Gaussian one 
might expect that the radar cross section would be 
proportional to exp(—k cot?@). An examination of 
the experimental results that have since become 
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Normalized radar cross section showing the tran- 
sition from rough to smooth surfaces. 


Figure 4. 


available indicates that a better description of the 
radar cross section would be given by exp(—k coté) 
instead. This suggests that if the model of a random 
distribution of facet slopes is to be preserved then 
the probability distribution of the slope, z, is of the 
form exp(—kax) rather than a Gaussian. Figure 5 
is an example of data taken over Lake Michigan 
using both polarizations which show the depression 
angle regions where the form exp(—k cot@) for a 
holds. 
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Ficgure 5. Normalized radar cross section of the surface of 
Lake Michigan for horizontal and vertical polarizations. 


In the case of extremely low angles over land a 
mechanism was previously suggested [10] that would 
lead to an increase in op as @ approaches very close 
to zero. This mechanism was based on more effi- 
cient scattering from vertical structures as the de- 
pression angle approaches zero. It is noteworthy 
that data for extremely small angles between 1 and 
4 deg show there is an upturn in the curves with 
decreasing 6. An example of this is shown in figure 6. 
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Ficure 6. Normalized radar cross section of cultivated terrain 
illustrating the increase of a9 with decreasing 6 for very small 
values of depression angle. 
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4. Conclusion 


| 

| 

| 
Another mechanism must be found to explain the | 
polarization dependence of sea return. It would be | 
instructive to calculate the back scattering from 
disks having diameters of a wavelength and greater. | 
The non-Gaussian nature of the reflecting facets in | 
the ocean surface is somewhat surprising. This fact | 
may point to a clearer understanding of radar | 
reflectivity, if pursued. | 


5. References 


[1] D. E. Kerr, Propagation of Short Radio Waves, pp 481- | 
527 (McGraw-Hill Book Co., Inc., New York, N.Y., | 
1951). 

[2] M. Katzin, On the mechanisms of radar sea clutter, 
Proc. IRE 45, 44 (1957). | 

[3] C. I. Beard, I. Katz, L. M. Spetner, Phenomenological | 
vector model of microwave reflection from the ocean, | 
IRE Trans. AP—4, 162 (1956). | 


486 


-rivate communication from M. H. Oliver, (Oct. 6, 1959). 
Flammer, The vector wave function solution of the 
diffraction of electromagnetic Waves by circular disks 
and apertures, J. Appl. Phys. 24, 1218 (1953). 
Meixner and W. Andrejewski, Exact theory of the 
diffraction of plane electromagnetic waves from a per- 
fectly conducting circular disk and from a circular 
aperture in a perfectly conducting plane screen (in 
German), Ann. Phys. 7, 157 (1950). 
. T. Copson, An integral-equation method of solving 
diffraction problems, Proc. Roy. Soc. (London) [A] 
186, 100 (1946). 


[8] R. C. Taylor, Terrain return measurements at X-, 


K,-, Ka-band, IRE Conv. Ree. I (1959). 


[9] L. M. Spetner and I. Katz, Two statistical models for 


radar terrain return, IRE Trans. AP-8, (May 1960). 


[10] I. Katz and L. M. Spetner, A program to investigate 


radar terrain return, The Johns Hopkins Univ. Appl. 
Phys. Lab. Rept. CF-2700 (1958). 


(Paper 64D5-83) 





+onsetemmemoaore 


sone 


PREP MERTEN, 


sree 


repens 


ein ath etc 


ol A eS gn AEG 


ek 





Jc 


— 





Cc Ree Sp nee 


Seem MENT 


[TRIES cet TOROS EE FY 





JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 5, September—October 1960 


Methods of Predicting the Atmospheric 
Bending of Radio Rays 


B. R. Bean, G. D. Thayer, and B. A. Cahoon 
(March 3, 1960; revised March 22, 1°60) 


Three methods for predicting the bending of radio rays when the refractive index profile 
above the surface layer is unknown have been developed recently by the authors. These 
methods are: a statistical technique for refraction at high initial elevation angles, estimation 
of bending from an exponential model of atmospheric refractive index, and a modification 
of the exponential model to account for the heavily weighted effects of anomalous initial 
refractive index gradients at small initial elevation angles. Each model is dependent upon 
the value of the refractive index at ground level or, in the case of superrefraction, the addi- 
tional knowledge of the refractive index gradient next to the earth’s surface. Each method 
works best in a particular range of initial elevation angles or meteorological conditions. 
The height and angular ranges of application of each method are checked by comparison with 
values obtained from 77 diverse refractive index profiles representative of wide climatic 
variation. It is found that the use of the best of the three methods will always result in a 
prediction of the total atmospheric bending within 10 percent for initial elevation angles 
from zero to 10 milliradians and to within 4 percent for initial elevation angles greater than 


17 milliradians (~ 1 deg). 


Glossary of Terms 


n=the radio refractive index. 
n,=the value of n at the earth’s surface. 
N=the radio refractivity, N= (n—1)X 10°. 
N,=value of N at the earth’s surface. 
AN=difference between N, and the N value 
at one km above the surface, —AN= 
N,—N,. 

(dN/dh))>=gradient of N with respect to height, 
dN/dh, evaluated at the earth’s 
surface. 

r=vector radius from the center of the 
earth. 

ro=radial distance from the center to the 
earth’s surface. 

h=height above the surface, h=r—rp. 

é=elevation angle of a radio ray, the 
(acute) angle between the tangent to 
the ray path and the local horizontal 
(i.e., perpendicular to the radius 
vector.) 

6=the value of @ at the ray path origin 
(transmitting or receiving point). 

6,=the angle of penetration for a radio 
duct, i.e., the smallest value of 0) for 
which the radio ray will not be 
trapped, or conversely, the largest 6, 
for which the ray will be trapped. 

7=the angular refraction, or bending, of : 
radio ray. 

e=elevation angle error, the angular differ- 
ence between 6) and the true elevation 
angle to a target at a given point on 
the ray path. 


1 Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. 





1. Introduction 


Recent years have seen considerable activity in 
the evaluation of refraction effects in the troposphere. 
Schulkin [1]? outlined a simple method for refraction 
calculations and applied it to determine the mean 
refraction expected in arctic, temperate, and tropical 
climates. Fannin and Jehn [2] made an extensive 
analysis of elevation angle errors expected in various 
air masses and geographic locations for initial eleva- 
tion angles in excess of 3 deg above the horizontal. 
In a series of papers [3,4,5,6] the present authors 
have examined atmospheric refractive index struc- 
ture, the effect of this structure upon radio-ray 
refraction and have evolved methods of estimating 
the refraction of radio rays for ad/ initial elevation 
angles. These methods are unique in that they 
depend only upon a knowledge of the refractive 
index at the earth’s surface or, in the case of super- 
refraction, the gradient of the refractive index in the 
earth-boundary layer. Thus distributions of eleva- 
tion angle error, angular bending, and other refrac- 
tion effects may be determined for the majority of 
practical applications by simple reference to distri- 
butions of the surface value of the refractive index 
such as those for the United States [7]. It is assumed 
of course, that these various methods will be applied 
only when either details of the actual refractive 
index profile are unknown or it is impractical to 
obtain these details. It is under this assumption 
that this paper tests the relative accuracy of these 
various prediction methods to arrive at a delineation 
of conditions under which each method works best. 


2 Figures in brackets indicate the literature references at the end of this paper. 
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2. Theory and Background 


A basic measure of atmospheric refraction effects 
on high frequency radio propagation is the bending, 
or angular refraction, of individual rays. By as- | 
suming the refractive index to be a function only of 
height above the surface of a smooth, spherical earth 
rays can be traced using Snell’s law in the following 
form [1]: 

NP COS O=Ng"o COS Io. (1) 
The geometry is shown in figure 1. The equation 
for the ray bending, 7, can be obtained from eq (1) 
as [1, 9] 


ot 6 ( 


a5 


Sn 


| *n, dn 
(=F = —¢ 


n,° 2 


e 
0 oO ie cos A } 
¢ cos See 


and cot @is given to a very high degree of approxima- 
tion by: 


where 


yr 


Cos 0, 


/ ») : ; a 
cot @= \ sin*@+-—"—2(N,—N) X 10~® cos? 65 
"0 


(3) 


It can be seen from inspection of eq (2) and (3) 
that in order to evaluate 7 directly it is necessary to 
know the refractive index of the atmosphere, n as a 
function of height, h. 

How one evaluates eqs (2) and (3) depends upon 
the availability of data and computing facilities. If 
details of the refractive index profile are available 


RADIO RAY 





fo=A+he / 


/ 


V 


FicuRE 1. Geometry of radio-ray refraction. 


from either refractometer or radiosonde ascents, then 
one could evaluate refraction effects with the aid of 
of an electronic computer or simplified graphical 
techniques [9]. However, frequently the desired 
refractive index profile data are simply not available 
and one must fall back upon less exact methods of 
estimating 7. One may use average values of 7 such 
as given by Schulkin or the distributions of refraction 
effects given by Fannin and Jehn. However, simple, 
standard measurements of pressure, temperature, 
and humidity at the earth’s surface are almost 
always available and may be used to estimate tropo- 
spheric refraction effects. In the sections that follow, 
the evaluation of the integral for 7 will be examined 
from three different viewpoints: 

1. Simplification of eqs (2) and (3), to permit 
evaluation of 7 without knowledge of details of the 
actual refractive index profile 

2. Evaluation of 7 for actual observed refractive 
index profiles and the statistical reduction of the data 
so derived into a function of some observable pa- 
rameter (e.g., N;,). 

3. Construction of an analytic model of n(r) for 
normal conditions, thus yielding expected values of 
7 by direct integration of the model. 


3. + asa Function of N, 


As a first approximation towards evaluation of 7 
without detailed knowledge of n(r), consider the 
integration by parts of eq (2): 


*™ dn my 
Ts {= | cot é=—I!n {n} cot é 
e nN. ht nN. 
> cot A, ; 
+| In {nid (cot 6) 
cot 6, 
or: 


"6, 
T.:=In {n,} cot O—In {n, }cot 0,— | In {n} esc?edé 
a 9% 


Now since n=1+NX10-° and NX 107°<5x10-3 
then 
In {n}=NX10-* {1—4 (NX 107°) + }~NX 107° 


with this approximation (i.e., a maximum error of 
less than 0.2%) the above equation becomes 


tT, :2@N,X10-* cot &—N,X 10-8 cot 0, 


* 
J 8 


0 


NX 107° ese?6d0 for 640. (4) 


The integral in eq (4) has been found to contribute 
no more than 3 percent to the value of 7... for an 
initial elevation angle of 10 deg or greater [1] while 
the second term is zero due to N,=0. Thus the 
first term of (4) forms an approximation to 7;,. 
which is asymptotic to the true value of 7... as 4% 
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approaches 90 deg. It may be shown that for nor- 
mal conditions and all heights the integral in (4) is 
essentially independent of N, for @>17 mr (~1 
deg); the term N, cot 4, tends to be constant; thus 
(4) reduces to a linear equation 


7512%b,N.+a). (5) 


The form of eq (5) is very attractive, since it im- 
plies two things: 

1. 7; may be predicted with some accuracy as ¢ 
function only of NV, (A; and 6 constant), a parameter 
which may be observed from simple surface meas- 
urements of the common meteorological elements of 
temperature, pressure, and humidity. 

2. The simple linear form of the equation indicates 
that, given a large mass of observed 7,,, versus N, 
for many values of h and 6, the expected (or best 
estimate) values of 6 and @ can be obtained by the 
standard method of statistical linear regression. 

The method of attack indicated by implication 
number two has, in fact, been carried out by the 
authors [3]. The results show that for h;=o the 
method is accurate to within +3 percent of the true 
value (as an rms error) for initial elevation angles as 
small as 1 deg. The accuracy of this method and 
the following methods, will be examined for 0.1 
km <h<o in the following sections. 


4. Exponential Model 


The development of a model of N(h) to describe 
the normal behavior of atmospheric N as a function 
of V, and height has received a considerable amount 
of treatment in the past. One of the simplest, and, 
at the same time, most accurate models which has 
emerged from these studies is that in which N(h) has 
an exponential decrease with height [4, 5, 10], 


N(h)=N, exp {—ce.h}. (6) 
One of the earliest applications of this particular 


model has been attributed by Garfinkel to Sir Isaac 
Newton, who used the exponential form in a study 





If it is assumed that N(h) is indeed an exponential 
function of height, then the gradient of N(h) would 
also be an exponential function of height. The most 
extensive source of data with which to evaluate the 
coefficients in the exponential is that of AN (the 
value of N at 1 km minus the surface value, N,) 
which has received wide application in radio propa- 
gation}problems [12]. Thus we would expect 


anak; exp {—k,h} (7) 


~ 


to take the form 
AN=k, exp {—k} 
for our special case of Ahk=h=1 km. Examination 


of the AN data soon revealed that k,; was dependent 
upon JN, i.e., the higher the surface value of N the 





greater the expected drop in N over 1 km. Exami- 
nation of the data indicated that 
k,.=k; Nz 
and the resultant equation, 
AN=hk, exp {—k; N,} (8) 


was solved by least squares. The least squares de- 
termination was facilitated by converting (8) to the 
form 

In |AN|=—k,; N,+In k, (9) 


or, in words, expressing the natural logarithm of AN 
as a linear function of N,. The values of k; and k, 
were established from some 888 sets of 8-year means 
of AN and N, from 45 U.S. weather stations. The 
results of this study are shown graphically in figure 
2 where the least squares exponential fit of AN and 


N, is given by: 




























































of astronomical refraction [11]. —AN=7.32 exp {0.005577N,}. (10) 
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From this equation the CRPL Exponential Reference 
Atmosphere [5] was determined, the profiles being de- 
fined by the following equations: 


N=N, exp {—c¢,h} 


ee ieee 
C,=tn N,+AN 


Ray tracings have been computed for this model 
covering more than the normal range of N,, and the 
results may be used, either in tabular or graphical 
form, to predict 7 for any normal combination of N,, 
6, and height [5]. 


5. Initial Gradient Correction Method 


The importance of the initial gradient in radio 
propagation where the initial elevation angle of a ray 
path is near zero has long been recognized. For ex- 
ample, if dN/dh=1/ry then Ar=, an expression of 
the fact that the ray path will travel at a constant 
height above the earth’s surface. This is called 
ducting, or trapping of the radio ray. The effect of 
anomalous initial N-gradients on ray propagation at 
elevation angles near zero, and for gradients less than 
ducting, (\dN/dh|<157/km, or dn/dh>—157/km), 
may also be quite large. A method has been pre- 
sented [4] for correcting the predicted refraction 
(from the exponential reference atmosphere) to ac- 
count for anomalous initial N-gradients, assuming 
that the actual value of the initial gradient is known. 
The result is, 


Tr=Th (N,,0) + [7 100(NVF,00) a T 100(V's,60) | 


(11) 


(12) 


where 7,(N,)=7 at height h, for the exponential ref- 
erence atmosphere corresponding to N, and N? is 
the .V, for the exponential reference atmosphere hav- 
ing the same initial gradient as that observed ; 7400 is 
7 at 100 meters height. 

This procedure has the effect of correcting the pre- 
dicted bending by assuming that the observed initial 
gradient exists throughout a surface layer 100 meters 
thick, calculating the bending at the top of the 100- 
meter-thick layer, and assuming that the atmosphere 
behaves according to the exponential reference profile 
corresponding to the observed value of N, for all 
heights above 100 meters. This approach has proven 
quite successful in predicting 7 for initial elevation 
angles under 10 mr, and will, of course, predict duct- 
ing when it occurs. 


6. Analysis of the Accuracy of the Predic- 
tion Methods 


A test sample of ray bendings for the range of N- 
profiles likely to be encountered wes prepared from 
77 refractivity profiles derived from radiosonde ob- 
servations. These 77 profiles represent both normal 
and extreme refractivity profiles for 13 climatically 
diverse locations in the United States and are actu- 
ally representative of a nearly worldwide range of 
conditions [13]. Values of 7 were calculated by 





numerical integration for values of 4 from 0 to 900 
mr. (For a thorough discussion of the ray-tracing 
techniques employed see reference [5].) The results 
of this general refraction study provided a large mass 
of data for checking the accuracy of each of the pre- 
diction methods. 

The relative accuracy of the exponential model 
and the initial gradient correction method were tested 
by predicting the bending at particular heights and 
initial elevation angles for the 77 sample profiles and 
finding the rms error of prediction for each case. 
Since 13 of the 77 profiles had surface ducts they 
could be used only for elevation angles greater than 
the angle of penetration for each case, given by: 


6,=~+0.2[156.9—(dN/dh)o] X10° radians (13) 


where (dN/dh)o is the observed initial gradient of N 
per km, assumed to extend over 100 m. Thus there 
were only 64 profiles analyzed at 6)>=0, and 77 at = 
10 mr. These same data were also used to derive 
the regression of 7 upon JN, for various heights and 
initial elevation angles. The scatter of points about 
the regression line was then used as an estimate of the 
minimum rms error that would be expected from any 
of the three prediction methods. Note carefully, 
however, that the regression lines are a “‘best fit’’ to 
the test data. Although a future sample of data 
would presumably yield similar rms deviations, the 
possibility exists that the present sample data are 
systematically biased, in this case there would be an 
additional error encountered in practice due to this 
bias. 

The primary purpose of the present analysis is to 
determine over which regions of height and 6) each 
method will give the best results. It was found that 
the statistical correlation method is more accurate 
from 1 deg to vertical incidence and that for all alti- 
tudes in this range of 4 it is the most accurate of the 
three methods. At @ smaller than 1 deg, and espe- 
cially at %<10 mr, the methods based on the ex- 
ponential reference atmosphere, particularly the cor- 
rected exponential reference atmosphere, are more 



































accurate. Figure 3 illustrates these conclusions by 
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Figure 3. RMS error of predicting r at various heights as a 


percent of mean 7, excluding superrefractive profiles. 
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comparing the rms error of prediction as a percent of 
mean 7 for all three methods at three different heights 
and over a large range of 4, excluding all superrefrac- 
tive profiles. A superrefractive profile is here defined 
as one with an initial gradient of N in excess of 100 
N-units per km, i.e., (dN/dh)o< —100/km. 

It is evident from figure 3 that the percentage error 
of predicting 7 decreases with increasing thickness of 
the atmosphere through which the ray passes. This 
is as one would expect since the value of the refrac- 
tive index becomes less variable with increasing 
height and, one might say, the upper limit of integra- 
tion of (2) becomes more a function of the lower 
limit, V,. Further, the sensitivity of refraction 
effects to low-level profile anomalies for small values 
of @ is reflected by the relatively small percentage 
error of the corrected exponential model for 6)<10 
mr. 

It must be remembered that the statistical regres- 
sion technique is only apparently superior to methods 
using the exponential reference atmosphere since, by 
definition, it must have a minimum rms error pro- 
vided that 7 is a linear function of N,. Although the 
difference in the percentage rms error between these 
two methods appears quite large, the actual rms 
error of the exponential reference atmosphere is 
either less than or within 0.1 mr of that of the statis- 
tical correlation technique for 6>7 mr, thus, for 
practical considerations, indicating no clear-cut su- 
periority of one technique over the other; this is 
illustrated in figure 4. 
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Figure 4. Difference between rms error of predicting r+ at 70 


km for the exponential reference atmosphere and the statistical 
correlation method. 


One may evaluate the minimum rms error expected 
in predicting 7 by these three methods by defining a 
composite prediction method that utilizes the best 
of the three methods in each range of 6) and height 
to vield a minimum overall error. 

The numerical value of the rms deviations for the 
optimized composite of the three methods is shown 
on figure 5 for heights of 1, 3, and 70 km and all 
profiles. It is seen that the maximum error for any 
case is about 2 mr and decreases to 1 mr or less for 
%>10 mr for all height increments. The error for 
the total bending case, h=70 km, drops below an 
rms value of 1 mr for &>5 mr. 
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7. Conclusions 


The present study appears to indicate that: 

1. The statistical regression technique is an ade- 
quate solution to the bending problem for all 4 
larger than about 10 mr, and all heights from 1 km 
up. 

2. The exponential reference atmosphere is equally 
as good as the statistical technique over the same 
‘ange of 4) and height. 

3. The initial gradient correction method is very 
useful for %<10 mr, and can be used to extend 
predictions of 7 down to a 6 of 0 for any model which 
vields N as a function of height. 

These conclusions indicate that the reader who 
desires the quick evaluation of some refraction effect 
should consult the rather extensive tables of the 
CRPL Exponential Reference Atmosphere [5]. 
These tables would allow, for instance, the deter- 
mination of the elevation angle error as a function 
of 0, N at the earth’s surface, and the radar range. 
The reader desiring the convenience of the statistical 
regression technique for estimating either 7 or the 
elevation angle error may obtain the necessary 
statistical parameters from the literature [14]. 


The authors express their gratitude to Mrs. B. J. 
Weddle, Mrs. M. A. Fischer, and Mrs. G. M. 
Richmond for their aid in the calculations of this 
study. 
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Loss in Channel Capacity Resulting From Starting 
Delay in Meteor-Burst Communication 


George R. Sugar 


(March 25, 1960; revised April 25, 1960) 


The loss in channel capacity of a meteor-burst communication system is computed as 
a function of the time required to initiate control of the system. The result is compared 
with various experimental data and appears to be applicable for signal bursts up to one-half 
second in duration. It is noted that in the very high frequency range the loss should in- 


crease with frequency. 


1. Introduction 


It appears that in any practical meteor-burst 
communication system, there will always be a brief 
time interval, after the meteor trail is formed, 
before the channel is used for message transmission. 
In the case of the familiar controlled two-way 
systems, this interval consists of one delay associated 
with the round-trip propagation time, a second 
associated with the recognition and _ identification 
of the distant transmitter, and sometimes a third 
associated with delays in starting the apparatus 
itself or in synchronizing one unit with another. 
In the case of a one-way or broadcast-type system, 
the propagation delay is not a factor but the other 
two delays can be significant. Some experimental 
data on these effects have already been reported by 
Forsyth et al. [1].2 It is the purpose of this paper 
to show how the message capacity of a meteor-burst 
channel is related to a svystem’s initiation time. 


2. Estimation From Detailed Measurements 
of Burst Statistics 


The loss in channel capacity for a specific system 
can be estimated directly from measurements of 
the distribution of signal durations above threshold. 
The distribution required is not the distribution of 
meteor-burst lengths in the usual sense but is, 
rather, the distribution of fading-cycle durations. 
Each signal excursion above the chosen threshold 
is assumed to be equivalent to a separate trans- 
mission. It is then assumed that signals with 
durations less than the initiation time are useless 
for message transmission and that the useful duration 
of each other signal is reduced by the initiation 
time. Once the signal duration distribution has 
been obtained the desired result can be readily 
computed. As an example, the relation between 
useful transmission time and system initiation time 


' Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. : 
2 Figures in brackets indicate the literature references at the end of this paper. 
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obtained from one set of experimental data® is 
shown in figure 1. 
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Fiaure 1. Reduction in effective channel capacity as a function 
of system initiation time. 


3. Estimation From Theory 


An accurate theoretical estimate for the general 
case appears to be quite complex and will not be 
attempted at present. Instead only the case for 
specular underdense trails is considered. 

Assume that the signal amplitude for a burst is 
given by 


S=0 for t<to, 
S=S, exp (—t/r) for t>to, (1) 


and that the number N of bursts with peak ampli- 
tudes greater than some amplitude S, is given by 


Y aa ¥ __f'OCr-a 9 
N (So>S,)=C Si : (2) 
3'The data used were taken over the transmission path from Long Branch, 


Ill., to Boulder, Colo., at a frequency near 50 Me/s. The observing interval 
was | hr. 
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A burst with duration ¢ at threshold S, then has a 
peak value S»=S, exp(t/r), and the number of bursts 
having peak values between S, and S)+dS, is 
dN=aC S,°*~'dSo. 
The cumulative duration of these bursts is 
dT=tdN=taC Sy *~'dSo. 
Upon substituting for S, this becomes 
dT=taC [S, exp (t/7)]~*"!(S,/7) exp (t/r) dt. 


The total duration 7 above threshold S, is then 


T= i tdN=CS-" i) "Gites ant, @) 
e 0 


and 
T= (r/a)CS;* (4) 
Since this can be written as T=(r/a)N, the factor 
(r/a) is just the average duration of a burst. 
If an initiation time ¢; is now assumed the useful 
duration of each burst is decreased and the effective 
time-above-threshold 7’ becomes 


T= | (t—t)dN for t>t,; 
7” = for t<t,. 


Upon integration this becomes 
T’ =(r/a)CS;* exp (—at,/7), 
or 
T’=T exp (—at,/r), 
which is the desired result. 
It is seen that in a system with an initiation time 
t; the time available for message transmission is 


reduced to exp (—at,/r) times that available in a 
system having an initiation time of zero. 


(5) 


4. Discussion 


We first compare the theoretical relation (5) with 
two published curves depicting system efficiency in 
terms of initiation time. Forsyth et al. [1] have 
published a curve of normalized effective duty cycle 
versus initiation time, derived partially from oper- 
ating experience with the JANET system and partly 
from extrapolation of measurements of signal dura- 
tion. Their data corresponds nearly exactly (within 
a few percent) to the relation 


T’=T exp (—+#,/0.160) for ¢; in seconds. 


The second curve of interest is that given by Rach 
[2] for system efficiency versus number of teletype 
characters omitted (in starting). His curve is based 
on an experimentally determined distribution of 
burst durations as applied to a system with a 16.3 
msec character length. This curve is nicely described 
by the relation 


T’=T exp (—+#,/0.39). 
_ A further comparison can be made with data pub- 
lished by Forsyth et al. [ref. 1, fig. 11(c)], giving the 
distribution of the duration of signal excursions above 
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a fixed threshold. We find that for durations of less 
than one-half second their curve is of the form 
exp (—t/0.24). 

Similar data has been published by Vincent et al. 
[3] and it is found that for durations of 0.06 sec to 
0.6 sec their data are of the form exp (—t/0.20). 
(Data for durations less than 0.06 sec are of the form 
exp (—t/0.04). The reason for this discrepancy is 
not apparent.) 

It appears from the above comparisons that for 
signal durations above threshold of one-half second 
or less the duration distribution is exponential in 
form. Therefore, eq (5) is applicable in computing 
efficiency as a function of initiation time. Since the 
theory was based entirely on idealized underdense 
trails, it is not surprising that the exponential law 
does not apply for durations longer than one-half 
second. However, since the experimental data con- 
sidered the duration of individual excursions above 
threshold, rather than the total duration of signals 
from a single trail, it is certain that the fading signals 
from overdense trails have contributed to the net 
result. Further study is needed to define the role of 
the overdense trail in communications applications. 

It is interesting to note that the theory predicts 
a loss in transmission time as the operating frequency 
increases. Since the conventional form of the time 
variation of signal amplitude is S « exp(—162?Dt 
sec’), then +r co D)sec’p/167°D. Therefore + 
should vary as \*. From this it would be expected 
that the loss would increase rapidly with increase in 
operating frequency. For example, if we choose 
7t/a=0.2 sec as a representative value at 50 Me/s 
and the initiation time is 40 msec, then the channel 
capacity is reduced to 82 percent of its nominal 
value. If however the operating frequency were 
100 Me/s, then we would have r/a=50 milliseconds 
and the channel capacity would be reduced to 45 
percent of its nominal value. 

In practice the loss may not be as great as this 
since, according to Eshleman [4], as the frequency 
increases the decay constant 7 for underdense trails 
first decreases and then increases again. However, 
for a typical communications case, the minimum 
value appears to occur at frequency of the order 
of 300 Me/s and thus the ? relation should be appli- 
cable at frequencies below 100 Me/s. 
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Elementary Considerations 


of the Effects of Multipath 


Propagation in Meteor-Burst Communication 
George R. Sugar, Robert J. Carpenter, and Gerard R. Ochs 


(April 14, 1960; revised April 25, 1960) 


Three mechanisms likely to regularly produce multipath propagation are examined. 
These are: (1) The simultaneous existence of two meteor trails; (2) the existence of a Ray- 
leigh-fading background continuum; and (3) the existence of two first-Fresnel zones along a 


single meteor trail. 


An analysis of the first mechanism indicated that in a typical meteor-burst communica- 
tion system two-trail propagation would cause transmission errors at a rate directly propor- 


tional to the system duty cycle. 


and observed error rates for such a system. 


Satisfactory agreement was obtained between predicted 


An examination of the significance of inter- 


ference from the continuum in some wide-band transmission tests indicated that this source 


of multipath could be responsible for a significant fraction of the errors observed. 


The third 


mechanism was examined to determine the magnitude of the multipath delays it could 


produce. 


only for transmission rates in excess of 2x10* bauds. 


It was found that the effect of this single-trail multipath was likely to be significant 


However, the results of measurements 


at a rate of 10° bauds indicated that even at this high rate over one-half of the transmissions 
were error free and that this latter type of multipath may not be of much importance in 


system design. 


1. Introduction 


One of the important results of the first theoretical 
studies of meteor-burst communication [1,2]? was 
that the average channel capacity could be increased 
byJraising the signaling rate. It is likely that this 
result, more than any other, led to the extensive 
study and development of meteor-burst systems. 
However, when experimental systems were tested it 
was found that the channel capacity observed fell far 
short of that predicted by theory. (For example, in 
one set of measurements [3], at a signaling rate of 
10° bauds the predicted channel capacity was 10* 
bauds at an error rate of 10-°. The measured 
capacity, however, was 10° bauds at an error rate 
near 10~*.) This discrepancy between theory and 
experiment has led to a search for ways of modifying 
or extending previous theoretical results so that 
practical channel capacities could be accurately 
predicted. One aspect under study at NBS has 
been an examination of the deleterious effects of 
multipath propagation. 

Multipath propagation is one source of transmis- 
sion error and this fact, although recognized, was 
neglected in the development of the meteor-burst 
communication theory. In this paper three likely 
sources of multipath propagation will be considered. 
The first arises from the possibility that two meteor 
trails can exist simultaneously. The second arises 
because a secondary signal is propagated by the 
background continuum (the so-called “ionospheric 
scatter” mode of propagation). The third situation 


' Contribution from Centra Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. 
2 Figures in brackets indicate the literature references at the end of this paper. 





to be considered arises as a consequence of the exist- 
ence of single long-enduring meteor trails which have 
been distorted by winds in the ionosphere. 

It has not been practical, as yet, or even desirable 
to consider the practical effects of these three classes 
of multipath propagation from a unified viewpoint. 
In each case the analysis has been carried only to the 
point where some results of practical value were 
obtained, and no attempt has been made to consider 
the effects in combination rather than separately. 

For the two-trail case a general relation between 
error rate, duty cycle, and the statistical parameters 
of meteor-burst propagation is developed and then 
applied to a hypothetical fsk communication system. 
In the case of multipath interference from the con- 
tinuum the interference is treated as being a noise- 
like signal which reduces the effective signal-to-noise 
ratio at the receiver. For the case of multipath 
propagation from a single trail the analysis is limited 
to a computation of the maximum delay which is 
likely to be produced. The application of the compu- 
tational techniques is illustrated by using them to 
compute error rates for two experimental meteor- 
burst communication systems and comparing these 
with the error rates actually observed. 

No consideration is given to the frequently- 
observed signal fading which can result from quite 
short multipath delays, since the equipment tech- 
niques for combating such fading are well known and 
readily available. Consideration is limited instead 
to those multipath conditions which are likely to 
result in receiving strong but badly-distorted signals 
for systems utilizing conventional modulation tech- 
niques such as fsk or ppm. 


3 This is similar to the treatment by Montgomery and Sugar [1]. 
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2. Two-Trail Multipath Propagation 


The binary error rate for a meteor-burst system is 
now computed under the assumption that the only 
source of error is the multipath propagation which 
results from the simultaneous existence of two suit- 
ably-oriented meteor trails. Three conditions must 
be met. First, there must be two trails present at 
the same time with the amplitude of the signal from 
one of them above the operating threshold of the 
system. Second, the signal from the second trail, 
the interfering signal, must be comparable in ampli- 
tude to that from the first trail. Third, the inter- 
fering signal must be sufficiently delayed so as to 
cause errors (rather than just causing fading). The 
exact details of the latter two requirements will 
depend on the characteristics of the particular com- 
munications system under study. The error for an 
fsk radiotelegraph system is computed since experi- 
mental results from two such systems are available 
for comparison with the theory. However, the same 
general procedure can be followed in predicting the 
error for any system. 

Assume that meteoric particles enter the earth’s 
atmosphere at random times and that the radio 
properties of trails are statistically independent of 
the time when the trail was formed. Let the distri- 
bution function F(S) represent the probability that 
the signal amplitude is greater than S, and let f(S) 
represent the associated probability density. Then 
for a system threshold S, the duty cycle or probability 
that the signal will be above S, is just F(S,). The 
probability that signals from trails 1 and 2 will be 
simultaneously present and contribute amplitudes 
S, and S, respectively is 


F(Si)f(S2)dS1d83. 
Assume that the error rate for a binary signaling 
system can be given by a function p(S,, S2, 7) 
where 7 is the multipath delay. Thus the error for 
signals S,, S,, and multipath delay 7 is 


P(Si, S2, 7)f(S))f(S2)dS\dSodr. 


The average error rate P for the interval 7 is then 
given by 


P(S,) 


is = "Sy » 
Jo, fees, [ois ? Sv Sor f (SOS (S:)d8 a Sedr 
a F(S,) 





(S, is chosen here as the amplitude of the stronger 
signal and it is assumed that during each binary 
digit S,, S:, and 7 are constant.) It remains now 
only to put in the functions p and f for a given system 
and evaluate the integral. Since experimental data 
for two fsk radiotelegraph systems is available the 
error will be computed for such a system. 

Assume that all signals result from specular reflec- 
tions from underdense trails, that the decay param- 
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eter k (in S=Snaxe~™) is fixed over the observing 
interval, that the system uses fsk and that the re- 


ceiver has an effective capture ratio R. (R is defined 
as the amplitude ratio of the stronger signal to the 
weaker signal required to achieve error-free recep- 
tion.) Then 


Jamteles 
P(S)= S,=S, J S.=0 
Wea— 


if 1<S8,/S.<R, r>7, and P(S;)=0 otherwise. If 
the distribution function is assumed to be given by 
F(S)=(S)/S)* where Sp) and a are constants, then 
f(S)= (a/S)(So/S)*. 

For the present assume that any multipath delay 
is sufficient to cause system errors.* This implies 
that 7>=0 and 


P ne . s 


After integration the result becomes 


P(S,)= 4 (R*—1)(So/S1)*. 


Ss Sa 


1 §(S,)f(S,)dS,d8, 
F(S,) 





a 
2 





S324 S74! Sy*"'dS,d8, 
F'(S,) 





Then, since the duty cycle for any threshold is just 
F(S:) Pore (So/S:)*, 
in terms of duty cycle 


P(S,) =3(R*—1)F(S,). 


The error rate is therefore proportional to duty cycle. 
Figure 1 is a plot of the factor }(R*—1) for various 
values of the parameters R and a. 

Some results obtained from the NBS Meteor- 
Burst Communication System [5] are now compared 
with those predicted by the above theory. The 
operating data available for the system gives charac- 
ter error rate and duty cycle as a function of the 
system parameters. The first step is to relate binary 
error to character error. When the system is op- 
erated at low error rates, it is estimated that each 
binary transmission error will produce an average of 
1.35 character errors on the teleprinter. (This esti- 
mate should not be considered generally applicable 
to other radio-teletype systems since it is based ona © 
specific set of rules for counting errors and also in- 
cludes a consideration of control errors in the system.) 
Through the use of this factor the character error 
rate can be predicted and compared with the meas- | 
ured error rate. This has been done for various 7 
values of R and the comparison is shown in figure 2. | 
Each point represents the average error rate and duty 
cycle tor }4 hr of system operation. 





% 
= 
Re 
ee 
= 
& 
8 





4 At present some data is available which can be interpreted to give multipath 
delays. Bailey, Bateman, and Kirby [4] give delays of meteor bursts relative to 
the continuum at 49.7 Me/s and these can be interpreted as indicating that the 
most probable multipath delay in the two-trail case is of the order of 200 usec or 
less. Delays up to 2 msec were observed occasionally. 
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Figure 1. Error rate factor for fsk transmission. 


Error rate=ordinate X duty cycle, 

. 

Unfortunately, the capture ratio R was not meas- 
ured for the system and an exact comparison between 
predicted and observed error rates is not possible. 
However, measurement in similar systems has indi- 
‘ated that capture ratios of 2 to 3 db are readily 
attainable. It therefore appears that the theo- 
retically predicted results are not inconsistent with 
the observations and there may in fact be good 
agreement. The slope of the experimental data is 
quite close to that predicted and the magnitude is 
representative of that predicted for a system with 
an effective capture ratio of 3 to 4 db. 


3. Multipath Interference From the 
Continuum 


The effect of interference from the continuous 
background signal on an idealized meteor-burst 
communication system is now considered and the 
predicted error rates are compared with some experi- 
mental results. For the burst system itself, error- 
free performance in the absence of the continuum is 
assumed. In addition it is assumed that all of the 
multipath delays involved are at least comparable 
to the bit length and therefore can cause trans- 
mission errors. The signal from the continuum can 
then be considered as being a type of Gaussian noise 
which sets the effective signal-to-noise ratio for the 
system. This assumption is justified since the 
continuum exhibits a Rayleigh fading characteristic 
[6]. Moreover for large signaling bandwidths the 
continuum signal is not phase coherent over the 
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Figure 2. Computed and observed error rates for two-trail 
multipath. 


The 3 light lines give computed error rates, The points and heavy line are 


experimental data. 


band [4, 7]. Thus to a first approximation the 
continuum signal is not correlated with the meteor- 
burst signal and can therefore be analyzed as if it 
were random noise. 

Under these assumptions, the error rate for a 
system can readily be predicted since the signal-to- 
noise-ratio performance of most modulation systems 
has been worked out and is available in the literature. 
For simplicity the signal level can be taken to be the 
signal threshold at which the burst system is opera- 
ted. The more complex procedure of using the 
actual meteoric signal distribution could be followed, 
but at present there seems to be little to be gained 
by using this more difficult approach since even it is 
highly idealized and neglects many restrictions 
present in actual systems. 

For a comparison between theory and experiment 
the results from some wide-band meteor-burst 
transmission studies performed at NBS ® are utilized. 
The signaling rate was 10° bauds using fsk, and 


5 These studies were 2 continuation of the work reported by Montgomery and 
Sugar [1]. 
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binary error was measured. The continuum was 
measured during the experiment by use of a strip- 
chart recorder operated from the age circuits of the 
fsk receiver. For the theoretical relation between 
error and signal-to-noise ratio, that given by Mont- 
gomery [8] for fsk is used. This is plotted in figure 3, 
as the curve labelled 0 db, along with the experi- 
mental data. Each small circle represents the error 
rate observed over a 15-min interval. (The large 
circles represent averages of the 15-min points. 
The points plotted with an z, the apparatus capa- 
bility, indicate the performance of the equipment as 
measured in the laboratory using a nonfading signal 
and Gaussian noise. The additional curves indicate 
the performance to be expected if the system is 5, 10, 
or 15 db poorer than the theoretical prediction.) It 
is seen that at high error rates the experimental 
results fall within a few decibels of the predicted 
values. However, at low error rates the agreement 
is poor and there are discrepancies of up to 15 db 
between theory and experiment. These observa- 
tions are interpreted as indicating that at high error 
rates the observed error can almost wholly be 
accounted for in terms of multipath interference 
from the continuum whereas at low error rates some 
other sources of error are controlling. It is useful to 
now consider two-trail multipath as another possible 
source of error here. 


| 200 times these values. 
| trail multipath does not contribute significantly to 





) | delay. 


error rate varies from about 10-4 for low threshold-to- 
noise ratio data to about 10~° for high threshold-to- 


The observed error rates are 10 to 
Thus it appears that two- 


noise ratio data. 


the observed error rate, and therefore, that. still 
another source of error is important. 


4. One-Trail Multipath Propagation 


The last possibility to be considered is that of 
having two distinct transmission paths result from 
the entry of a single meteoric particle into the 
earth’s atmosphere. This will occur when, through 
the action of wind shears in the ionosphere, a single, 
overdense trail becomes distorted into an irregular 
column and as a result has two (or more) “first’’ 
Fresnel zones. These could be separated as much 
as the whole length of the trail and thus produce 
two distinct transmission paths. The multipath 
delays to be expected from this mechanism are, as 
will be shown, quite small and therefore of impor- 
tance only in very high signaling rate systems. The 
computation of error for this case appears to be 
substantially more complex than either of the two 
previous cases and we have not attempted it. How- 
ever, some of the factors involved in such a computa- 
tion can be indicated. 

First consider the magnitude of the multipath 
It has been shown that for a trail which 
originally gives a specular reflection, the action of 


| the wind shears is to produce “glints’’ (local first 
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subjected to multipath interference from the continuum. 


The apparatus capability as indicated in figure 3 
is about 2 db poorer than the theoretical prediction. 
It is therefore assumed that this represents a receiver 
capture ratio of 2 db. For the distribution we take 
the value a=1.2 as used before. It is found then 
from figuce 1 that the predicted error rate is 0.08 
times the duty cycle. When this is applied to the 
data given in figure 3, it is found that the predicted 


Fresnel zones) which first form near the original 
first Fresnel zone and later form further out along 
the trail [9, 10]. The maximum delay results when 
there is a glint at each end of the trail, and there- 
fore the delays produced by two glints separated by 
a distance /, are computed. Several trail orienta- 
tions are possible and for each of these a different 
delay will result from a given 1. The limiting cases 
are given below. (All of these are for long oblique 
paths with one end of the trail formed at the path 
midpoint.) 
(a) Trail normal to plane of propagation 


delay ~L?/(cD) 
where L=glint separation, 
D=slant range to path midpoint, 
and 
c=velocity of propagation. 
(b) Horizontal trail in the plane of propagation 


delay ~ (1? cos?@)/(cD) 
where @ is \4 the angle between the 
incident and reflected rays at the 
path midpoint. 
(c) Vertical trail in the plane of propagation ° 


delay ~ (2L cos 6)/e. 


6 Trails oriented in this manner are of minor practical importance. They do 
not have first Fresnel zones at the time of formation and will have glints only if 


| they endure long enough to be severely distorted by wind shears. 
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For trail lengths the values published by Eshleman 
[11] are taken. These data indicate that the most 
probable trail length is about 15 km, with trails 40 
to 50 km long occurring about 5 percent of the time. 
(The ends of a trail are defined here as being the 
points with a specific electron density.) As the lim- 
iting case, it is assumed that the separation L 
between glints is equal to the trail length. (The 
delays experienced in any experiment would be ex- 
pected to be less than those predicted by this meth- 
od.) Table 1 gives the delays predicted for the 
three cases. These delays are likely to produce 
transmission distortion in fsk systems operating at 
speeds of 20,000 bauds or greater. 











TaBLE 1. Maximum multipath delay expected from an 
irregular overdense trail 
(D=1277 km) 
Trail orientation Trail length 
15 km | 40 km 
eeee tee eee 

Nerul to propagation plame ............................- ll us | 82 us 
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It would be desirable to calculate error rate in 
this case as was done in section 2. However, 
we see no straightforward way to do so. Con- 
sideration of the error associated with overdense 
trails requires that we know the distribution of glint 
separations, how these are related to the length of the 
meteor trail, and the relative contribution of over- 
dense trails to the total channel capacity. The lat- 
ter, of course is closely associated to system design 
parameters such as sensitivity, operating frequency, 
antenna directivity, and control system design phi- 
losophy. Since the signal from a specular overdense 
trail is likely to exhibit fading long before producing 
transmission distortion, a system can be arranged to 
stop signaling before any significant delays can occur, 
and thus this case may be of little practical impor- 
tance. For the nonspecular overdense case, again 
similar data on burst statistics are required and these 
are not available. Therefore we have stopped here 
with only a computation of delays and hope to extend 
this work at a later time. 


5. Discussion 


As is often the case there is a significant question 
whether the experimental results presented were 
taken under the conditions assumed, implicitly or 
explicitly, in the theory. Some discussion of this 
point seems desirable. 

In the two-trail case, it was assumed that multi- 
path distortion was the only source of error and satis- 
factory agreement was obtained between theory and 
experiment. One can ask, however, if the same ex- 
perimental result would have been obtained even if 
two-trail multipath were not present. This result 
might be possible if all errors resulted from noise 
interference instead of multipath. The data plotted 





in figure 2 were taken at several thresholds and thus 
might reflect primarily the effect of changing the 
threshold-to-noise ratio rather than any multipath 
phenomena. This does not appear to be the case, 
however, since data for a single threshold show the 
same relation as that shown in figure 2, and it is 
concluded that the correlation between theory and 
experiment is meaningful and not fortuitous. <A 
second question arises in regard to the scatter of data 
in figure 2 both above and below the theoretical 
curve. It could be argued that the observed error 
rate should always be greater than the predicted 
value (as indeed it was in fig. 3) since some sources 
of error have been ignored. However, this does not 
seem to be a valid objection when we consider that 
the data for figure 2 were taken from an operating 
communication system in which a variety of special 
techniques were being used to stop transmissions at 
times when high error rates were likely. This control 
of transmission will, of course, bias the results so 
that error rates less than those predicted will be 
observed. (No such devices were used in the system 
represented by the data of fig. 3.) 

A third question to ask is why the second kind of 
multipath distortion was not considered in relation 
to the data shown in figure 2, and was considered in 
relation to figure 3. The difference here lies in the 
difference in antenna systems used in the two experi- 
ments. In the NBS Meteor-Burst Communication 
System, the antennas were arranged with a null 
along the great circle path and data were taken dur- 
ing normal working hours. This results in the sup- 
pression of the continuum relative to the meteoric 
bursts and nearly all of the data shown in figure 2 
correspond to threshold-to-noise ratios of 12 db or 
greater. It therefore seems reasonable to ignore the 
effect in this case. For the 10°-baud measurements, 
however, the situation was reversed, for the antennas 
were high-gain rhombics directed along the great- 
circle path. This, of course, enhances the continuum 
and suppresses meteoric burst signals. Thus, in 
the second case the continuum was of greater 
importance. 

A final item for discussion is the total effect of 
the various kinds of multipath distortion on error 
rate in high rate systems. Data from the 10°-baud 
system are plotted in figure 4 so as to show the rela- 
tion between the information capacity and error 
rate for single bursts. Each point represents one 
transmission. The data have been divided into 
class intervals and are plotted opposite the lower 
bound of the interval. (In the experiment the data 
were transmitted in groups of 4,000 binary digits, 
each group lasting 1/25 sec.) Data for threshold- 
to-noise ratios less than 12 db have not been plotted 
since it is unlikely that an fsk system would be 
operated in that region. It can be seen from figure 
4 that many transmissions are error-free and that 
there is a tendency for the longer transmissions to 
have higher error rates than the shorter ones. The 
data show that 57 percent of the transmissions, carry- 
ing 32 percent of the channel capacity, are error-free. 
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Errors observed for individual transmissions in a 
10°-baud fsk system. 
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Each point gives the transmission length and number of errors observed. 
(One group equals 4,000 binary digits.) 


For 86 percent of the transmissions, carrying 64 





For the second case, the interference from the 
continuum was examined, and error rate was com- 
puted assuming that the interference could be con- 
sidered as being of the nature of random noise. 
When the result was compared with data from the 
10°-baud system (one where the assumptions seemed 
applicable), good agreement between theory and 
experiment for low values of threshold-to-continuum 
ratio was found. At high values of this ratio, the 


_ observed error rates were 10 to 200 times higher than 


would be predicted from either two-trail or continu- 
um-multipath theory. 
The multipath delays expected from a single trail 


were estimated to be as great as 82 usec and these 


delays may account for the above discrepancy. 
However, insufficient data are available to permit 
any reasonable estimate of the likelihood of error 
arising from this source. 

Some overall results of the 10°-baud transmission 
experiment were examined, and these indicated that 


_ most of the individual transmissions had low error 


percent of the channel capacity, the error rate is less | 


than 107%. It therefore appears that a signaling rate 
of 10° bauds is not so high as to be rendered useless 
by transmission distortion. Whether or not such 
systems will have the practical utility of low rate 
systems will depend on the ingenuity of the designing 
engineers. 


6. Summary 


Some aspects of multipath transmission and the 


transmission distortion which can result from it have | 
For the two-trail case, the relation | 


been considered. 


between error rate and duty cycle for fsk transmis- | 


sion have been computed. 
to a specific system, fair agreement is found. How- 
ever, there are a number of known factors which 
would be expected to increase the spread of the 
experimental data. The agreement is considered 
satisfactory, and it is concluded that the assumptions 
involved are reasonably valid and applicable to the 
specific system examined. 


In applying this result | 


rates and that these low-error-rate bursts accounted 
for more than half of the signaling capacity of the 
system. It therefore appears that signaling rates of 
10° bauds or higher can be used by devising special 
circuitry to reject (or repeat) transmissions having 
high error rates. 
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Use of Logarithmic Frequency Spacing in 
Ionogram Analysis’ 


G. A. M. King? 


(April 7, 1960) 


The use of logarithmic frequency spacing brings several advantages to the reduction of 
ionograms to electron density profiles. Among them is the fact that, when computing factors 
for the analysis, one need not determine the group refractive index. Formulas involving 
only the phase refractive index are presented; for the ordinary component one exact and one 
approximate formula are given, while for the extraordinary component there is an approxi- 
mate formula valid over a wide range of geomagnetic latitudes. There is a brief discussion 
of quasi-longitudinal approximations to the extraordinary phase refractive index. 


1. Introduction 


In his important paper on obtaining electron den- 
sity profiles, Budden [1]* used for illustration a 
linear sampling of the frequency scale of the iono- 
gram. He also mentioned the possibility of other 
samplings, including logarithmic. At about the same 
time, King [2] presented an illustration based on 
logarithmic sampling, and later [3] showed that this 
spacing simplifies inclusion of the earth’s magnetic 
field in the analysis, by the use of an accurate 
approximation. 

The methods of real height analysis using sum- 
mation of spaced ordinates due to Kelso [4], Shinn 
(described by Thomas [5]), and Schmerling [6], are 
much easier to apply if the ionograms have a loga- 
rithmic frequency scale, for then overlays can be 
used. This derives from the fact that the properties 
of the propagation equation depend mainly on /fy/f, 
the ratio of the plasma frequency to the exploring 
frequency, and to a much less extent on the absolute 
frequencies (determined by fy/f, where fy is the gyro- 
frequency. As is usual in treating this subject, the 
effects of electron collisions are neglected.) 

The purpose of this note is to inquire more closely 
into the advantages of logarithmic spacing and to 
present an approximation using it for analysis of the 
extraordinary ionogram trace. 


2. General Equations 


The basic equation relating the virtual height, h’, 
and the real height, h,, at the reflection point (as- 
suming geometrical optics) is, [2] 


h, 
v= u’dhs (1) 


' Contribution from Central Radio Propagation Laboratory, National Bureau 
of Standards, Boulder, Colo. 

2 Guest worker at Central Radio Propagation Laboratory and the High Alti- 
tude Observatory, Boulder, Colo., from the Geophysical Observatory, Christ- 
church, New Zealand. 

’ Figures in brackets indicate the literature references at the end of this paper. 





This can be 


gels ®, , dh 6 
h -{" Ke ql (2) 


where @ is any single valued function of the electron 
density. The integration can now be divided into a 
series of steps within which dh/d® is varying suffi- 
ciently slowly to be taken out of the integral sign. 


“cane ) 
hn= 2a aie do (3) 


where y’ is the group refractive index. 
rewritten 


The integral | w’d® which we shall denote by F,,, 
Adm 


defines constant factors used in the analysis of the 
ionograms to obtain h. Once the table of factors is 
prepared, the reduction to real heights is simply a 
matter of solving a set of simultaneous equations in 
(Ah/A®) m. 

If now ® is identified with the logarithm of fy, a 
simplification results. (The natural logarithm, In, 
will be discussed here to simplify the presentation, 
although common logarithms may be used in 
practice.) 

For, at fixed fy, 


» | Of) 
was of ify 


Ou 
=u+| aft f * (4) 





where y is the phase refractive index; it is a function 
of both f and fy. 
Using the theorem 


wm ] fH Ee 5 
nfl, ES Teg olnf (5) 
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relating the partial differential at fixed fy/f to partial 
differentials at fixed fy and at fixed f, we get 


(6) 





dineaii Saal i al,, 
The factors used in the ionogram sae then 
become 


| pu’ dd= pe’ dlnfy 
A® Alnfy 


=iialnfy—[aul-+| St | Alnfys (7) 
. N/f 


where the “bars”? denote mean values of the quan- 
tities over the interval. 
All terms of eq (7) can be evaluated from a table 
of u(Inf,lnfy), so that one can avoid the tedious 
calculation of the group refractive index. In a 
recent paper, Titheridge [7] has given an expression 
with the same advantage. 


3. Ordinary Component 


While one would normally use the complete eq 
(7), it is worth noting that, for routine analysis of 
the ordinary component, the last term can be 
dropped [3]. Experience shows that the heights 
deduced from the ionograms are not seriously affected 

The assumption here is 


lst In f os (8) 


4. Extraordinary Component 


While eq (7) applies formally to either the ordi- 
nary or the extraordinary component its use with 
the latter is made difficult by the rapid change of 
the last term near the gyrofrequency. By making 
the transformation 


?=/?(1—y) (9) 


where y=f,/f, one can adopt an assumption similar 


to eq (8), 
Er In Elen” 


and so simplify the alate 

The approximation of eq (10) will be considered 
in the next section where it will be shown to hold 
extremely well down to geomagnetic latitudes as 
low as 30° (where the propagation angle, 6, between 
the earth’s magnetic field and the vertical is as 
large as 50°). 

When eq (7) is put in terms of & and eq (10) is 
applied, one obtains 


(10) 





d\né 


Sy, at) 


F..= u’d ln fy=pA In fy— [Aule 


A Inf N 


where the subscript z in F,, denotes the extraordi- 
nary component. 
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As constant ~ implies constant f, and 


diné 1—y/2 
dinf 1— 








(12) 


the factors for analysis of the extraordinary compo- 
nent become 
(13) | 


5. Phase Refractive Index for the Extra. 
ordinary Mode 





Fin=Z Aln fy— a [Aul,- 


In order to justify use of the approximation (10), | 
a few remarks on quasi-longitudinal approximations 
to the phase refractive index of the extraordinary} 
mode are appropriate. Hi 

Common approximations are [8], 


























1 =F (1-y cos 6) 4 
i—~s* oe y cos (14) 
and [9], 
ae « _ 
1— = 73-9) = FSi (18) | 
The exact expression is 
2 } 
i =f (1=y cos acot § ’ (16), 
where | 
_2(f?—Jx’) cos 6 . 
tan y= Ti, winto (17 


follows: For the extraordinary trace, the least valu 
of tan y occurs at the reflection point, where it i 
2 cos 6/sin? 6, so that the greatest value of cot y)| 
is 1/cos 0. 

That is to say, 


Equations (14), (15), and (16) can be compared a: . 

















1<cot co 


cos 6 


(18j 





Therefore the exact value for 1/1-u? (16) alway? 
lies between those given by the two approximalti™ i 
expressions (14) and (15), except at the reflectioig 
point, where (15) is exact. § 

Now if we let A represent the ratio of (16) to (14 
and B the ratio of (16) to (15), ie., 
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the following table compares the ratios for y=4 and 
various values of (fy/f)?, at different geomagnetic 
latitudes. 


























Latitude IN =| 0.5 0.4 0.3 0.2 0.1 0.0 
Ree ee) eee | 
TI A 0.644 | 0.714 | 0.762 | 0.797 | 0.823* | 0.844* 
B 1.000 | 1.109 | 1.184 | 1.238 | 1.278 1.310 
13h A 0.743 | 0.792 | 0.825 | 0.850 | 0.868* | 0.883* 
B 1.000 | 1.065 | 1.110 | 1.143 | 1.168 1. 187 
30 A 0.804 | 0.840 | 0.864 | 0.883 | 0.897* | 0.908* 
B 1.000 | 1.045 | 1.075 | 1.098 | 1.116 1. 129 
9 «| OA 0.904 | 0.921 | 0.933 | 0.941 | 0.948 0. 954* 
| B 1.000 | 1.018 | 1.031 | 1.041 | 1.048 1. 054 
| | 
60° =| «6A 0.962 | 0.969 | 0.973 | 0.977 | 0.979 0. 982* 
fees 1.000 | 1.007 | 1.011 | 1.015 | 1.018 1.020 








Only in those positions of the table marked by an 
asterisk is A closer to unity than B. Clearly, then, 
the approximation (15) is the better, especially near 
the reflection point [(fv/f)?=1—y] where the need for 
accuracy is greatest. Accepting eq (15), eq (10) 
follows. 

Writing the exact expression, using eqs (16), (20), 
and (9), as 





Se (21) 


1—w fy? 


it can be shown that, because of the slow rate of 
change of B with (fy/f)? (and hence with &/fy?), eq 
(10) is applicable to ionogram analysis over a wider 
range of latitudes than eq (15). Rydbeck [9] used a 
relation equivalent to eq (15) ina method of ionogram 
analysis for 0<20° (latitudes greater than 54°), 
where it certainly holds within the accuracies to 
which the ionograms can be read. Use of eq (10) 
extends the range of application down to geomagnetic 
latitude 30°. 


6. A Numerical Example 


The following tables illustrate the computation of 
the factors F,, for analyzing the extraordinary 
ionogram trace. 

The first table gives uw as a function of logio fy and 









































log, £. This was calculated using eq (16). 
lable of ¢X104 | fu=1.4753 Me/s 0=21°53’ 
log fy 

| ee —— 
| 0.32 | 0.28 | 0.24 | 0.20 | 0.16 | 0.12 | 0.08 | 0.04 | 0.00 
| as as, Seen eeeemere ee es! ieee 

2.5 0.32 | 0000 | 4209 | 5658 | 6610 | 7302 | 7827 | 8236 | 8560 | 8821 

2 te ae | 0000 | 4210 | 5660 | 6613 | 7305 | 7830 | 8239 | 8562 

2 0.24 |--___-|______] 0000 | 4211 | 5662 | 6616 | 7308 | 7833 | 8242 

2 ie ae (earn rent 0000 | 4212 | 5664 | 6619 | 7311 | 7836 

2 0.16 ts (Res Sere Se, 0000 | 4214 | 5667 | 6622 | 7314 

2 CY eee i aeoee Been 0000 | 4215 | 5669 | 6625 

2.15 0,08 |... | ee TE INES ES Spent 0000 | 4217 | 5672 

2 1.04 | aie Spaces, anon ears) eae 0000 | 4219 

1 0.00 | aa Deutaia (Sarees | PEE RAE EES SOREN ROT, 0000 





Lines parallel to the diagonal in the table define 
values of » for constant values of the ratio fy/é. 
Differences between the values along such a line, 
therefore, give [0/0 log é],,,¢; and as this is very small 
compared with [du/d log é],,, and [du/d log fy]:, the 
assumption made in section 4 (eq (10)) is quite 
satisfactory. 

From this table one can obtain the components 
BA log fy and M [(1—y/2)/(1—y)] [Au], of the factors 
Fm (eq (13)). Here, M=0.4343 is the conversion 
factor to change from natural logarithms to common 
logarithms. Thus for log &=0.24, we obtain the 
factor for the interval A log fy (0.16—0.12) by adding 

~ y/2 
tlog fy (0.0246) and —M a laa, (0.0680) giving 
a value of 0.0926. 
The table of Frm 10* is then, 











log — 























| Interval of log fw 
| 0.28 | 0.24 | 0.20 | 0.16 | 0.12 | 0.08 | 0.04 | 0.00 |—0.04|—0.08!—0. 12 
to to to to to to | to to to to to 
0.32 | 0.28 | 0.24 | 0.20 | 0.16 | 0.12 | 0.08 | 0.04 | 0.00 |—0.04)—0. 08 
| 

bi, oy eee Se ae aoa Pe tcaul a i | aay! 
0. 32 | 2855 1142 | 866 | 730 | 645 | 587 | 574 | 518 | 494 | 476 | 462 
| 2976 | 1184 | 894 | 749| 660] 599] 556| 525] 500] 481 
124 [222 2 |2_..-] 8117 | 1238 | 926| 772| 677| 613 | 566] 534 | 506 
20 | sae 3280 | 1200 | 964 | 799| 697] 628] 579] 544 
.16 | -----|------] 3470 | 1356 | 1006 | 830 | 721 | 646| 593 
12 | : |------| 8692 | 1434 | 1058 | 867 | 749 668 
.08 | ee .-.--|------| 3054 | 1525 | 1117 | 910 | 780 
a) eee ae aa es eR aes Pe re 4262 | 1631 | 1187 | 960 
"00 | | | | 1757 | 1269 





This example is taken from part of a table prepared 
for testing methods of ionogram analysis which use 
both the ordinary and extraordinary traces to give 
information on the unobserved parts of the iono- 
sphere [10], [11], [12]. 


7. Conclusions 


The use of logarithmic frequency spacing allows 
easy computation of factors for the real height 
analysis of ionograms, using tables of phase refractive 
index; the group refractive index need not be calcu- 
lated. 

For the ordinary wave component, there is an 
exact formula for the factors eq (7), and an approxi- 
mate formula good enough for most work. The 
formula for the extraordinary wave component eq 
(13) contains an approximation, but it can be used 
with negligible error for analysis of ionograms from 
any but the lowest latitudes. 

In the justification of the extraordinary wave ap- 
proximation it was shown that the simplest quasi- 
longitudinal approximation to the phase refractive 
index eq (15) is better than one in common use 
eq (14). 


The work described in this paper was partly sup- 
ported by the International Geophysical Year pro- 
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gram of the National Academy of Sciences. 
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Guiding of Whistlers in a Homogeneous Medium 


R. L. Smith 


(May 4, 1960) 


The velocity of energy flow of whistlers in a homogeneous medium is computed as a 


function of wave-normal angles. 


The maximum allowable cone of ray angles approaches 


19°29’ at very low frequencies, decreases with frequency to a minimum of 11° at a wave 


frequency of one-fifth the gyrofrequency, then increases to 90° at the gyrofrequency. 


The 


velocity of energy flow departs markedly from the longitudinal value except at very low 


frequencies or very small wave-normal angles. 


1. Introduction 


Part of the energy from a lightning stroke can 
penetrate the lower ionosphere and be guided 
approximately along the earth’s magnetic field in 
the outer ionosphere. The energy is dispersed as 
it travels in this region, causing the original signal, 
which can be considered an impulse, to be stretched 
or dispersed into a gliding tone, typically lasting 


mi: Bae 
about a second. This gliding tone is called a 
whistler. The dispersion is a measure of the 


electron content along the path. 

Storey [1]? has analyzed the properties of whistler 
propagation for the case of wave frequency very 
low compared to the local electron plasma frequency 
and gvrofrequency. Briefly, his results show that 
(a) the direction of energy flow lies within a limiting 
cone of 19°29’ around the magnetic field direction; 
(b) the longitudinal expression for group velocity 
can be used to describe the velocity of the energy 
flow with an error less than 8 percent for wave 
normal angles up to 70°; (¢) if the initial wave 
normal angles for the different frequency components 
are identical, the path of energy flow is independent 
of frequency; and (d) the time delay 7 from the 
causative lightning stroke is given by T=D f-”, 
where f is the frequency and D is a constant for a 
particular whistler. This relation is sometimes 
called “Eckersley’s law’. Storey found good agree- 
ment between this relation and data he obtained at 
Cambridge, England. 

From recordings made at high latitudes, a new 
phenomenon, called the nose whistler, was discovered 
by Helliwell et al. [2] in 1955. These whistlers 
exhibited simultaneous rising and falling tones 
starting at the frequency of minimum time delay 
called the “nose”. The nose whistler occurs when 
the wave frequency of the whistler becomes com- 


or Oe 

para! to the local gyrofrequency at the top of a 
field |e. Even at the lowest frequencies of most 
hose \ histlers the departures from Eckersley’s law 
| Cont ition from Radioscience Laboratory, Stanford University, Stanford, 
( ‘lif. main results of this paper were presented at the Symposium on VLF 

Radio Wes held in Boulder, Colo., January 1957. 
? Figu n brackets indicate the literature references at the end of this paper. 
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are significant. Other whistlers, though they may 
not exhibit a nose, often show similar departures 
from Eckersley’s law. These deviations are im- 
portant in determining the location of the path of 
propagation [3]. Without the high-frequency infor- 
mation, it is usually necessary to assume that 
whistler energy follows a field line terminating at 
the receiver. The diameter of the effective area of 
whistlers has been shown by Storey [1] and Crary 
et al. [4] to be approximately 1,000 km. Consider 
two possible whistler paths terminating at 55° and 
60° geomagnetic latitude, well within the effective 
area of a whistler. The calculated average electron 
density for a whistler of given dispersion will differ 
by 2:1 for these two paths. Clearly the path needs 
to be defined more precisely. Before we use the 
high-frequency information however, we must re- 
examine the equations used to determine the 
dispersion and path. 

The present paper is an extension of Storey’s work, 
removing the restriction that the wave frequency be 
small compared to the gvrofrequency. As frequency 
increases, the analysis shows that the limiting cone 
of rays first decreases to 11° at about one-fifth the 
gvrofrequency, then increases to 90° at the gyro- 


frequency. The error in the quasi-longitudinal ap- 
proximation for group velocity increases with 


frequency and wave normal angle. 
2. Refractive Index for Whistlers 


Experimental evidence shows that the attenuation 
of whistlers in the outer ionosphere is very low. 
There are estimates of attenuation of the order of 10 
db and lower over paths which are roughly 10,000 
km long. The attenuation will therefore be ne- 
glected. The square of the wave refractive index for 
the ordinary mode, as defined by Booker, is then 
given from the Appleton-Hartree equation as: 


pe =1— 
] 


tol 


Y3,sin* 6 
4 cos? 6 (1— X)? 


— ie xX 
YY? sin* 6 


~ 21 a } H COS 6 [ 


(1) 













where 
— 
X — #2 
Y, _Ja, 
gan 
i 
6=angle between the wave normal and magnetic 
field, 
f=wave frequency, 
fr= / _Ne —plasma frequency, 
ay 4r’ Méo 
poe 
ha= =gyrofrequency, 


2rm 
N=density of electrons, 
e=charge of the electron, 
m=mass of the electron, 
H=magnetic field strength, 
€o=permittivity of free space. 


If we assume that tan @ sin 0C<2 (X—1)/Yu, 
i.e., if we assume quasi-longitudinal propagation, 
then eq (1) is simplified to: 


xX 


ee. . 9 
1—Y,y cos 0 (2) 


p= 1— 


For most cases of interest in whistler propagation 
it can be assumed that the square of the refractive 
index is large compared to unity. Equation (2) can 
then be further simplified to: 


xX A 


4 ~Y, cos 0—1 Fifa cos 0— f) (3) 





The phase velocity is then 


ce ¢(Y, cos @—1)"? _e(cos @—))'”” 


—— Xv ~~ ine’ (4) 





where \=1/Yy=f/fg=normalized wave frequency. 
This relation defines the wave surface. 

Equation (4) shows that for a given value of i, the 
angle @ between the wave normal and the field direc- 
tion must be less than that given by cos 0,,.4,= for 
a propagating wave. The condition of validity of 
the quasi-longitudinal assumption at the maximum 
angle can easily be shown to be: 


Sa<2fo—f?). 


Assuming the wave refractive index is given by eq 
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(5) 








(3), then the group refractive index, from which we 
determine the group velocity, is: 


tnt Te 
M = G5 =a Gg cos Of) 





fof cos 0 


971? (fa cos 0—fy2 4) 





The error in the group velocity as derived from eq 
(3) instead of eq (2) is negligible at A=0, 0.75, and 
1.0. The Poon Pe error occurs at A=0.283 and j is 
approximately 


0.11 Real 0. 


; 


3. Behavior of the Ray 


The direction of the ray is the direction of construc- 7 
tive interference of phase fronts for infinitesimal 
If the diree- F 
tion of the ray with respect to the wave normal is a, [ 


changes in the wave normal direction. 


and @ is positive when the wave normal lies between 
the ray and the field direction, then a is given by 


1 Ou sin 6 


tan ass > OS SS 7) 
bh OO 2(cos 6—A) ( 
This relation has been shown by Bremmer [5], Storey 


|1], and others. 


The total angle between the ray direction and the 
A sketch of (6+ a) as a function of 67 


field is 06+ a. 
and parametric in \ is shown in figure 1. 
The diagonal line represents the ray direction when 


the wave normal is at its. maximum value. The 
greatest negative value of (8+ a) is given by 
|0+-@|maz=Sin~! d (8) 


(6+aQ) 





























30° 





90° 









Fiaure 1. The ray direction as a function of the wave dircclion 
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The greatest positive value of (+a) is determined by 
setting 








o(0+a) _ 
06 
0(@+a) sin 6 
o0 =1+3 — + 2 (cos 0—A) 
— the a 
_3 cos 8—6A cos O+ aX 1_o. (9) 
2 (cos 6—A)?+sin? 0 
Solving eq (7) for cos 6, we find 
__)2)1/2 
cos e=41 =a i (10) 


The maximum positive value is then easily shown 
to be 


[( —n?) 12 y/ BA)3/? 


~ 93/2) d2)3/4 


tan (6+ a)max= aE 








(11) 


The maximum ray direction for any given normalized 
frequency is given by the larger of the values deter- 
mined from eqs (8) and (11). Figure 2 shows the 
results graphically. 





@ + al max 














Figure 2. Maximum possible ray direction as a function of d. 


The minimum ray cone of 11° occurs at A=0.189. 


The alue at A=0 is found to be 19°29’ in accordance 
with Storey. The half beamwidth lies between these 
two \alues for all \ between 0 and 0.33. 


Tie group ray refractive index is given by M’=y’ 


cos The group ray velocity is the velocity of 
prop: zation of a point on a wave packet limited in 
both iength and width where the phase is stationary 


with espect to independent variations of both fre- 
que!-y and wave normal direction. From eq (6), 
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we can obtain 








; X1/2y1/2 
alse rn \3?2 Berm (12) 
2(1- ‘os 6)? 
( cos 3) (cos 6) 
and from eq (7) we can obtain 
(ad) 
cos 6 , 
cos a= =—_____-__——. =; (13) 
2 it iat 
[tan +4 (1 a5) | 
Combining (12) and (13), we obtain 
' AM)? 
M’= ~ 201—r ha d)3/? 5 B(8, \)=u1'® (0,A) (14) 
where 
1—d)*2 
a i (cos 6— )' (15) 
tan? 6(cos 6—d) +— : 


[i | 


and w,’=group ray refractive index of a longitudinal 
wave. The factor & is plotted in figure 3 as a func- 
tion of 6, with \ as a parameter. The curves show 
to what extent the group ray refractive index is inde- 
pendent of wave normal direction. 


cos? 6 
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Figure 3. Correction factor ® as a function of wave normal 


direction, with \ as a parameter. 





4. Conclusion 


The spread of allowable ray angles approaches 
19°29’ as the normalized frequency A=//fx tends 
toward zero. The limiting cone reaches a minimum 
of 11° at about one-fifth of the gyrofrequency, then 
rapidly increases with increasing frequency. The 
energy near and above the nose frequency of whistlers 
(A~0.25) would then be expected to diverge consid- 
erably in the outer ionosphere unless an additional 
confining mechanism is postulated. 

Furthermore, the group ray refractive index may 
depart markedly from the longitudinal value. Even 
for wave-normal : angles less than one-half the limiting 
angle the correction factor may exceed unity by more 
than 10 percent. Evidence for the spread in group 
ray refractive index should be found in the time delay 
spreading of received whistlers. Since this spread is 
observed to be less than 1 percent in most nose 
whistler traces, a mechanism for confining the wave 
normal angles to small values is indicated. Such a 


mec -hanism might be enhanced columns of ionization 
alined along the magnetic field as discussed by Helli- 
well [3] and Smith et al. [6]. 
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Sagdeyev and Shafranov have shown that the absorption of microwaves in a hot 
plasma in a steady magnetic field can be calculated in simple closed form with the help of 
the Boltzmann equation, provided that the effect of collision can be ignored. 

The present paper is restricted to the special case of propagation of circularly polarized 
waves parallel to the magnetic field, and the extraordinary ray, in magneto-ionie termi- 
nology, is given special attention. It is shown that the formula given by Sagdeyev and 
Shafranov for this case can be deduced by considering the motions of individual electrons 
by elementary dynamical methods, using the concepts of Doppler shift and velocity distri- 
bution functions to obtain a macroscopic conductivity formula for a high-temperature 
plasma. From this, the absorption is easily calculated. 

It is emphasized that the calculation in no way depends upon the assumption of a 
Maxwellian velocity distribution function. The absorption can in fact be obtained in 
closed form for any arbitrary velocity distribution function. 

This suggests that a diagnostic technique for the determination of velocity distribution 
could be based on measurements of absorption of the extraordinary ray, and the potential- 


ities and limitations of this proposal are briefly discussed. 


1. Introduction 


Sagdeyev and Shafranov? have shown that the 
absorption of microwave energy in a hot plasma can 
be calculated in simple closed form from the Boltz- 
mann equation provided that the effect of collisions 
can be ignored. 

In the present paper, the same formula is obtained 
from a simple dynamical-collisional argument, and 
it is shown that if the collision frequency is small in 
comparison with the Doppler frequency shift due to 
thermal motions of the electrons, the value of the 
collision frequency has only a second-order effect on 
the absorption coefficient. Furthermore, the results 
of Suagdeyev and Shafranov are extended to cover 
the case of an arbitrary, rather than a Maxwellian, 
Velocity distribution function, and a microwave 
diagnostic technique for determining the distribution 
functions in low density hot plasmas is proposed. 


2. Equations of Motion 


In these equations, the effect of the radiofrequency 
magnetic field will be ignored. The electric field is 
assunied in the first instance to have the form 


7 


E,= Ey sin wt 


(1) 
E,= Ey cos wt 
,, Con: ibution from Microwave Laboratory, W. W. Hansen Laboratories of 
Physics. Stanford University, Stanford, Calif., while author was on leave from 
the Dep irtment of Electrical Engineering, The University of Sheffield, Sheffield, 
Englat The research reported in this paper was sponsored by the Air Force 
Cambri ve Research Center, Air Research and Development Command, 
Bedfor; Mass., 1959. 
_*Sagd yey and Shafranov, Absorption of high-frequency electromagnetic 
field ene zy in the high-temperature plasma. Proceedings of the Second Inter- 
Nationa. Conference on Peaceful Uses of Atomic Energy, Geneva, September 
1958. 1° per P/2215. 





It is also assumed that there is a constant mag- 
netic field along the z-axis of value By). If the 
strength of this field is expressed in terms of the 
cyclotron frequency for electrons w,=eB)/m, the 
equations of motion can be written 
dv, eB. | } 

—- = — — SIN wl Fa,by 
dt m 


or Ey cos wt +w,’; 
at m J 
The upper sign corresponds to a magnetic field di- 
rected along the positive z-axis. Looking in this 
direction, the electric vector described by (1) rotates 
anticlockwise. The natural direction of rotation of 
electrons in this magnetic field is clockwise. Thus 
if (1) described the electric field of a circularly polar- 
ized wave traveling along the z-axis in the positive 
direction, the upper sign will correspond to the 
ordinary ray, and the lower sign to the extraordinary 
ray, in ionosphere theory terminology. 

The extraordinary ray is the case of interest heie, 
for this wave can be heavily absorbed by synchronous 
acceleration of the electrons by a_cyclotron-type 
mechanism. In what follows, the lower sign will 
be taken. To use the equations for the ordinary 
ray, it is only necessary to change the sign of we. 

From eq (2) we find 
d’v, ) 


dt? 


ek 
+w2r,=— a (w+w,) cos wt 


Do 0 I A 
d PY A 62 — +“ (w +u,) sin wt 
dt? m J 
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3. Collisions and Boundary Conditions 


For our present purpose the details of the collision 
process are not important, since it will emerge that 
the collision frequency does not enter into the final 
formula for absorption. 

We shall assume that an electron is brought to 
rest at each collision. Thus, for an electron which 
makes a collision at time t’, its motion until the next 
collision takes place can be found by solving the 
eq (3) subject to the conditions 


ee ee (, 
Uy _ _ ef 
dt 


dv, _ ey 
dt = =m 


Sli wt’ 


cos wt’ 





d 


The last two formulas follow by substituting the 
first in (2). The solution of (3) appropriate to the 
boundary conditions (4) is given by 


E ; 
v,=— vi [cos wt—cos{ w,t-+ (w—w,)t’ }] (5) 
m(w— w,) ; 


ek , a ry : 
— fsinwt—sin {wt+(w—w,)t’}].  ( 
ce ope [sin wf — sin {w,t+-(w—w,)t’}]. (6) 


Equations (5) and (6) can be expressed more com- 
pactly thus 


= ek, 
Vr— JUy=- 


jot 
—— é _ 
m(w—w,) 


gil edt w—w,)t" | a (7) 


Equation (7) gives the x and y components of 
velocity at time ¢ of an electron which was at rest 
at time t’. 

Assuming that n, the number of electrons per 
unit volume, is sufficiently large, we can assume 
that, on the average, at any time ¢ the number of 
electrons per unit volume whose most recent collision 
occurred between t’ and t’+dt’ is given by 


dn=nve~*"-*” dt’. (8) 


Using this formula, which in fact defines the collision 
frequency v, we can calculate the current density 
at any time ¢t. The contribution to J, from the 
electrons whose most recent collision was in the 
interval ¢t’ to t’+dt’ is dJ,=—nev,dn, where v; is 
given by (5). Hence, using (7), we find 


a nve? EH, 
m(w—w,) 


[efat—ei{ ott lo~ ae)’ fi g—vlt—t") Ge’, (9) 


J,—jd,= 


Carrying out the integrations in (9) and separating 
the real and imaginary parts, we find 
J _ ny [vy sin wt—(w—w,) cos wt 
- v’+(w—w,)” 





(10) 








ne?) [? cos wt-+ (w—w,) sin “) 
J = ; 


m V+ (w—we)? 
4. Effect of Velocity Distribution 


So far, the formulas we have derived are familiar 
in magneto-ionic theory. We now consider the effect 
of thermal velocities of the electrons. If the electric 
field we have been discussing is associated with a 
wave of frequency w traveling in the direction of 
increasing 2, with phase constant 8, then an electron 
traveling in the same direction with velocity v, will 
be subjected to a field of angular frequency 

— Bv,=w say. 

If dno electrons/unit volume have a z-component 
of velocity between v, and v,+dv,, and if the velocity 
distribution is Maxwellian, we have 


2 2/97 
e mv? /2 dv, 


m 1/ 
du= No (sar) ( 12) 


Equations (10) and (11) can be used to calculate 
the contribution to the current density components 
J, and J, in a frame of reference traveling with the 
electrons, i.e., with velocity v, along the original 
z-axis, if we substitute dny for n, and interpret o as 


—Bv,. .Thus 


noe? Ey ( —m y’ , P — mv? /2kT 
m \2rkT 
y sin ll w,) cos wt 
k P— (oe dv, (13) 


Transforming this contribution to the current back 
to the original frame of reference does not affect its 
amplitude but restores the frequency to the original 
value w. Thus, summing all such contributions 


1/2 
f« —me?/2kT 


v sin wot — (w— we) COS wot a 
v+ (w—w,)? ; 


iJ,.= 


Noe? a m 


d= m az T 


Similarly, 


J a | m y" j 
' m \2ekT] J_ 


v COS wot + (w— w,) sin Wot dv, . (15) 
P+ (w— “we)? . 


Note that parts of J, and J, which are in phase 
with the electric field components FE, and £, ar 
equal, and correspond to a transverse conductivity 
o; given by 


poe 
o Noe (545 em?) 2k T 
em ee r 


=" ° 


~ mo? /2kT 
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Similarly, the transverse permittivity e, is 
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a +e 
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locity has not been considered, since the absorption 
phenomenon is not affected by ‘this process. We do 
not need to have detailed knowledge of v, for each 
electron, we only need to know the number of elec- 
trons in any given small range of velocities. 









5. Wave Propagation in a Hot Plasma 





is large * and the collision frequency small, so that 








(18) 






In this case the bracketed factor in the integrand of 
(16) is small unless v, is such that 


Bo. 


Within this small range of values of v, the ex- 
ponential factor can be given the value corresponding 
to v,=(w)—w,)/B, and taken outside the integral 
sign. It is then a simple matter to evaluate the 
' integral, and the resulting formula for the conduc- 
4 _ TN? 

i ail 


tivity is 
\ 1/2 F 
— J m - ea MKT [(wo- 0 )/B1” 
Bm \2rkT , 


If the conductivity is small, the absorption coeffi- 







(19) 





Wy—W.— 








(20) 







) cient « can be calculated very simply from the 
) formula 

; QoL a ; 

i = 5 — =5—s: (21) 
q ¥¢ Qwe , 2weyp” 





| where @ and 8 are the attenuation and phase con- 
) stants respectively, and p is the real part of the 
refractive index. If, in accordance with Sagdeyev 

> and Shafranov, we define », by the equation 















2k r 
4 m 
} we find 
oe: 2 / \2 
VT C Ws Cc’ fap—We\’ 
— 5 . oe - 2 3 exp ae SE ee 
2 vi wip vp Wo 
Here », is the plasma frequency (w,2=ne?/me), and 
# al. w, are the frequency of the wave and the 
4 electr 1 cyclotron frequency respectively. 
| Th formula agrees exactly with the result of 
Sagdevevy and Shafranov, as stated in eq (13) of 
their sper (see footnote 2). 
Th caleulation of €, from (17) is carried out in 
Pi Sinc is is the only temperature invelved, we use T for Ti, the effective 
fed an « associated with thermal motion of electrons parallel to the magnetic 









The effect of collisions on the v, component of ve- 


We assume now that the plasma temperature 7 
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the appendix. When this is done, we find 


_2¢ ws eo lei woo— —we)wo]? = (2) 
Vv) wap © v Pp 


it 
\3 
Wo op 
Wp 


This also agrees with the form given by Sagdeyev 
and Shafranov, although their result is expressed in 
terms of an error integral. (The lower limit of this 
integral, which is missing, is presumably zero.) 
There is also an error in the sign of the second term 
in their formula. 


dia 


ieee 


2 
3 unps (24) 


6. A Microwave Diagnostic Technique for 
Determining the Electron Velocity Distri- 
bution in a Hot Plasma 


It is easy to see that the method employed for 
integrating (16) does not depend in any way on the 
velocity distribution. This need not be Maxwellian, 
but can be quite arbitrary. 

Let the velocity distribution parallel to the mag- 
netic field be defined by formulas 


e+ 0 : 
I( 


—-o@ 


dny=Nof (v,)dv,; | v,)dv,= (25) 


in place of the Maxwellian distribution formula eq 
(12). 

We find for the conductivity of the plasma the 
very simple expression 


‘ =tee 5 (2 :). 
as Bm : 


The attenuation coefficient can be written 


Nof (25*). 


Thus the distribution function can be expressed in 
terms of experimentally observable quantities as 
ape 


follows 
- (Mo i 2 
Nof ( B rer ‘uy wp (26) 


_me*py Wo 
2m #8 


we 2m_ 


If the right-hand side of (26) is plotted as a function 
of (w—w,)/8, the electron velocity distribution par- 
allel to the magnetic field is obtained. The area 
under this curve will give the electron density. In 
practical applications, the distribution function may 
depend on z. If this is the case, the total attenuation 


measured is approximately Jadz along the transmis- 


e 
sion path, provided that the rate of change of 
attenuation per wavelength of path is not too great. 
Thus from the total attenuation we can determine, 
using (26), the average distribution function, the 
average being taken along the microwave path. 

















7. Wave Propagation in a Cold Plasma 


Formulas for o, and e, in a cold plasma, in which 
v>BykT/m, are easily obtained from (16) and (17) 
if the collision frequency can be assumed independent 
of v,. The familiar magneto-ionic theory formulas 
are obtained: 








ne v } 
“mn FF (yo) 
(27) 
4%. _ ao“ Wo) 
€o Eom Vv 2+ (wy— w,)? 


Note that if »v >(w)— 


w,), o, iS proportional to 1/y, 
whilst if vx<(wp— 


w,), 1 1S proportional to v. 


8. Discussion 


The purpose of this section is to contrast the be- 
havior of the conductivity of hot and cold plasmas 
with respect to variation of collision frequency. 

Consider first the cold plasma conductivity as 
described by (27). For a large collision frequency, 
the conductivity is proportional to 1/v._ The physical 
meaning is clear. It is easy to show from (7) that 
an electron starting from rest at time t=0 acquires 
in time ¢ a kinetic energy given by 


yen “(CEY] 


to 


(28) 

w— “We 

2 
assuming that no collisions take place. Differenti- 
ating, we find 

dw x ag OF sin (w— we)t (28) 
és at 2Ou 

dtm (w—w,) 


If the collision]frequency » is large, in comparison 
with (w—w,), the time interval ¢, during which the 
gain in kinetic energy described by (28a) can take 
place before the process is interrupted by another 


collision, is small, and (w—w,) tX1. Hence, (28a) 
can be replaced by 
y (22 
dW_@EG (29) 
dt m 


The average rate of absorption per electron is given 
by 

aw @E? 1 

sg =e (30) 

dt m v 

Thus the physical significance of the inverse varia- 

tion of conductivity ‘with collision frequency, when 

the collision frequency is large in comparison with 
the frequency difference, w)»—w, becomes cleat 
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When the collision frequency is small in comparison 
with (w»—,), the amplitude of oscillation, and hence 
the mean kinetic energy acquired by the electrons, 
is not limited by collisions, but by the lack of syn- 
chronism between the frequency of the alter nating 
force by the wave and the natural frequency al 
gyration of the electrons. If w)>w,, the amplitude 
of oscillation is limited mainly by electron inertia, 
while if WK We, it is limited by the obstructing effect 
of the magnetic field. If (28) is averaged over the 
long time which elapsed between collision, we find 


eK} 


~ m(w—a,)? 


V 





If it is assumed that, on the average, this energy, 
or a definite fraction of it, is given up by an electron 
at each collision, the average rate of absorption of 
energy per electron is given by 
eK 


m (wy—w,)” 


wW= 


“Vy (31) 


and is clearly directly proportional to v, the collision 
frequency. Thus the reason for the variation of 









conductivity with collision frequency predicted by 
(27) is clear, and the physical mechanism by whieh 
the energy is absorbed has been exhibited. Energy 
extracted from the wave appears first as kinetic 
energy of the electron, and is then transferred to 
molecules or ions of the gas by collisions. This 
absorption process is called collisional absorption, ant 
as we have seen, depends strongly on the collision 
frequency. 

In direct contrast to this situation, the absorption 
by a “hot” plasma, in which »<8,k7/m, is inde- 
pendent of v to first order, as eq (20) shows. The 
reason for this is that in a hot plasma, the effective 








frequency seen by an electron depends on its veloc- 
ity in the direction of the propagation of the wave, 
due to the Doppler shift. Since the electron veloc- 
ties vary widely in a hot plasma, a wide range of 
effective frequencies exists, and the hot conductivity 
is essentially an average of the cold conductivity 
over all frequencies. That this is independent 4 y 
can be easily seen using (27) 


Naina ne? (+ v 
a da=— or 5 dw 
\ mJ. v+(w—e,) 


ne* jens y wne™ 
= —— > dw, = : 
m vtw? m 





(32) 


Provided that vy is small enough, the integrand !s 
very small except when (@—@,)~v, so that a very 
small range of effective frequencies (and electron 
velocities) ‘contributes significantly to the absorption. 


Provided that the plasma temperature is high 
enough, the variation of the distribution function] 


over this small range of significant electron velocities 
may be neglected, ‘and the distribution function cal! 
be regarded as constant as was done in obteining 
eq (20) ‘ 
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Further, if » depends on v,, the analysis is still 
valicl, provided that the dependence is not strong 
in the small range of significant velocities. 

The case of no collisions at all can be regarded as 
the limiting case v0; the “cold conductivity” 
term in the “integrand of (16) then has the character 
of a delta function, and eq (10) is exact. 

Thus, the agreement of our analysis with that of 
sagdevev and Shafranov is to be expected, in spite 
of the fact that in their treatment it was assumed ab 
initio that no collisions occurred, whereas the 
present analysis necessarily involves the considera- 
tion of collisions. 


9. Conclusions 


Summarizing, the present analysis has shown: 

(a) That in the absorption of microwaves by a hot 
plasma in a magnetic field, collisions have a second- 
order effect only; 

(b) That the results of Sagdeyev and Shafranov, 
obtained by solving the Boltzmann equations for 
thedistribution functions by a perturbation technique, 
neglecting collisions at the outset, can be obtained by 
idirect ballistic analysis of the motion of individual 
dectrons; 

That the assumption of a Maxwellian velocity 
listribution function made by Sagdeyev and 
Shafranov is not necessary to the analysis, and that 
i closed-form solution for conductivity can be 
obtained for any arbitrary distribution function: 

(1) That a study of the variation with frequency of 
ihe attenuation and phase constant of a circularly 
polarized electromagnetic wave in an ionized plasma 
ina nagnetic field can in principle yield the velocity 
listribution function for the thermal motion of 
dectrons parallel to the magnetic field lines. There 
ay be considerable difficulty in applying this 
technique in some cases. For example, the extra- 
dinary ray only must be employed, and a high 
iegree of discrimination against the ala ray in 
the launching and/or receiving antennas will be 
iecessary if errors due to the ordinary ray, which is 
ittenuated much less strongly, are to be negligible. 
\ko diffraction effects will’ be serious exe ept at 
MKrOW ave frequencies, so that the method can only 
v applied in the simple form suggested here if the 
iugnetie field strength is of the order of 3,000 gauss 
more, so that the cyclotron frequency falls in the 
wierow ave-frequency band. 

As an alternative to attempting to eliminate the 
itlinary ray entirely, one could start with a linearly 
wlarized wave and measure the ellipticity of the 
weived signal. This would have some practical 
vantages, and the necessary theory could be 
leve loped very simply from the equations given here. 

A nore serious limitation arises when the order of 
wgnitude of the attenuation at resonance is esti- 
uted. For n=10" electrons/em? T=10° °K, and 
'=1),000 Me/s, the attenuation coefficient at 
‘dotron resonance has a value of about 100 db/em 
the attenuation length is about 1 mm. For 
iensities of 10° electrons/cm? under the same con- 
litious, however, the attenuation coefficient is about 
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0.1 db/em, and for such a low density plasma the 
method might be feasible. 

It should be noted that the effect of the radio- 
frequency magnetic field has not been considered in 
the present analysis. While this seems unlikely to 
lead to serious errors at electron temperatures of a 
million degrees or so, these effects might be ap- 
preciable for temperatures of the order of a hundred 
million degrees, when the electron velocity is only 
one order of magnitude less than the velocity of 
light. 

No comparison has been made with the more 
elaborate theory of Drummond‘, which starts from 
the Boltzmann equation but retains the collision 
term, for which a suitable approximation is later 
introduced. It would be very desirable to make 
such a comparison, which would probably shed 
further light on the significance of collisions in a 
practical situation. 


10. Appendix 


We have to evaluate 





- 2 (wy—w.— Bz) 
= me. /2kT i a a 
r x P+ (wH—o.— Bb.) ~ (1) 
Let j= V m/2kT v; : “= V m/2kT | (wo—,)/B]. Let us 
also put v=0. We get 
“dt 
Sasee 9 
i=5) 4 to—t @) 
Now put z=t—t. 
1 (+2 er ett)? 
[=—- | lz (3 
ee 


Because of the singularity at 20, we interpret J in 


the following way 
ao WO ies dz ey. 
+e 5 


a "=e oe 
‘0 lim | e7* 
«0 —o 


Replacing z by —z in the first integral, and com- 
bining the two integrals gives 


— Bl=e- 


I rh eae acta 
4 et — sinh 2tz dz. (4) 
This integral is easily evaluated by expanding 


sinh 2¢z2 and integrating term by term. This leads to 


the result given in eq (24). 





This work was done during a period spent at the 
Microwave Laboratory, Stanford University, and 
the author expresses his gratitude for this _ 
tunity. He is particularly indebted to Dr. G. S. 
Kino and Dr. P. Sturrock for helpful discussions. 


4J, E. Drummond, Basic microwave properties of hot magnetoplasma, Phys. 
Rev. 110 (April 15, 1958). 
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JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
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On Electromagnetic Radiation in Magneto- 
Ionic Media’ 
Herwig Kogelnik 


(January 12, 1960; revised April 5, 1960) 


A method of treating radiation problems in magneto-ionie (anisotropic) media is 
presented. A “wave matrix’’ is defined, the zeros of whose determinant are the propagation 
constants of the ordinary and the extraordinary plane waves. A derivation of the dyadic 
Green’s function for the unbounded medium is given, which is also based on this matrix. 
A formula is arrived at, which gives the power radiated by any distribution of alternating 
current in terms of the wave matrix and the spatial Fourier transforms of the currents. 
The method is illustrated by a discussion of the power radiated by an elementary dipole. 


1. Introduction 


An ionized gas in a permanent magnetic field is an anisotropic dielectric medium. Two 
well known examples are the ionosphere and the plasma investigated in controlled thermo- 
nuclear fusion research. We shall call this medium a ‘‘magneto-ionic medium,” but other 
names, like ‘‘magneto-plasma,” are also used in the literature. 

The dielectric properties of a magneto-ionic medium can be described by a dielectric 
permittivity tensor [1,2,3,4]? and the propagation of plane electromagnetic waves in such a 
medium has been subject to many investigations [3, 5]. The purpose of this paper is to present 
a general treatment of electromagnetic radiation in magneto-ionic media. (The radiation 
properties of antennas and moving charged particles are, of course, modified by the anisotropic 
properties of the surrounding medium.) The method proposed avoids the introduction of 
vector potentials, Hertz vectors, anisotropic potentials, and the like. The computation of 
the fields excited by a known distribution of oscillating current will be reduced to elementary 
matrix operations and the evaluation of integrals. We are particularly interested in the 
(complex) power radiated by a current distribution and shall illustrate the method by discussing 
in detail the power radiated by an elementary dipole. 

We would also like to direct the reader’s attention to other published methods [6, 7, 8, 9, 10, 
11, 12], most of which have been applied to special radiation problems, like Cerenkov Radiation, 
in Magneto-ionic media. 


2. Background 


To simplify the analysis, we assume the medium to be homogeneous, of infinite extension, 
ind nonmagnetic (#re1=1). All a-e quantities shall be described by their complex amplitude. 
If the factor exp (jwf) is dropped and MKS units are used, Maxwell’s equations take the form 


Vx E=—jwy oH (1a) 
VX H=jweeE+ J, (1b) 


1 Contribution from Engineering Laboratory, 19 Parks Road, Oxford, England. 
2 Figures in brackets indicate the literature references at the end of this paper. 
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where J is the external current density—as produced by antennas or moving charged particles— 
which we assume to be known. The usual matrix formalism is used, and vectors are regarded 


as column matrices. The permittivity tensor is represented by the matrix €, whose components 


are in general complex numbers, to include conducting (i.e., lossy) media. For most applica- 
tions a matrix é of the simple form 


€; — je. 0 
e= Je €) 0 (2) 
0 0 €3 


can be used (see e.g., |2,3]). Here the z-axis of the coordinate system is orientated in the direction 

of the applied permanent magnetic field. It can occur, however, that more complicated 

matrices have to be used, in order to describe the medium’s physical behavior correctly [4]. 
We now rewrite eq (la) 


H=/vxE (3) 


Wie 


and eliminate the a-c magnetic field H from eq (1b) to obtain the wave equation 
4 w*, . 
(vv—ai ss ¢ )E=— jad) (4) 


where 1 is the unit matrix, A=V? the Laplacian operator, and the dyade VV is standing for a 
matrix, whose elements are the differential operators 0?/Ox,;0z;. We have to solve this wave 
equation to obtain the amplitudes E (r) of the a-c electric field in every point of space produced 
by a given distribution of current. The solutions shall satisfy the condition that at great 
distances from the sources the fields represent divergent traveling waves. 


3. Plane Waves 


A set of simple solutions of the homogeneous wave equation (J=0) describe plane electro- 
magnetic waves, which we propose to discuss in this chapter. The planes of equal phase are 
specified by the wave normal 

n= (1, N2, N3) 
whose components are the direction cosines 
N,=sin a Cos B, 
No=sin a sin B, 
N3=COS a. 


Let r=(2,y,2)=(2, #2, 43) be the radius vector, drawn from the origin to any point in space, 
then 

nyr+noy+n3z=n-r=const (5) 
is the equation of a plane, and the amplitude of a plane wave with the wave normal n will vary 
as 


E(r)=E, e~""*. (6) 


With k being any complex number, it is convenient to define the vector 


k=kn. 
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We note that 


) ; , 
_ e7 Ik — —jkie —ik-r, 
t 


and, operating the matrices of the wave equation on the same exponential 


(ve —ai-*, é ) e~ik-t=—} (k)e7 ik, (8) 
we get the “wave matrix” 
h=kk—k?1+22€., (9) 


Here is introduced the propagation constant of electromagnetic waves in vacuum 


The electric field of eq (6) has to satisfy the homogeneous wave equation. Using eq (8) and 
dropping the exponential, this condition can be written 


d (k) E,=0. (10) 
As we look for nonvanishing fields, this condition can only be fulfilled if 
det \(k)=0. (11) 


Yquation (11) determines the propagation constants of possible plane waves with given wave 
normal n. 
If é has the form as in eq (2), an elementary computation shows that 


det \ (k) =/2(e; sin? a+; cos? a) (k?—k?) (k°—k71), (12) 
with 
j2 ee —i—®) sin? a+ €,€3(1+ cos? a) + (ej —e}—€,€3)” sin’ a+ 4€3e2 Cos? a (13) 
1,11/Ko= F 2 : 2) : aa > 
bs 2(€, sin* a+e; CcOs* a) 
These relations show that in a magneto-ionic medium, as is well known, two types of 
4 a ” ” rt’ ss (a4 ° ” 
plane waves are possible for a given wave normal. They are called the “ordinary” and the 
“extraordinary” wave, and their (complex) propagation constants are k,; and k;; respectively, 
whose values depend on the angle @ between wave normal and permanent mag- 
netic field. The quantities k;,;;/ky are known as the ‘‘refractive indices” of the corresponding 
Waves. 


4. Dyadic Green's Function 


In this chapter we propose to present a solution of the wave eq (4) for any known current- 
distribution J(r) (confined to a finite region of space). Because of the linearity of Maxwell’s 
‘quations there must be a linear relation between the components of a current e/ement and the 
components of the electric field produced by the latter at a point r. We can, therefore write 
for the electric field E(r) produced by the entire distribution J(r’) 


A 
E(r) = |aeGeer I(r"), (14) 
ices 
. fre " 
vhere far’ stands for [{ fae dy’ dz’. The matrix @ is called ‘‘dyadie Green’s function.” 
t has proved a powerful tool in treating other problems of electrodynamics and is well known 
ran unbounded isotropic medium [13, 14]. In the following we shall derive G@ for an un- 


ounded anistropie medium. An alternative derivation has been described by Bunkin {6}. 
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We use the following identities holding for Dirac’s 6-function 


[se we—2 te =$@ (15) 
8(2)=5- { a e "dk, (16) 


and the abbreviation 
8(r) =8(2)8(y)8(2). 


Because of eq (15) the electric field E of eq (14) satisfies the wave equation if G satisfies 


(vy—Al—Kie)G(t,r’) = —joouyld(r—r’). (17) 


, 


We note that VV and A operate on the variables r only and not on r’, and we have to assume 


that the interchange of these two operators with the integration f de’ is permitted. 


A 
To find a suitable matrix G we multiply eq (8) by the inverse of the wave matrix from the 
right to get 


(VV—A1l—kie) \—1e- 7 = — Teer, (18) 


We can do this for all real k,, k2, and k3, if we assume the medium to be at least slightly lossy. 
Then, the zeros of det d (kK), kj, and k},, will have imaginary parts (i.e., plane waves are atten- 
uated). But as shown later the results are also valid for lossless media. 


+0 
We finally multiply eq (18) by e* and perform the integrations { dk—[ ff ak dkz dkz to 
find that the matrix 


A JWLUo A ; 
Ga | dky~le- ee) 19 
Sx (19) 
satisfies eq (17). We have thus found the dyadic Green’s function for the unbounded anisotropic 
medium. ‘To this solution, of course, we can add any solution of the homogeneous wave equa- 
tion, if required by the behavior of the fields “‘at infinity.”” It can be shown, however, that the 
result given in eq (18) satisfies the required condition that no incoming waves shall occur. 
The inverse of can be computed by using Cramer’s rule 
% A 


— 


-_ - 
det 





(20) 


. id . . . A . . . . . . 
where the matrix A is the ‘‘adjoint”’ of }. For a magneto-ionic medium with a dielectric tensor, 
as in eq (2), we find 


A(k) =k'n n—I3L+-I48, (21) 
where Ff is the adjoint of é 
€1€3, Jéo€z3, O 
=| —jexes,  c:¢, 0 (22) 
0 0 ej—€ 
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€,(ni+n§) + €3(nj+n4); Jea(N§+-N3) + €gM4N; €:MN3+ JEMNNs 

A 

L=| —Jeo(ni-+n§) + €gnyno; €,(nj-+-n3) + €3(n§+-73); €1NQNg— JEM Ng (23) 
€(M4Ng— JEMN2N3; €NMNg+ JEM Ns; e,(1+73) 


The equivalence of G and Bunkin’s Green’s function can be shown by using eq (7) to replace 
each k, in A by the operation 70/dz; and interchanging the latter with the integration { dk. 


In this chapter the problem of finding the fields, produced by a known distribution of cur- 
rent, has been reduced to the problem of evaluating integrals. The methods of integration will 
have to be adapted to the particular problem. For example, the method of steepest descents has 
been employed to find the dipole fields at great distances [6]. 


5. Power Radiated by a Distribution of Current 


The mean complex power radiated by the current distribution J(r) is given by 
p=-4] dr J*+(r)-E(r), (24) 


where the row matrix J* is the Hermite conjugate of J. For some purposes it is convenient to 
rewrite this expression in terms of the wave matrix and the spatial Fourier transform J_ of the 
current density 


3(r)= {ak J, aie” (25) 
Using eqs (14), (19), and (25) we get 
p=—iete i dc dk’ dk” dr de’ J45-(k) J, eH eH kD (26) 


With the help of the relations (15) and (16) these 15 integrals can be reduced to 3, and we 
obtain the relatively useful formula 


Pin -<tgidhiong | dk Jt \-Jy: (27) 


One can, of course, rewrite eq (24) in this form almost immediately, if Parseval’s equation is 
used. 
An application of formula (27) is given in the next section. 4 


6. Power Radiated by an Elementary Dipole 


To simplify the problem, we assume here that the medium is lossless. Let an elementary 
clectrie dipole with moment p be placed at the origin of our coordinate system. The spatial 
‘istribution of current is then 

J(r)=jwps(r). (28) 


1 the calculation of many physical quantities, like the fields at great distances or the real 

power radiated, many current configurations J’(r), which are concentrated in an electrically 
nall region, can be considered equivalent to an elementary dipole (see e.g. [15]). The 
juivalent moment is given by 


gop= | drJ’ (r). (29) 
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interested in the real pewer, radiated by the dipole. 


P=5 p* Sp, 


where the components of the matrix 
a Jo : em | 
2=——, | dky 
81° . 


are measured in Qm~? (impedance units per unit area). 
into a Hermitian and an anti-Hermitian part 


Smee ek ae 
e=r+jr, 


numbers) thus separating real and reactive power. 


P.=5 p 7p. 


region contracts. 


eq (2). 


0 to 2x for 6, to cover all k-space. 
A~!, and eq (21) to rewrite 


_ FA® 
(P—K5) (kis) 


" hdp= 


v7 J 


i.* 
qT 
0: 


’ 
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Certain quantities, however, like the fields in the immediate neighborhood or the reactive 
power, depend very strongly on the dimensions of this region. 
In an anisotropic medium the power is 
expected to be different for different orientations and polarizations of the dipole. 

As we want to apply formula (27), we need the Fourier transform of J(r), which is 


Putting this into the formula, we see that the complex power can be written as a bilinear form 


that is to say, the matrices ? and ¢ are both Hermitian (?=7 
two matrices the bilinear form of eq (31) splits up into two Hermitian forms (which are real 
The real power P, is therefore given by 


—2je,sin*a; 2e,;sin’a4+-e3(1+ cos’a); 0 


We are, therefore, mainly 


(30) 


(31) 


(32) 
This complex matrix 2 can be split 


(33) 


p+, ¢=2+). With the help of these 


(34) 


The reactive power produced by a region filled with current increases without limit as the 
It has, therefore, no physical meaning for an elementary dipole. 
In the following we would like to sketch the steps of the computation of * for an € as in 


A 


That means, we have to pick the Hermitian part of 2, given by eq (32), which is 


possible after performing two steps of the integration of paki 


For this purpose we introduce polar coordinates in k-space, with the volume element 


dk=k? sin adk da dp. 


(34) 


We choose the intervals of integration from — @ to + @ for k, from 0 to z/2 for a, and from 
Equations (12) and (20) are used to substitute for 


kay 


ken nt (+k) mht pa eas Ak) ppg, han} oe 
I 


As k; and k;, are independent of 8, the integration with respect to this variable can be performed. 
A 


A 
As a result of this, we introduce two new matrices, N and M, 


sin’a 0) 0 
me (eae wie 
N= | nn dp= 0 sin*a 0 (36) 
T Jo : 
0 0 2 cos*a 
2e,sin’a+t e3(1-+cos*a); 27e,sin*a; 0 


0; 2€,(1+ cos*a) 
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We have postulated a lossless medium. Therefore, ¢,, 6, and ¢, have to be real numbers 
and the matrices M and N are Hermitian. k? and k?; are also real but k; and/or k;; can be real 
or imaginary (‘‘cut off’ plane wave) because negative values of ¢, and/or e, can occur in mag- 
neto-ionic media. 
+o 

The next step is to perform the integration dk. From (35) we notice that the two 
last terms of the integrands have poles if k; and ky, are real. Asa consequence of this, the values 
of the corresponding integrals are not uniquely determined. And it is here that we have to 
remember the medium is regarded as at least slightly lossy (see sec. 4). The poles are then 
removed from the path of integration, and, we obtain with the help of Cauchy’s formula and 


the residue concept 
re dk ua] 20 
a a (38) 
-@ “THT I 


where the sign of the root of k? has been chosen such that Im k; < 0 and Re k;> 0, and 
similarly for k;,. The result of the integration is now uniquely determined and can also be 
used for the lossless case. 
The first three terms of the integrand contribute to the anti-Hermitian part of 4 only, 
and can be dropped. Their integral does not exist (see remarks on reactive power). 
With w=cos a, the vacuum characteristic impedance Zo=~vVmoléo, and the vacuum wave 
length \,=27/k, we obtain finally 
io Se Zo (du Fo — 39) 
ah 25 Jo hele, + (es—e,) U2] (k} ki) wm 
where 
A , rm " AL at yo bog A. 
F’'=Herm{ (k}—ki,) N—ki (kt — ki 1) M+ 2 (ki ker) kSE}. 


A A A 


The symbol “Herm” stands for “Hermitian part of.” As N, M, and E are Hermitian, this 
simply means that all terms with an imaginary k; or ky have to be dropped. k; and ky, vary 
with w(=cos a) according to eq (13) and can be real for some regions of integration and imag- 
inary for others. The latter is the case for angles a between wave normal and permanent 
magnetic field where the corresponding plane wave is “cut-off? and cannot transmit power. 


A A A 
Because of the particular structure of N, W, and E the matrix ? has the form 


r= jr 0 
r= es r; 0 . (40) 
0 0 T's 


from which the power P,, radiated by dipoles of any orientation and polarization, can be 
computed. 

To discuss two special cases of polarization let us consider: 

(a) A linearly polarized dipole moment p, as produced by an oscillating charged particle 


or an electrically small linear antenna. In this case the terms with 7, cancel in the bilinear form 


nd the dependence of P, on the orientation of the dipole can be computed from 


(" 0 "a 
P,=< pt} 0 . 0 


r} 


i 0 i 


is 4 ‘ ° . . ° . ° —— = " 
hich gives, if plotted in a polar diagram, an ellipsoid of revolution for 1/yP,. For the special 
rientation perpendicular to the magnetic field the power radiated is 


DP; (41) 


9 


w~ ' 16 
2 | |2 
P.=5 nlP, 
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and for parallel orientation we find 


2 
Ww ‘ 
Pry= zy Pal Pil’ 
a 





(b) A circularly polarized moment, as produced by a charged particle on an electrically 
small circular orbit or two crossed linear antennas with a difference of 7/2 in phase. We 
propose to discuss two particular orientations only. The first is such that p,=0, and py= + 7p, 
(for left- or right-hand polarization respectively) where we obtain 











P,=o| pz|?(t1 £12) 





which is a characteristic result for magneto-ionic media. It shows that the two crossed 
antennas are “coupled” by the medium. The power they radiate is not the sum of the powers 
that each individual antenna would radiate, if the other one were not excited. 

The second orientation is one where p,=0 and p.=+jp;. Here the total power 
























== |pel*rtr) 


is equal to the sum of the powers that would be radiated by the individual antennas. 
The values of 7, 72, and 73 are determined by the corresponding integrals of eq (39), which 
have yet to be evaluated. For the special case of an isotropic medium (€,=0, €;=€;) 


5 2a Zo ao 
7o=0; 7) =lr3= 3 yz Veo=o 
e 11] . 











if e,=e,>0, and 7;=7.=73;=0 if €;=e3<.0, which is the case in an isotropic plasma at frequen- 
cies below the plasma frequency. If ¢,.=0 and €,, €;>0, which occurs in magneto-ionic media 
with a very high gyrofrequency or in an uniaxial crystal, the integration yields 


r)[ro= 4 (3+ €3/€1); 


r3/ro=1; ro=0. 

With the exception of these and a few other special cases, the integrals have to be evalu- 

ated numerically. Some plots of an evaluation of 7;/7) and 73/ro by means of an electronic com- 

puter can be found in [16]. ’ 
If the power radiated and the current distribution of an antenna is known, the radiation 

resistance (which is defined by them) can be easily computed. Take for example a short linear 
antenna of length 7 and with a constant distribution of current J, which is orientated perpen- 
dicular to the permanent magnetic field. It produces a moment with the components 

0,=I11/jw, py=p.=9, and its radiation resistance is R=/*r,. 
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Given the voltage distribution along the slot, expressions for the radiation pattern, 
input admittance, and the external efficiency of an insulated slotted-sphere antenna sur- 
rounded by a homogeneous, isotropic, strongly ionized sheath are obtained. 

At low frequencies the input impedance is proportional to the sum of the intrinsic 
impedance of the sheath and an equivalent inductance due to the insulating coating, the 
radiation pattern reduces to that of a small loop, while the external efficiency is the product 
of three factors arising because of the power dissipated in the sheath by higher order modes 
that contribute little to the radiation field, attenuation through the sheath of the modes that 
do radiate, and reflection loss of these modes at the outer surface of the sheath. 

Since the reflection loss decreases with increasing frequency while the attenuation 
increases, there exists an optimum frequency of operation. At this frequency, the ionized 
sheath has a thickness equal to two-and-one-half skin depths. 


1. Introduction 


In connection with the re-entry of a space vehicle 
into the earth’s atmosphere, a knowledge of the 
characteristics of a transmitting antenna in its pre- 
vailing environment is important in order to achieve 


ithe most effective design for efficient radiation. 


Particularly important is the behavior of an antenna 
in a strongly ionized medium. 

To study the behavior of such an antenna analyti- 
cally, it is natural to represent the vehicle, antenna, 
and surrounding mediums by means of simple geo- 
metric surfaces leading to mathematical expressions 
that can be handled readily. One such surface is the 
cylinder, which has been used by Wait to study a 
number of radiating structures including the dielec- 
tric-clad slotted-cylinder antenna radiating into free 
space [1].? 

The spherical surface also yields simple, tractable 
models for initial studies of the subject. The slotted- 


) sphere antenna radiating into free space has been 


treated by Mushiake and Webster [2]. 
lanl . . . . 
lhe model used in this paper is an insulated slotted- 


)sphere antenna surrounded by an homogeneous, 


uniforin, strongly ionized plasma sheath. Expres- 
sions for the input admittance and radiation charac- 


teristics of the antenna are derived. While the model 
adopte:! does not duplicate the shape of the space 
vehicle and the surrounding sheath, the analysis 
nevert! less sheds light on the physical processes 
involve: and provides approximate formulas for 
estima’ ng some quantities of interest. The assump- 
tion th: | the sheath is homogeneous is not a good one 
for thi physical situation under consideration, but 


—_——. 


'Contri ‘ion from Electromagnetic Research Ccrporation, Washington 5, 
D.C. Th :eseareh reported in this paper was supported by the Missile and 
Space Vel es Department of the General Electric Company under a Depart- 
ment of t) \ir Force contract. 

? Figur: brackets indicate the literature references at the end of this paper. 
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was made for the sake of mathematical simplicity 
and in the absence of information about the gradients 
existing in the sheath. 

The conditions existing in the sheath surrounding 
a space vehicle during re-entry are not well known at 
present. If one assumes, however, that a tempera- 
ture of 5,000° K, a particle density of 10% per cubic 
meter and an electron density N of 10 per cubic 
meter are representative [3], then simple calcula- 
tions [4] give a collision frequency »~ 10° per second 
and a plasma frequency wy~10" per second. The 
gyromagnetic frequency due to the earth’s magnetic 
field is roughly 27x 10° radians per second, which is 
much less than the value calculated for the collision 
frequency. Inspection of the usual formula for the 
index of refraction given in magneto-ionic theory [5] 
shows that the effect of the earth’s magnetic field on 
the values obtained for the index of refraction is 
very small in such cases. Consequently it will be 
assumed that the sheath can be regarded as an 
isotropic medium with an index of refraction given 
by n?1—(wy/w)?/(1—iv/w) where w is the radian 
frequency of the signal emitted by the antenna. 

If the transmitted frequency w/2r can be made 
sufficiently large, n reduces to unity and the operation 
of the antenna is not affected by the presence of the 
sheath. On the other hand, over a wide range of 
frequencies, both v/w and wy*/wy are much greater 
than unity and the index of refraction is given by 
N&wy?/iwv. In this case the medium behaves like a 
good conductor with a conductivity o=ewy"/y= 
9r<10-°N/vy. The treatment here is confined to 
this range of frequencies. i 

In the frequency range considered, then, it is to be 
expected that much of the power supplied to the 
antenna will be dissipated through ohmic losses in 
the conducting sheath. The electromagnetic field 
established by the spherical antenna can be decom- 










posed into the sum of spherical waves corresponding 
to various spherical modes. Because of the con- 
ductivity of the ionized sheath, these spherical 
waves are attenuated as they progress through the 
sheath. When the waves reach the outer boundary 
of the sheath, reflection takes place, and the ampli- 
tudes of the waves transmitted into free space are 
further reduced. 

It is important to compare the magnitudes of the 
effects of attenuation and reflection on the trans- 
mitted waves. The attenuation of all lower order 
modes is essentially equal to that of a plane wave 
propagating through a medium having the same 
electromagnetic properties as the sheath and the 
same thickness. Being exponential, it is the more 
significant loss over most of the frequency range 
under consideration. Measured in decibels, the 
attenuation is directly proportional to the square 
root of the transmitter frequency. It follows that 
attenuation loss is reduced by lowering the fre- 
quency, at least in the range in which the sheath acts 
like a good conductor. 

In contrast, reduction in amplitude of the trans- 
mitted waves due to poor transmission through the 
outer boundary of the sheath increases as the fre- 
quency is lowered. Eventually, then, an optimum 
frequency is reached which represents the best 
compromise between attenuation and reflection loss. 

In view of the necessity to operate at a fairly low 
frequency to minimize attenuation loss, it is logical 
to consider the case where the frequency is so low 
that the sphere is a small antenna, i.e., that it has a 
radius that is small compared to the free-space 
wavelength. In this case, simple expressions are 
obtained for the input impedance of the slot, the 
radiation pattern, the external efficiency of the 
antenna, and the optimum frequency of operation. 

In fact, for a small antenna, the reflection of a 
given mode at the outer boundary of the sheath 
increases strongly with the order of the mode, so 
that the radiation pattern is due only to the lowest 
order mode and is essentially the pattern of a small 
current loop. Since the higher order modes con- 
tribute little to the radiation field in this case, the 
expression obtained for the ratio of power radiated 
by the slot to that delivered to the slot turns out to 
be the product of three factors, one representing the 
ratio of power supplied to the lowest order mode to 
that supplied to all modes, the second representing 
attenuation of the lowest order mode in its passage 
through the sheath, and the third representing the 
transmission coefficient for the latter mode at the 
outer boundary of the sheath. 

In all cases it is necessary that the antenna be pro- 
vided with an insulating cover in the immediate 
vicinity of the feed in order that the assumed voltage 
or current distribution is realized and that conduc- 
tion losses in the ionized medium not be exorbitant. 
The case treated here is that of an insulating layer 
which covers the entire spherical surface. A cri- 
terion is established for the thickness of this insu- 
lating layer. . 
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2. Formulation of the Problem 





Consider a perfectly conducting sphere of radiys| 
a covered with a dielectric coating of outer radius }, 
which in turn is surrounded by an ionized sheath} 
of outer radius c. On the sphere, a narrow slot of 
length 2/ (measured along the surface of the sphere) 
and of width 2s is located with its center at @==r/2 
¢=0 and its ends at 6=2/2, ¢=+1/a as shown inf 
figure 1. 
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Ficure 1. Jnsulated slotted-sphere antenna. 
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The problem under consideration is to determin[ 
the exterior admittance of the slot, assuming thai} 
it is fed at the center, and to obtain the radiatioi 
field. j 
The outer medium is assumed to be free space} 
The electromagnetic properties of the dielectrif 
coating will be characterized by its permeabilityf) 
m, and its complex dielectric constant ¢«. Sincy 
the coating is assumed to have no conductivity, 
the complex dielectric constant is real and equilf 
to the ordinary dielectric constant, «=e. Thip 
properties of the ionized sheath are characterize} 
by the constants ww. and «&. In this case, howevely 
the medium has finite conductivity, and the complaf 
dielectric constant « is equal to e+ (c/w) wiiere ¢ 
is the equivalent dielectric constant and o thi 
equivalent conductivity of the ionized layer. Ti 
permeability, 2, of the ionized region is the sail 
as that of free space, uo. It has been assumed thal 
the ionized sheath acts like a good conductor. Thu 
o is large compared to we, so that 6 ~¢/iw. : 

Use will be made of the constants k-=oy# 
and n= vu/e’, ik being the complex prop: gati! 
constant and 7 the complex impedance of the m edit! 
to plane waves. In the dielectric and in free spat 
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boil: of these constants will be real, 
ionized sheath ky=Vwpoo e~ '*/4 
Rationalized MKS _ units 
et’ are employed. 

A formal solution of the exterior electromagnetic 
boundary value problem for a sphere has been given 
by Bailin and Silver [6]. Written below is a formal 
solution obtained using their procedure under the 
assumption that the impressed electric intensity 
E, (a, 0, ¢) on the surface of the sphere is an even 
function of @ (since the slot is fed at the center) 
and that the impressed electric intensity £4 (a, 0, ¢) 
is negligible. The functions employed differ from 
those used by Bailin and Silver, however, and the 
constants obtained differ by a common factor. 

Using the index \=1,2,3 to refer to the dielectric, 
the sheath, and free space, respectively, the formal 
solution for the electromagnetic field is 


while in the 
a in4/ 








and 2.~Vwpe/o € 
and a time variation 
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with 


1” =>" ae A®,ZE (Ieyr) Pm (cos #) cos md 


n=1 m= 
(2) 
A= => ae AH LE (kyr) p™ (cos 6) sin m@ 
n=1 m=0 
and 
AE. __ =. bo sae ) 
(1 +b om) (n+ 1) kyr ZE" (kya) 
‘oe om _ 
| | £4 (a,0,6) P72’ (cos 8) sin? 6 cos me¢dédp 
> (3) 


ee SE, eee ae 
(169m) (m+ 1) eon, Zi (heya) 
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mE» (a,0,6) P™ (cos 0) cos m¢dédd. 
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The superscripts FL and H refer to electric and 
magnetic type modes, respectively. The constant 
Som=1 if m=0; bom=0 if m¥0. The functions P= 
(cos 6) are normalized associated Legendre polyno- 
mials [7] while the radial functions Z** (kyr) and 
ZEX(kdr) are linear combinations of the functions 


ja(2)=V 2/2 Tnti2 (2) 
h® (2 )=yn2/2 HS "12 (2) 


h? (2)=Vx2/2 H2.172(2) 


(4) 


where Jngiy2(z), HO2(z) and H®1/2(z) are the 
usual Bessel and Hankel functions or order n+ 1/2 [8]. 

The voltage distribution across the slot is assumed 
to be known. Since the slot is fed at the center, the 
distribution is an even function of the azimuthal 
angle ¢, and can be expanded in a Fourier cosine 
seriles 


V@=2, V, cos pd. (5) 
= 


The electric intensity tangent to the surface of the 
sphere is, then, 





©, V, cos pp * 6, 9,8 
>a ig Pl gt 
K4(a,0,¢) = | 2s 2 @ atG (6) 
0 : otherwise 


E3(a,0,¢)=0. 


3. Formal Solution 
The equations given in section 2 above can be 
used to derive formal expressions for the input ad- 
mittance and radiation field of the slotted-sphere 
antenna of figure 1. In this section, the procedure 
for obtaining these expressions is given. 







3.1. Input Admittance 


To obtain a formal expression for the input ad- 








mittance is a fairly straightforward procedure, 
Equation (6) is substituted into (3) to obtain 
AE, and A#4,: 
a pm 0 i 
AL,.=— FEI ; - ( ) ole (7a) 
hk, Z2" (kya) n(n+1) 
where 
a (7/2tsla P™’ (eos 6). , 
Ie=5.| a (cos 6) : ) sin2odo 
<8) x/2—s/a P™(0) 
and 
V. mP™(0) . 
At, = —__ 20) J, (7b) 
jou, Z (kya) n(n+1) 
where 


ri+sleP (608 8) ap 
Ds =—s P™(0) 





Ta= 











I; and J, are approximately equal to unity for 
narrow slots and values of n that are not too lai. 

Equations (7a) and (7b) now are substituted inte 
(2) to obtain II” and II”, and these in turn are used 
to obtain Hj from (1). The input admittance is 
obtained by equating the conjugate of the complex 
power supplied to the slot to that radiated by the 
slot. 


Y|V(0)2= i ‘ J, " Ex(a,6,4)H.(a,0,¢)a? sin odode. 
J -T 0 


Here the integration can be taken over the entire 


sphere since this must give the same result as inte- 


gration over the face of the slot alone (Ey being zero 
elsewhere). % is the complex conjugate of Hy, and 
is obtained from eq (6). This procedure gives a 
double series expansion for the input admittance. 


~ Vin ; (1+6sm)m Li" (kya) 
Y=3) 3 ‘| a, {Fes 








mP2(0)'Ts_ ZE(ka) PROPEL og 
n(n+1)  ZE' (ka) n(n+1) , 


Equation (8) is exact if the impressed voltage distri- 
bution given by (6) is realized and if the radial func- 
tions are known.’ 


3.2. Determination of the Radial Functions 


Since the voltage distribution across the slot is 
assumed known, the only quantities left to determine 


in eq (8) are the radial functions, Z#'(k,r) and 
Zi (kyr). They are determined from the boundary 


conditions of continuity of the tangential components 
of the electric and magnetic intensities at the inner 
and outer boundaries of the sheath, and by the radia- 
tion condition at infinity. If the sheath is sufficiently 
thick, it may be assumed that waves reflected from 
the boundary c between the sheath and free space can 
be neglected at the boundary 6 between thesheath and 
the dielectric. This assumption is not necessary, but 
it is a good one for the physical situation considered, 
and it simplifies the expressions obtained. Under 
this assumption, the input admittance is the same as 
if the ionized sheath were of infinite thickness. 


a. Determination of Z*! and Z”! 


Treating the electric type modes first, in the 
dielectric let 
Zi (kr) =H © (kyr) —RFj, (kar) (9a) 


which represents the superposition of an outgoing 
and a standing wave‘ resulting from reflection, and 


3 In the case treated by Muskiake and Webster of an uninsulated slotted sphere 
antenna radiating into free space these functions are simply the functions 4@ " 
defined in eq (4). 

4 The function A (kir) which represents a reflected wave can, of course, be used 


instead of j,(kir), but the latter turns out to be more convenient when the func- 
tions are approximated for small values of the argument since it turns out that 
only one term in the series expansion for j,(kir) needs to be retained, while two 


are needed if h (sir) is used. 
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in the sheath let 


LE (kor)=TEh® (kor) (9b) 
which represents an outgoing wave only, in accord- 
ance with the assumption above that waves reflected 
from the boundary at ¢ may be neglected at 5, 
R*' and T¥' are constants which must be chosen to 
satisfy the boundary conditions at the intertace be- 
tween the insulating layer and the ionized sheath. 
The boundary conditions will be met if 4,Z2*(/yr) 
and «Z®\(kyr) are continuous at the bound: ary. 
Therefore we have 


kh? (kb) — RE hey jn (kb) = Te keh’ (hob) 
€ hi (kb) — RE ey jn (kb) = TF gh? (kb). 
Solving for R#! and T?! 


Ryeghi?’ (ib) hi? (hob) — hres hi? (herb) hi?’ (Teo) 
hy e59n (ky b) he (ke b)—k r0€19n (ky by) he’ (ks ib) 


rel jn (Heb) hn? (dex) — jn (herb) an?” (der) 
Key€a jn (herb) hi? (lead) — (lear jn (herd) hi?” (Tea) 





Pei 





Nae 








(10) 


The expression above for 7%! may be simplified by 


using the Wronskian, 
ii, (eB) RL (des) — jn (xb) h@” (eb) =i. 


The radial functions Z7(kyr) and Z7?(kyr) for the 
magnetic type modes may be determined in the same 
manner. Thus let 


Zi (kr) =hy? (kar) — Ra jn(kir) 


fh =TT i ee). (11) 
In this case the boundary conditions are satisfied if 
ky Z®’ (kyr) and wZ% (kyr) are continuous at the 
boundary. Comparing the boundary conditions for 
the electric and magnetic cases, it is evident that the 
expressions for R77 and 777 are the same as those for 
Ry and J?! given in eq (10) but with py, replacing 
6, (or e where a=«) throughout. 

With the radial functions Z*! and 7 given by eq 
(9), (10), and (11), eq (8) provides a for mal solution 
to the problem of an insulated slotted sphere antenna 
radiating into an electrically thick conducting layer. 





b. Determination of Z2%(k3r) and Z"°(k3r) 
In order to obtain the radiation field from (1) (2); 


and (3), the functions Z¥3(ksr) and Z%°(k3r) must be 
determined. Let 


n’ (ker) = 
Ln (kar) =TH Thy (kar). 





TEMh® (ker) —R®h, (ker) 





(12) 
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The first term in the upper equation represents the 
outgoing wave given in (9b). The second term 
represents the reflected wave which was neglected 
in (9b). The lower equation represents an outgoing 
wave only, in order to satisfy the radiation condition 
at infinity. The procedure for determining 7¥? is 
the same as that used to determine 7#', except that 
the function hf? 1eplaces the function 7,. Conse- 
quently 


__heesthn?’ (hoe)hn? (koe) —hn? (koe)h’ (kee) 
keseatin?’ (koe )hx? (kege) —kegeghn” (kee)hy?’ (hese) 
(13) 
The Wronskian in the numerator in this case is equal 


to 21. T can be obtained from (13) by substi- 
tuting w for e. 





3.3. Radiation Field 


With the radial functions in free space determined 
from (12) and (13) and from the corresponding ex- 
pressions for the magnetic case, the radiation field 
can be derived from (1), (2), (3), and (4). The @ and 
¢ components of the electric intensity in free space 
are 


n=1 m=0 


1 ae h®’ (lear 
EP=X ey hedge ere Ee) 
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AS m i 7. 


cos me } 
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<P% (cos 6) sin 6 cos Md —twygz 
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Pr(cos 8) 


. Mm sin Mo@—iwy3 A”, TH! TH 
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The radiation field is obtained from the expressions 
above by replacing h® (kyr) and h®’ (kyr) by their 
asymptotic expansions for large r: 

1 
br") 
3 . 


Also, for large 7, HP) ~—EY /ns and HY ~ EP /n3. 


n+l 
f————->. $ 


) neg) ~—ie "A 


The radiation field so determined is exact for an 


) insulated slotted sphere antenna radiating through 


an electrically thick sheath. 


4. Approximate Solution 


The expressions for the input admittance and the 
radiation field can be greatly simplified in the case 
where he sphere is a small antenna. If the frequen- 
‘y is afficiently low, then the distance 6 is small 


‘ 1273—60——_8 





compared to the wavelength in the dielectric, and ¢ 
is small compared to the wavelength in free space. 
The conductivity of the sheath has already been 
assumed large so that 5 is a large number of skin 
depths. Then k,a, k,b, and kc are small while k,b 
and k,c are large. Functions of k,a, k,b and ke 
consequently can be replaced by their approxima- 
tions for small arguments, while functions of k.b and 
k,e can be replaced by their asymptotic expansions 
for large arguments. It will be assumed that the 
insulating layer is thin, i.e., that (b-a)/b<1. 


4.1. Input Admittance 
When these approximations are made the input 


admittance eventually reduces [9] to 


9 
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In form, eq (15) represents the total admittance of 
two types of circuits in parallel, one circuit corre- 
sponding to each mode. The first type of circuit 
contains the surface impedance 7 of the ionized 
sheath in series with an equivalent inductance 
u(b6—a). This circuit apparently is associated with 
the currents flowing on the surface of the sphere 
together with those induced on the interface between 
the dielectric and ionized layers. The second type 
of circuit also contains the surface impedance 1, 
this time, however, in series with an equivalent 
capacitance C=¢,ab/n(n+1)(b—a) between thesphere 
and the interface. This circuit is associated with 
displacement currents flowing between the sphere 
and the interface. 

If b—c is made extremely small, the properties of 
the first medium disappear from eq (5), which reduces 
to the admittance of a sphere with no dielectric 
coating. The admittance would then be very large 
because of the low impedance 7 of the ionized 
medium, so that the slot would be virtually short- 
circuited.’ This makes evident the need for an 
insulating covering of the sphere. We shall consider, 
therefore, only the case where the dielectric coating 
is thick enough to be completely effective in reducing 
the shunting effect of the ionized sheath across the 
slot; that is, we assume that {k|(b—a@) >> (uo/u) kiab. 
This is equivalent to 


b—a 
we, ab 


\nol< (16) 


5 Also, the assumed voltage distribution might not be realized in this case. 
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The requirement above on the size of b—a can be | modes can be neglected because they all contain 
interpreted as requiring that this spacing between | higher powers of the quantity k3c as factors. The , 
the plates of the equivalent capacitor be large enough | radiation field due to the TE,,; mode has the form 
so the capacitive reactance is large compared to the _ 
complex impedance of the ionized medium. In other E®@x—? as nV ipsegt OF int 
words, we require the spacing to be large enough to oo are + tou, (b—a) © 7 —- COS @ 
prevent the surface currents on the sphere from being 
short-circuited by displacement currents flowing to (21) & ri 
the ionized sheath. . “9 

_ Under this stipulation, which is given quantita- E® ee nV) =e __aleidll 
tively by eq (16), the final expression for Y becomes a + tom (b—a) r sinlene. 
nn ae, ys P™(0)2\ | Vn The electric field has components in both the ¢ “ 
~ no tom, (b— eoriée 2 rae iJ 0) and @ directions. These differ only in their de- i 
(17) | pendence on the 6 and ¢ coordinates. If a trans- 
‘ : : formation is made to new coordinates 6’, ¢’, as 
This was obtained under the assumptions that shown in figure 2, where the new polar angle 0’ is 
kb<1 measured from the y-axis, and the new azimuthal [ p= 
: angle ¢’ is measured from the z-axis, then the electric 
\k2|b>>1 field has only a single component, given by 
(18) 
b—a 3 n: V —ikgr : 
-— ed (3) = =” 4 —tko(c—b _ , 
oeab? |"! ug! —— q tks C s+ 19 (b—a) "i g(c—b) sin @’: 
(29) 
A 
: : The field pattern is now given by the factor sin ff be « 

Since the slot length is small compared to the wave- | 9’, This is exactly the pattern of a loop lying in the ff ft! 
length, a triangular voltage distribution will be | xz-plane with center at the origin. This is the J) SUP 
assumed. In this case the coefficients in the Fourier | meridian plane of the currents which flow from one J) 2™ 
cosine series expansion of V(¢) are edge of the slot around the sphere to the opposite eter 

edge of the slot. B Prot 
Vi.==— Vi0) B whi 
Ona pin | 
mat 
; sy 
sin? = ‘ pigs ; = 

, 4a = (r,6,¢') 4 
J a i V(0): © pedi 
T 5 eval 

Using this distribution, the summation in eq (17) p alte: 
is dependent only on the ratio l/a (through the D 
factor V2,/V7(0)), where 7 is the half-length of the 2 
slot and a is the radius of the sphere. The double a 
summation convergés approximately as 1/n? and 1/m? a 
(since V2/V2(0) varies as 1/m* for the assumed 3 
triangular voltage distribution), so the series may be . * 
evaluated numerically without retaining an extreme PLANE OF , Su 
number of terms. For a slot of length //a=7/2, the EQUIVALENT g stat 
results are roughly ; ee 
Veen 0.38 5 (ba) i 

a = (0).26[n2+ tou, (b—a)] : 
] 
~0.26 {" lil, [on (b— a4 Abe (20) 
4.2. Radiation Field 

When the various approximations listed in (18) Ei 
are used, and in addition, when it is assumed the _ _ ‘ “ 
outer radius, c, of the plasma sheath is small com- | *«* ~~~ deliv 
pared to a wavelength, the radiation field is found (TR. 
to be due only to the TE, (H-type) mode. Other Figure 2. Slotted-sphere antenna and equivalent loo». mI 
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sheath, is given by the real part of YV(0)?/2. 


4.3. Radiation Intensity and Input Power 


From eq (22), it is easy to calculate the power 
radiated per unit solid angle, or the radiation 
intensity. 

The radiation intensity is 


2V2 ee ; 
ve oe VI hel (—b) gin? 6’. 


= phe i. 
(23) 


nN + aa a) 


The total input power, P, which includes both 
the power radiated and the power absorbed by the 
From 


> eq (17) this is found to be 


@ 


tml m 


_™ _ pmo2v3, 
2¥2|n, not icon (b—a) po" n(n+ 1) (0) 


(24) 


4.4. External Efficiency 


A measure of the efficiency of the antenna can 


) be obtained by calculating the external efficiency,or 


ratio of the radiated power to the input power 
supplied to the slot. This ratio then can be ex- 
amined for an optimum choice of the design param- 
eters. This, however, is only a partial optimization 
procedure, since it does not consider all the factors 


> which determine the overall efficiency of the antenna. 


een 


5 pedance., 


In particular, it does not include the losses in the 
matching networks necessary to feed the slot from 
the source of power. These losses will depend on 
the Q of the matching network and the input im- 
This latter problem, however, can be 


S evaluated since the input impedance of the slot 
' already has been determined. 


Denoting the external efficiency by &, 


ans [& 51? sin 6’de’do’: 


Substituting (23) and (24) into (25), and inte- 


P grating 


m=1 
os — we 


m? ii : ¥3 
ny? *8) VOR 


m=1 





can 1) Pr). V a 


x | cso? 4y2lnd 
13 


of the brackets in (26) has physical signifi- 
The first bracket is the ratio of the power 
| to the magnetic type mode n=m=1 
‘which is the only mode contributing signifi- 


=giatk = 
po ‘| (26) 


Eac 
cance, 
delive 


(TE) 





cantly to the radiation field) to that delivered to all 
the modes. The second bracket is the overall power 
transmission coefficient for this mode (i.e., the ratio 
of power of this mode that is radiated to that entering 
the sheath). It consists of an exponential factor 
representing attenuation through the sheath, and a 
second factor due to reflection at the outer surface 
of the sheath. The latter is the product of (kc)? 
and the factor 4-/2|n2|/n; which in turn is the power 
transmission coefficient for a plane wave progressing 
across a plane surface from a medium of intrinsic 
impedance 7: to one whose intrinsic impedance is 


ng (with |m2|< <n). 


5. Optimization Procedures 


The expression above is proportional to the 
efficiency (ratio of radiated power to total input 
power) of the slot antenna if it is assumed that feed- 
ing losses are not important compared to losses in 
the sheath. Therefore, it is desirable to consider 
the means for maximizing the expression given in 
eq (26). In the first place, if the size of the vehicle 
is given, the quantities 6 and ¢ are fairly well fixed. 
Since the outer medium is free space, 7; will be 
equal to 377 ohms. The quantity k3=w*y;e; varies 
as the square ¢ of the frequency while |n|=~ Vpe/o 
and |k2|=-yeu,s vary as the square-root of the 
frequency. Consequently £ varies as ww? exp 
[— y¥2u20(ec—b)w'/*]. The latter expression is maxi- 
mized by setting the exponent equal to —5: 


v 2 p20 (c—b) wh =5. 
The optimum frequency then is 


OF 1 


“v0 
Jon= 4a p20 (C— poo(c—b)? 

This is the frequency that makes the sheath thick- 
ness, c—6, equal to two-and-one-half skin depths in 


the ionized medium. 
The only other quantity in (26) besides the 
frequency that can be varied to make the expression 


a Maximum is the ratio 
m? 
ce 
p >> a 


n=1 m=1 


Vin 


m= 


| =] 
V(0) = “at 
jy (0)? Voy? 


sini 
(28) 





The magnitude of this can be varied by changing 
the length’ of the slot. In general, the efficiency is 
increased by increasing the slot length. 

The thickness, b-a, of the dielectric layer does not 
appear in the expression (26) for the efficiency pro- 
vided condition (16) is met. It does, however, 
appear in (20) where it is present as a term repre- 
senting an additional series inductance. 
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6. Appendix 


A situation that is possibly of greater practical 
interest than the entirely insulated spherical antenna 
treated above is the case of the partially insulated | 
slotted sphere, one octant of which is illustrated in | 
figure 3. The angular width of the dielectric cover | 
is the same as the angular width of the slot and is 
equal to 2%. The angular height of the slot is 2y. 
The outer surface of the dielectric is flush with the | ,, | 
surface of the conducting sphere. The input im- | 
pedance of this configuration was estimated [9] (for | 
low frequencies) by calculating the input admittance | 
of a rectangular parallelepiped obtained by straight- | 
ening the curved dielectric slab. The result was | 

- | 
i 1+(%) —0.23 ( os | 
do, Po. ome} 5 


3 n+ top, (b—a) Yo) . Po 





Po, 





LOSS DUE TO HIGHER ORDER MODES ,db 


5 oct 








The external efficiency resulting in this case was 
also derived. The attenuation and reflection losses | 
are given in db by 


2| 2 _ alk. -> 
10 log | sy S32 6 vale | 
n 


3 

















where the bracket is, of course, the same as the an +7 
4 7: 


second one in eq (26). The loss to higher order 4 
modes is given by a different expression, however, | $o 


and is plotted in figure 4. ' 


Figure 4. Higher order mode loss for the partially insulated | 
slotted-sphere antenna. : 
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The transmission characteristics of certain structures belonging to the class of corrugated 
guides are calculated by means of a new method. It is assumed that the guide wavelength 
always is much greater than the corrugation constant (D,+ Dz, in fig. 1). The periodical 
structure of the guide is therefore replaced by a quasi-homogeneous, but anisotropic medium. 

The following structures are studied: The ‘“‘ring-element guide,’’ which consists of an 
axial stack of insulated metallic rings with arbitrary surrounding medium; the “disk guide,”’ 
which is a ring-element guide with infinite radial extension of the rings; the ‘‘disk loaded 
waveguide,” and the “corrugated waveguide.” 

As a rule guides can propagate modes with a phase velocity v,>c (c=velocity of light) 
and modes with v,<c. The capability of existence of the various modes depends on the 
losses of the guide. The ring-element guide is well suited for transmission with the Ho,-mode 
since, except the Hon-modes, all modes may be highly attenuated (mode filters). As delay 
lines (v,<c), all guides have band pass characteristics. 
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1. Introduction 








Many periodic structures can be classified under the heading ‘‘corrugated guides.”’ In this 
class are, for instance, the ‘‘disk guide,”’ the ‘disk loaded waveguide,” the “corrugated wave- 
guide,” the wire fitted with annular grooves and the “‘ring-element guide’’ (figs. 1 to 5). These 
types of guide have many potentialities in communications. 

The disk guide (fig. 1) which consists of an axial stack of insulated metallic rings of such 
radial dimension that no electromagnetic field can exist outside the rings, can be used as a 
transmission path for the Hy-mode. Of the H,-mode in the circular waveguide, it is known 
nsulated {f that its attenuation decreases with increasing frequency. An attenuation sufficiently low for 
i communication purposes is obtained, however, only for a wavelength small with respect to the 
4 vuide diameter. With an inner diameter of the circular waveguide of 5 cm and a wavelength 
\y=6 mm the attenuation of the H,-mode is 0.134 N/km. With sufficiently small attenuation 
of the Ho,-mode many other modes are capable of existence in the waveguide, however. These 
undesired modes can be excited by the Ho,-mode, if at any place the waveguide deviates from 
its round and straight form. Such undesired modes, however, have a velocity other than the 
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roan k /I,-mode and the next inhomogeneity of the waveguide converts part of them back to the 
E /I,-mode so that signal distortion comes about. By strong attenuation of the parasitic modes 
“a F such reconversion and resultant signal distortion can be avoided. With transmission by means 
of the H[,-mode a guide is thus desired along which the Ho,-mode has the same propagating 
ome é properties as in a circular homogeneous waveguide and where the undesired modes are strongly 
; ‘ttenuated. This is possible with the disk guide. 
» bound fl The disk loaded waveguide (fig. 2) is used as a linear accelerator. The corrugated wave- 
) Trans. § uide (fig. 3) is used as a flexible waveguide. The wire with annular grooves (fig. 4) presents, 
park . ‘ the groove depth is small with respect to the wavelength, similar properties as the Goubau 
1951). & uide and, if it is large, it can likewise serve as a delay line. Like the disk guide the ring-element 
OF uide (fig. 5) consists of an axial stack of insulated metallic rings, but it has another arbitrary 
acliatio§ suter medium and therefore an electromagnetic field is possible also outside the rings. 
| ess The ring-element guide is thus a generalization of the disk guide and the disk loaded 
aveguide, and it can likewise be used for transmission with the AZy,-mode. 


' Contribution from the Central Laboratories of the Siemens & Halske AG, Munich, Germany. 
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Figure 3. Corrugated waveguide. 






FieurE 1. Disk guide. Figure 2. Disk loaded waveguide. 
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Fiaure 5. Ring-element guide. 


The paper [1]? gives a good review of the principal theories known so far concerning cor- 
rugated guides. The papers [2] to [5] deserve to be mentioned in particular as individual 
articles. Because of the complicated boundary conditions an exact solution of Maxwell’s 
equations is very difficult with corrugated guides. 

For the case that the corrugation constant is far smaller than the guide wavelength 
(D,+D.2<<y), the author has used in the papers [6] to [8] a new method of calculating the 
transmission characteristics of corrugated guides. It introduces a quasi-homogeneous, but 
anisotropic medium and offers the advantage that in each region Maxwell’s equations can be 
solved easily and the boundary conditions can be met with ease. 

In this paper the mathematical method shall be briefly recapitulated and the results of the 
papers [6] to [8] summarized. 












2. Mathematical Approach 
















Let us consider the disk guide of figure 1. For the disk separation D,+ Dz, the thickness D, 
of the dielectric, and the axial thickness D, of the disks there shall hold the inequalities 






D+ Da, (1)? 


Dy< <M doV |eo/e:|, (2) 
D,>>9. (3) 


The medium in the region a<r< @, which is termed medium 1 herein has a periodic structure 
with respect to the axial coordinate and therefore is inhomogeneous. Besides the medium 
has a different structure in the direction z than in the directions g and r. The medium is there- 
fore anisotropic as well. 




















2 Figures in brackets indicate the literature references at the end of this paper. 
? A list at the end of this paper explains the symbols, 
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If a mode is excited in the region 0<r<a (medium 0), the medium 1 can be considered as 
quasi-homogeneous because of the inequality (1). Dielectric constant and permeability of 
this quasi-homogeneous, but anisotropic medium 1 are found from the following consideration 
(see also [6] and [9]). 

If the mode excited in medium 0 has an electric field only in a circular direction and a 
magnetic field in the axial and radial directions (Hj,—mode), no energy will be capable of 
propagating in the direction 7, because of the inequality (2). At the place r=a current will 
flow in a circular direction. For this current, i.e., in parallel to the disk, the medium 1 is a 
conductor with the conductivity 

dD, 
Kp=K DAD, (4) 
or the dielectric constant 
€p=kp/ Jw. (5) 


The permeability in the direction 2, i.e., perpendicularly to the disks, is given by the 
permeability of the dielectric and that of the metal. If dielectric and metal have the permea- 
bility wo of space, there holds accordingly 


Me= Mo. (6) 


If the mode excited in medium 0 has a magnetic field only in a circular direction, and 
an electrical field in axial and radial directions (/),—mode), energy is capable of propagating 
between the disks in the direction 7, Because of inequality (3), the metal is field-free. Per- 
pendicularly to the disks the medium 1 therefore has the dielectric constant 


‘ =a, (7) 
Zz t dD, 
and in parallel to them the permeability 
dD; 
= eet) 8 
Mp iad | SN ( ) 


Since medium 1 has the same structure in the directions ¢ and 7, the dielectric constant e€, 
and the permeability y, hold also for the directions g and r._ In the coordinate system 7, ¢, 2, 
the dielectric constant and the permeability in medium 1 are thus tensors as follows 


m=|0 un, OO}. (10) 





0 0 po 





In medium 0 the solution of Maxwell’s equations is generally known. Because of the 
eqs (4) to (10) Maxwell’s equations can be easily solved also in the medium 1, as shown in [6]. 
In the same way the boundary conditions at the point r=a@ can now be satisfied with ease. 

In calculating the transmission properties of the ring-element guide, the approach 
is exactly the same as with the disk guide. The difference is merely the limited extension of the 
quasi-homogeneous anisotropic medium which in turn is surrounded by an arbitrary outer 
medium. The ring-element guide thus is the more general case. The disk-loaded waveguide 
develops from the ring-element guide, if the outer medium is a conductor. 

Because of the general importance of the ring-element guide the equation set up in [7] for 
calculating the propagation constants of the individual modes has been stated once more in 
the eqs (83) and (84) of the annex. 
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3. General Considerations 


With all forms of guide shown in figs. 1 to 5, unlike waveguides, each mode type is a com- 
bination of an Z-mode and an H-mode, even when losses are neglected. An exception is merely 
the rotation-symmetrical modes. Accordingly the modes with m #0 are here termed HE-modes 
or EH-modes. The first letter identifies always the mode type that prevails. With the 
HE-modes the H-type thus prevails and with the EH-modes the E-type. 

Only the rotation-symmetrical H-modes have thus no axial electric field. As mentioned 
above, no energy can thus be transported by these modes between the rings in the direction 7; 
energy will penetrate into medium 1 merely corresponding to the conductivity x». 

With the other modes, however, plenty of energy can penetrate into medium 1 because 
of the presence of the axial electric field. If the dielectric between the rings has no losses 
and if those of the metal are neglected, modes will propagate between the rings in a radial 
direction without attenuation. With the disk guide these modes receive power from the 
mode traveling in the region 0 <7<a, as figure 6 shows. In medium 1 the connecting line 
of the points of equal phase is oblique with respect to the axis z. There exists an axial and a 
radial phase velocity. This fact corresponds also to the solution of Maxwell’s equations in 
the anisotropic medium 1, where a mode propagating in the directions r and z is obtained 
although the thickness of the metallic disks has been assumed as very large with respect to that 
of the equivalent conducting layer. With the lossless disk guide all modes with an axial 
electric field thus are attenuated by radiation. 
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It is advisable to classify the mode types in the here considered guide forms by phase 
velocities, for there exist as well mode types whose phase velocity v, exceeds the velocity cf 
light c, as others whose phase velocity v, is less. Modes with a phase velocity v,>c are termed 
herein as a rule “‘waveguide modes” and may be HE,,,-modes as well as EH,,,-modes. In the 
same way as with circular waveguides, the subscript m here refers to the circular, and the 
subscript n to the radial dependence of the field. Modes with a phase velocity v,<e give 
the guide the character of a delay line and can be only EH,,-modes. The subscript 7 is here 
dropped as a rule, for in this case, unlike the waveguide modes, there exists for each ,, only one 
mode with a particular field configuration. In exceptional cases v,>c is possible even with the 
EH,,-modes. 

An essential point with the modes is their capability of existence; with the modes with 
v,>e it differs from that with the modes with v,<c. With some types of guides it turns out, 
for instance, that waveguide modes are capable of existence only if the total loss exceeds a 
certain limit which depends on frequency, mode type, material constants, and dimensions of the 
respective guide. 

As an example for the existence capability of the modes let us now consider the ring-element 
guide. Neglecting, for instance, the losses due to the rings and the insulation between rings, 
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only such waveguide modes can exist, with the exception of the Ho,-modes, for which 





(6,a)* Im ( ue.) >|Im ({koa]?) |- (11) 


Ko €o 








The eigenvalue koa can be taken from the eqs (13), (18), and (22) to (24). 
If the inequality (11) holds, the negative sign must always be chosen with the radial propa- 
gation constant in the outer medium that is given by 






k= + 4/68 Ht yaa 4/68 (45-1) +45 (12) 
} Ho€o Ko€o 


The energy then propagates into the outer medium. 






If the inequality (11) does not hold, the losses of the rings and the insulation must be also 
/ considered, followed by checking whether there results a value ky with positive real and imagi- 
: nary parts and in addition a value k, with positive imaginary part. If such is not the case, the 





respective waveguide mode is not capable of existence. With high losses of the outer medium 
the inequality (11) is always met and the losses of the rings can be neglected with all wave- 
guide modes except the Hp,-modes. Their losses are given by those at the inside of the guide 
(see eq (31)). 

If the outer medium and the dielectric. between the rings are free of losses, hence are air 
for instance, the losses of the rings must be taken into account for checking the existence of 
the waveguide modes and calculating their losses. The existence of the waveguide modes 

; then depends in turn upon whether the aforementioned conditions for ky and kz are satisfied. 
At any rate the positive sign must now be chosen in eq (12), i.e., k2 has a positive real part and 
energy flows into the rings from all sides. As a rule, however, the losses of the rings will not 
suffice to secure the existence of waveguide modes. An exception is merely the H,-modes 
which are capable of existence, even if all losses are neglected. Apart from the H,-modes 
the loss-free ring-element guide thus has merely modes with v,<, i.e., Hy or HH,»,-modes (m #0) 
and therefore is a delay line as a rule. 

Like waveguide modes, modes with v,<e are not capable of existence with any outer 
| medium. Examples in point are the disk loaded waveguide and the corrugated waveguide, 
which develop from the ring-element guide, if the outer medium is metal. In these guides 
no modes are possible except waveguide modes, if the corrugation depth is small with respect 
d to wavelength Ay. Only with a corrugation depth that is large with respect to the wavelength 
\o Waveguide modes are possible as well as modes with v,<e (see section 6). 

If with the ring-element guide the losses of the dielectric between the ring are so large that 
the fields cannot penetrate beyond the rings, the regions 0<r<a and b<r< @ are decoupled with 
respect to each other. For an excitation in the region 0<r<a the ring-element guide acts now 
usa disk guide. With an excitation in the space b<r< © surface modes are obtained on the 
ring-element guide. Either mode can be calculated from the general eqs (83) and (84). With 
high losses of the insulation between the rings the ring-element guide thus will act as wave- 
cuide or surface mode guide, depending on the excitation. Let us now proceed to a study of 






















‘he various guide varieties. 






4. Ring-Element Guide 






4.1. Formulas for the Propagation Constants of the Waveguide Modes 






As mentioned above, the ring-element guide is a generalization of the disk guide, disk 
maded waveguide, and corrugated waveguide. For this reason let us begin by stating the 
rmulas for the propagation constants of the modes in the ring-element guide. The formulas 
r the propagation constants of the modes in the other guide types are then obtained as specific 








ses. 
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With the ring-element guide no generally valid closed formulas exist for the propagation 
constants of the modes, but such formulas can be calculated under certain assumptions and 
the essential properties of the guide can so be explained, as was done in detail in [7]. 

Under the assumptions 








kya=x+80, le|<1, (13), (13a) 
2x0 


(Bia)? <{1 -~(#) | (14) 
aiby| (2 060 1)+(4#)| ( ; 
” (15) 
abe 



























m=0,1,2, etc., 





¢ e . 
there is according to [7] 
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aie Jie) Im (9), (17) 


Omn for H- and HE-modes with |O04|< <1 
Xmn for H- and KH-modes with |Oz|<<1 (18) 
Omn for E- and EH-modes with |O2|< <1 








where 
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0, for HE-modes 
6=)0, for EH-modes (18a) 
0z for EH-modes for very large a/Apo. 








There denote 
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for m=0, n=1,2,3, etc. Tmn 
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for m=1,2,3, ete.; 

















The quantities Fy(om,) and Fy(Xmn) are calculated from 


rev=a(Z) {(2)[(Q)—2} 08) 


by replacing X by the quantities om, OF Xmn. 









There denote further in the eqs (19) to (25) 
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In sddiilliaes B and @ of the Hy,-modes and HE,,,-modes with |Oy|<<1 set X=om, in all 
equations. The same holds in calculating B and @ of the Ey,-modes and FH,,,-modes with 
(On|<<1. At very high frequencies, i.c., for large a/Xo, the Ey,-modes and EH n»-modes thus 
have the eigenvalue om, or rather ¢ m(n—1) (v1) and accordingly a phase constant approaching 
that of the HE, ,-modes or rather HE» ;,—1-modes (n#1) (ef. eq (16)), viz, at very high fre- 
quencies the electrical field configuration of the /),-modes and FH ,,,-modes is practically the 
same as that of the magnetic field with the corresponding H/o,,_1)-modes and HE,,,,,- :,-modes 
(n#1). In calculating 6 and a of the customary /),-modes and FH,,,-modes with |Og\< <1 
there must be set X=X,», in all equations. Z,/Z) and Z,/Z, give the influence of the wall and 
the outer medium onto the waveguide modes, for Z,/Z, is the ratio of the radial field charac- 
teristic impedance of the wall to that of space with the H,,-modes (see eq (19)). Since these 
modes have only a circular electric field in parallel to the rings, no field penetrates between 
the rings, and with Z,/Z, there appears as dielectric constant merely e,=x,/jw, the outer 
medium having no influence. According to eq (27) Z,/Z) is the input impedance of a guide 
terminated into the impedance Z,, as referred to the field characteristic impedance Z). This 
guide has here the characteristic impedance Z, and the electrical length Ve;/e d, if ¢; is real. 
The magnitude Z,/Z) can thus be calculated with the aid of the known Smith chart, where, 
as a function of d, the aforedescribed input impedance lies always on a circle, if €; is real and 
the losses in the metal are neglected. In the same way as the quantity Z,/Z, appears with 
the H,-modes, the quantity Z,/Z, shows up with the /,-modes, since they have an axial 
electric field perpendicularly to the rings and the field therefore can issue between the rings 
into the outer region (see eqs (20) and (21)).. The /o,-modes can thus be affected very heavily 
by the outer medium. From the eqs (16), (17), and (19) to (21) there results thus for the 
phase and attenuation constants with the /7),-modes 


Bu= pf —(2 ~{m) +ay> (30) | 
and with the /,-modes 
"eS Za 
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In eq (31) there denotes 


—" Ve, ay/i-(2) ‘| ie (36) 
“eye 
the attenuation constant of the H),—modes in the homogeneous waveguide. The phase and 
attenuation constants Bg and a,z refer to the /y,—modes with|@g\C<1. The quantities Be 
and @, relate to the Zy,-modes with /Og|<< 1. 
With 

F(x)<1 (37) 
the root in the eqs (23) to (25) can be expanded into a series and after insertion of eqs (22) to 
(24) into eq (17) there is found 


=, aol 12 }) 
aaa _- m- y W-( —(s) 
Ge = 
Za 
hap ~nninimne : ‘a ‘), 
oC) 


—_ Re(FZ) 


wala) 2) Wi-(e) 


where ay, the attenuation constant with the HE, ,-modes, Grey that with the EH,,,-modes 
(\Og/<<1) and @gy that with the EH,,,-modes with |Og|C<1. 

From the eqs (38) to (40) one obtains also the well-known attenuation formulas of the 
modes in the homogeneous waveguide, equating Z,=Z, and D,=0. 

An example is to show, when the phase and attenuation constants with horizontal stroke 
on top hold, hence when the eqs (34), (35), and (40) are valid. With the homogeneous wave- 
guide there is Z,=Zyz and D,=0, as mentioned. There results accordingly from the eqs (20), 
se and (26) |@g|=15.4 and |6,|=0.045 for the Eq-mode in the homogeneous waveguide, 

, Xoo=5.52 and oo,=3.83, with a=2.5 ecm, \»>=0.01 mm, «=57X10* mho/em (copper), 1.e., 
th eqs (34) and (35) are valid. Since Z,/Z, will mostly be greater than Z,/Z,, the eqs (34) 
and (35) will hold with the ring-element guide even with a wavelength in excess of \y>=0.01mm. 
From the eqs (39) and (40) the following interesting function of the attenuation of the F,- 
modes (n#1) and EH,,,-modes (n#1) in the homogeneous waveguide results thus: (Z,=Zzy, 
D,=0). Initially, according to eq (39), starting at a very high value at the cutoff frequency 
the attenuation decreases with increasing frequency, subsequently it passes through a minimum 
and rises again. Thereafter the attenuation must pass through a maximum, since, according 
to eq (40), it decreases again for sufficiently high frequencies. With the ring-element guide the 
attenuation/frequency curve is basically the same, but additional variations will come about 
because of the quantity Z,/Z) which, according to eq (27), is approximately periodical as a 
function of frequency. With respect to the attenuation constants of the H,-modes of eq 
(31) there can further be stated that the root term in a certain way takes into account the 
penetration of the field between the rings and that, because of the inequality (2), the radiation 
damping can mostly be neglected with the thicknesses d encountered in practice. 

As mentioned above, an essential point is the capability of existence of the modes. In- 
serting eq (13) into the inequality (11) yields that with a real e; and neglecting of the ring 
losses there are capable of existence only the /),-modes, HE,,,-modes, and FH,,,-modes (m #0) 
for which 





(38) 


(39) 


=» m=0,1, 2, etc. (40) 


2omn Im (Ox) 
| 
(4,a)*|Im (+ <) >4 2Xmn Im (Oz) (41) 
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26m lm (Og). 
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4.2. Application of the Ring-Element Guide as a Mode Filter in Transmission With the H,,-Mode 


The influence of the outer medium onto the waveguide modes is the greater, the stronger 
the axial electric field of the waveguide modes, i.e., an outer medium with high losses will 
attenuate the HH,,,-modes far more than the HE,,,-modes. With use of the ring-element guide 
as a mode filter in transmission with the Hy,-mode the attenuation of the EH,,,-modes is 
always sufficient. It is, therefore, important so to design the guide that also the HE,,,-modes 
are attenuated as strongly as possible. In calculating the loss of the HE,,,-modes the losses 
of the rings and the dielectric between them can be neglected, if the outer medium has high 
losses, i.e., it is possible to set x= © and thus Zyz/Z,=0. From the eqs (17) and (22) maximum 
attenuation results then for Fy(omn,)=1, i.e., if Z,/Z is real and has a certain value. For a 
real ¢,; one obtains therefore from the eqs (25), (27), (28), and (29) the following design rules 
for maximum attenuation of the HE,,,,-modes: . 


f= V R ( [ ae" (42) 


a _R-U Le 
tan (4r/*! a) = VR Ze 


The quantities U and V are the real and imaginary parts of Z4/Z, and therefore calculated ac- 
cording to eq (29) from 
5 


eey[(2-1)+(S) =U 40. 


From the eqs (17) and (22) the maximum attenuation results then as 


m 
(4%) max=—— a mn ae 
wef (YI 
Imn. 


Equation (46) shows that the maximum attenuation is inversely proportional to the 
square of the inner radius of the ring-element guide and inversely proportional to frequency 
The higher thus the frequency, the lower the maximum attenuation. Neglecting the term 
(m/omn)? the maximum attenuation is proportional to m (m=1,2,3, ete.). It should here be 
noted that the material constants of the outer medium do not appear in eq (46). Since with 
the eqs (42) to (44) e; was assumed as real and the losses due to the rings were not taken into 
account, the inequality (41) must, of course, always be satisfied. 

Equation (44) shows that always only for one om,, i.e., for one mode, the conditions for 
maximum attenuation can be satisfied. The condition eq (44) can be interpreted as kind of a 
matching condition. 

An example may show the application of eqs (42) to (46). Let us assume that a ring- 
‘lement guide is to be found with maximum attenuation of the HE,.-mode. This mode is 
‘xcited with particular ease by the Ho,-mode in a homogeneous waveguide whenever it deviates 
rom its straight circular shape and it has a relatively low attenuation. 

Given are the following data: Frequency f=50 kMe/s (h=6 mm); a=2.5 cm, hence 
i@=26.2. With the HE,-mode there is ¢m,=0.=5.33. From eq (46) there results then the 
maximum attenuation of the HE,.-mode as a2=0.0158 N/cm, i.e., 3,180 times the attenuation 
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» m,n=1,2,3, etc. (46) 





in the homogeneous circular copper waveguide. It is further assumed that a dielectric with 
e/eo=10(1-7) and pw is available for constructing the ring-element guide. The attenuation 
of the fields in the outer medium is then Im (8 ye/e9)=15 N/em. Besides it is assumed that 
D,=D,. Find now the quantities €;/e9 and d. 

With the given values there results from the eqs (42) to (45): U=0.242; V=0.093; R= 
0.553; Zp/Zy=0.344; tan (By Ve;/eod) =2.08, i.e., €;/eo-=2.11; d=0.74 mm. Because of D,=D, the 
attenuation of the Hy,-mode, according to eq (31) in this case exceeds that in the homogeneous 
waveguide by the factor y2. 

While in the above example the increase in attenuation over the homogeneous waveguide 
is very high with the HE,.-mode, this holds no longer for the other HE,,-modes. If, however, 
maximum attenuation of a specific mode is no longer demanded, an appropriate dimensioning 
of the ring-element guide allows a design that the attenuation values of a number of HE,,,-mode 
approach more closely their maximums. 

Another interesting point is the basic attenuation/frequency curve of a HE,,,-mode. For 
the dimensions calculated in the example, the figure 7 shows the attenuation of the HE,.-mode 


as a function of Ve,/€ d/o with a fixed e,/e d, i.e., as a function of frequency. Here, however, 
there must be D,=D,<0.2 mm, to have inequality (1) satisfied for all frequencies stated in 
figure 7. With the maximum attenuation attainable the curve plotted in figure 7 presents a 
pointed peak at Ve;/e d/=0.179 (f=50 kMe/s). The other extremities of the curve are no 
such peaks, but ordinary maximums. They are all lower than this peak, since according to 
eq (22) 6a and thus the frequency is in the denominator of the attenuation constant. On the 
frequency axis the first maximum is away from the peak by 0.25. The subsequent maximums 
are spaced 0.5 from each other. Since the losses of the rings were neglected, the attenuation 
at the cutoff frequency is here zero. 
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At this point let us also make some statements concerning the capability of existence of 
the waveguide modes. If the outer medium and the dielectric between the rings are free of 
losses, the quantity Z,/Z) is in the left half-plane of the complex number plane when the ring 
losses are neglected, according to eq (27). Only with a consideration of the ring losses and a 
very large thickness d the quantity Z,/Z, lies in the right-hand half of the complex number 
plane, so that Re (Z,/Z.)>0, and a sufficient condition is so satisfied for the capability of 
existence of waveguide modes. 
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4.3. Properties of the EH,,-Modes 
a. General Considerations 


The term EH,,-modes (m=0, 1, 2, etc.) is understood herein as comprising modes of 
E-character whose fields disappear in the region 0S7Sa in the axis (r=0) or at the point 
=a at most (the Bessel functions have then no zeros in 0<r<a). For r>6 the fields disappear 
only in the infinite. The subscript n therefore can be dropped with these modes. The surface 
modes, i.e., modes most of whose fields are outside the guide, hence in the region r >), are counted 
as a rule as LH,,-modes. As will be shown below, the surface modes with H-character have 
no practical significance because of their high attenuation. As a rule the phase velocity of 
the EH,,-modes is less than the velocity of light. With the EH,,-modes the ring-element guide 
thus is, as a rule, a delay line. The principal characteristics of the HH,,-modes are obvious 
already from the special case of the rotation-symmetrical modes (m=0). Let us thus consider 
above all these modes. With 
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\kyb| -o>1, (47) 
21= A 

Im (kya) >2 (48) 


there results from eq (87) 


tan ppd 


Ze 
7? 1+57, 
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Z, » for m=0. (49) 
ltdZ ee 


Insertion of eq (29) into eq (49) and resolution for tan ped yields 
ko ae I. =) iy 
: Bn 
Ls Bo — ioe = +( OF 
Z, _ Zo 4 y(- we 1) +(2 y 
Z) €0 ~~ * B \ = 0 
The root in eq (50) is ky/By. If |Im((ko/Bo)?) | >| Im (ue/(uo€0)))| the upper sign of eq (50) holds. 


If, however, |Im((Ao/Bo)?) |<| Im(we/(uo€o))| the lower sign holds in eq (50). 
With 


for m=0. (50) 





tan ped=—j 


m ) 


k, A 
4m? Bya | 
Gear Fea oad | | J 


juation (50) holds approximately also for m#0. With use of eq (50) it should always be 
ne in mind, however, that the inequality (47) must be satisfied. 
Because of the lene of the guide the eigenvalue koa is complex and there is set accordingly 





<1 m=1,2,3,... (51) 


Batt j 7n. (52) 
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b. Behavior of the Ey-Mode When the Losses are Neglected (e,e;,u Real, c= ~) 


The quantity ko/B) is imaginary, i.e., 


ko. 5; 
." i 


and there holds the upper sign in eq (50). The quantity ko/8) must also be imaginary, i.e. 


G ) ben aa sat 


For a real pe/(uo€¢)) #1 the ring-element guide is a delay line with a periodic band pass 
character, because of the imaginary k)/& and the condition of the inequality (54). Apart 
from the Ho,-modes no wave guide modes are capable of existence. The limit of the pass band 
and stop band of the delay line is found from eq (54) with |(ko/Bo)?|=me/(uoeos) —1 and lies at 


(52,/£4) - d : (55) 
My € ) Eg 


For ye—>@ there is y€,/€ d/=0.25-+70.5 5; »=0,1,2, etc. 
In the special case pe/(uo€9)=1 there is kz=kp and eq (50) yields 


= 0 
aw Zr T le, 
a ea on Pe 


Also in this case the ring-element guide is a delay line, but without band pass character. 

As an example, figure 8 shows the relative eigenvalue with the /)-mode as a function of 
V€;/€od/Xo for p=, but different e, and e. Figure 8 is to be thought of as continued periodically 
in the direction of increasing /e,/éd/\o, the period amounting to 0.5. The mode will travel 
the slower, the higher the dielectric constant of the outer medium and the closer Zz approaches 
Zo, i.e., if D2/D, is small. With a high D,/D,, e.g., for D./D,=5, the relative eigenvalue at the 
beginning of the pass band is almost independent of d/Ao, but increases the more steeply later on. 
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Ficure 8. The relative eigenvalue ko/Bo=jn with the Ey— mode in the ring-element guide as a function of Ve;/€d/do 
for various ¢«, €; and D,/D,. 


The presentation is to be thought of as periodically continued with the period 0.5 in the direction of increasing? Ve;/eod/Ao. 
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c. Behavior of the Ey-Mode With a Lossy Outer Medium (ye/{u9¢9) Complex) 


For the special case d=0 there results from eq (50) 


be 
ee 
kof _Ho€o__ (57) 


Py 


It should here be noted that the inequality (48) must always be satisfied and kj must have a 
positive real and imaginary part. With a real ¢ the eq (57) thus yields no solution even if u 
complex. From the propagation constant y there results with |k?/>>6? in the case d=0 « 
maximum attenuation for tan 6=1-+-€/e,, if €/¢95=€./e9(1—7 tan 4). 

In the special case /€;/éd/do=0.25 eq (50) yields 


ko__. ‘1 Me ‘1 / pe 3 (Za (e¥ 5g 
Bo , y3 = Iv; . : HZ) i " 

Unlike eq (57) the eq (58) holds for real pe/(u€9) as well. 

Setting u=y,(1—7 tan 6,) and e=e,(1—7 tan 6,), and if the outer medium has but small 
losses, there holds tan 6,-++tan 6.<1. In such case the imaginary part of the eigenvalue, 
i.e., » of eq (52) practically agrees with the solution for a real we. Figure 9 shows under these 
assumptions for .= and tan 6,=tan 6 the quantity £/tan 6 as a function of -e,/ed/Ay with the 
y-mode. The dielectric constant ¢«; and the real part of ¢ agree with figure 8. The quantity 
n can be taken from figure 8. A comparison with this diagram shows that with an increasing 
n the quantity ¢ increases correspondingly. The periodic band pass character has been retained. 

If the outer medium is very lossy, the real part of the eigenvalue and accordingly the 
quantity € will be larger than in figure 9. As an example the figure 10 shows the relative 
eigenvalue ko/8) with the Ey-mode as a function of d/X for ¢;=€) and €/e-=5; 5(1—7 0.3); 5(1—9). 
The periodic band pass character remains also in this case, but in the pass bands there exist 
as a rule for each d/d) two different eigenvalues which are plotted in the figures 10a and 10b. 
Only with a real ¢ there results only one eigenvalue for each d/Ay. According to figure 8 it is 
imaginary, and therefore it is on the imaginary axis in figure 10b. In figure 10a there is 
key! By and in figure 10b |ko|>Bo. 
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I GurE 9. The real part & of the relative eigenvalue ko/8)=§&+ jn with the Eo-mode in the ring-element guide as a 


iutside the rings). 


Because of tan 6<<1 7 is to be taken from figure 8. The presentation is to be thought of as periodically continued with the period 0.5 
i! he direction of increasing Veileoddo. 
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The eigenvalue in figure 10b corresponds to that in figure 8. The pass bands of figures 
10a and 10b differ slightly. With ¢/e.=5(1—7) for example, the pass band is given in figure 
10a by 0<d/Ay< 0.03 and 0.28<d/\y<0.5. In figure 10b the pass band is given in this case 
by 0.235<d/h<0.5. In either case the pass bands recur with the period d/dy=0.5. 

The solution in figure 10a is very easily found, since the quantity 43 can here be neglected 
with respect to 63(ue/(uo¢9)—1). The relative eigenvalues ko/B lie therefore on a circle of which 
only the part in the first quadrant of the complex number plane (Im (k))>0) gives a physically 
reasonable solution. 

The solution in figure 10b is more difficult to find (see [7]). With e/e,=5(1—7 0.3) the solu- 
tion in figure 10b practically agrees with the values 7 and é resulting from the dashed curves 
of the figures 8b and 9b. 

Besides the EH,,-modes and the H),-modes which are always capable of existence, even 
waveguide modes can propagate, if the inequality (41) holds (see sec. 4.1 and 4.2). 


4.4. Special Case a=O, E)-Mode 


For a0 the ring-element guide changes into the guide discussed in [10] (fig. 11, in [10] 
there ,|has indeed been assumed p=po and e=e). With this guide most of the wave energy 
travels outside indeed, hence in the region 7 >}, and these modes thus are typical surface modes. 
The quantity k, and thus the propagation constants of these modes are obtained from equatio! 
(89). There results that with an outer medium consisting of a dielectric (in particular wit! 
e=e and p=yo) only the /y-mode is of practical interest. The 1, HE,,,, and HH,,-modes 
(m#0) have very high attenuation and correspond to the spurious modes on the Sommerfel:| 
guide. Compare hereto also the statements in [9]. 

For the E,-mode one obtains with B.= fy ue/(ue)) from the eq (89) to (92) for the cal- 
culation of kp 
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Also the ring-element guide with a=0 has practically a periodic band pass character. Since 
k, always must have a positive imaginary part, there result from eq (59) with the lossless 


guide the stop bands: 
€% . 
Xon<Bo y‘ b<oon9 (60) 
0 


€; 
aan t ‘ « 
cm <Po 4) O<Xon4-1) n=!I, 2, 3, ete. 
0 


and pass bands: 


For e=€) and p=po the eqs (59) and (60) have been stated already in [10]. 
With 


| kb 
(61) 
|P 2| 
one obtains from eq (59) 
he ° Mo€ 
= : 62 
Bo jaf 5? = p,tan (psb+4) (62) 
Without consideration of the losses there are then the stop bands: 
€; us r6 
na—"< ¢ ‘Pra/ — b< neta (63) 


and the pass bands: 


T €; es 
nt <A b< (n+ l)r—7 n=1, 2, 3, ete. 


A comparison between the inequalities (60) and (63) shows that the inequality (63) is 
sufficiently accurate for practical purposes. 
After inserting eq (62) into eq (12) one obtains with 


SS (1-jtand), (64) b= Ary)" b, (66) 


€0 


tan 6<<l, (65) [Re (k:)|<<[Im (h2)| (67) 





or the phase and attenuation constants with e=«) and p= po 


 & . , a 
B= ay) 1+ | 5 [ss 7 ak tan tan (+2) ] (68) 


By Bo 


1 
— tan 6,+—- /. 7 
= 7 D, . ted (es (69) 


sia cos? (5042) \ haf ets Dit Dy, cot (o0-+7)] 
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The eq (68) shows that the phase velocity of the Ey-mode as arule is less than the velocity 
of light. In eq (69) the minute losses of the metal at the surface of the guide, i.e., for r=b have 
been neglected. The attenuation-versus-frequency response is analogous to the one shown in 
figure 8 of [9]. Compare hereto also [10]. 

If 
|Im (pyxb)|>2 70) 


with e=¢€) and p= py eq (62) can be written as the simple formula 


leo dD, _Ze (71) 


; -? =" 10. we AN 


Equation (71) yields the special case that, under the condition of the inequality (70), the /)- 
mode as a surface mode has a phase velocity higher than the velocity of light. See hereto also 
the examples at the end of section 5. 


5. Disk Guide (Ring-Element Guide With d=~) 


For calculating the propagation constants of the modes in the disk guide (fig. 1) the 
formulas for the ring-element guide are used, replacing Z,/Z) by Zg/Z. With the waveguide 
modes the eqs (13) to (40) hold accordingly, i.e., the H,-modes have the same attenuation as 
with the ring-element guide. With the /),-modes there is under the assumption 


[Ze chon 


IZ ~~ Bra n=1,2.3, ete. (72) 


the attenuation 


pigeons Re (FZ ‘) n=1,2,3, etc. (73) 


I. —(= ) 
ov Boat 
The phase constant practically equals that in the lossless homogeneous waveguide. 
Corresponding to the eqs (48) and (49) there appears under the assumption 





E - 
Im (F Pe (74) 
the equation 
az (8) 


Because of the inequality (74) the Bessel functions have no zeros in 0<r<a and the sub- 
script is therefore not needed. The /),-mode has changed into an Ey-mode. Note that 
eq (75) agrees with eq (71). With 
Zs hoa 

— 76 
ae >>z a ( ) 


™ £580) fF). (77) 


Some examples are to show the applications of the eqs (73) and (77) for the EHy-mode and 
E,-mode. There is xo,=xo:=2.41. The frequency is always assumed as f=50 kMc/s, hence 
\o=0.6 em and the inner radius is a=2.5 cm. 

For D,=50 D, and ¢;/¢.=3 the inequality (72) is satisfied and there results from eq (73) 
the attenuation ag=4.54107* N/em. This attenuation comes about merely by radiation 
into the inhomogeneous medium and is 72.5 times larger than the attenuation of the /j,-mode 
in the homogeneous circular copper waveguide. 
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For D,=50 D, and ¢;/¢>=3(1—J) the eq (72) can be used as well and there results ag=3.52 
10-3 N/em. Despite the lossy dielectric the attenuation is now lower, since Zz deviates 
from Z) more heavily than with ¢;/¢.=3 (poorer matching of the radial impedance). 

With D,=D, and ¢;/¢)=3(1— 7) the inequalities (74) and (76) are satisfied and there results 
from eq (77) an attenuation ag=0.223 N/em, 1.e., 3.55108 times as much as the attenuation 
of the /,-mode in the homogeneous cnciiee copper waveguide. The phase constant is 1.8 
percent less than that in the homogeneous waveguide. Compared to the case D,=50 D, the 
propagation constant thus has changed much more strongly relative to that in the homogeneous 
waveguide. In particular the attenuation has increased very heavily (superior matching of 
Zz to Zp). 

With D,=D, and ¢;/e,=2.5(1— 7) there results then an even higher attenuation, i.e., 
ap—0.269 N/em, since Zz has approached Z, even more. In this case the phase constant is 2.1 
percent less than that in the homogeneous waveguide. 

With the examples for the £)-mode the fact is remarkable that the phase velocity is not only 
greater than the velocity of light, but also greater than the phase velocity of the E,-mode in 
the homogeneous waveguide. This is in contrast to the general behavior of the Z)-mode which 
is characterized by v,<e¢ (see notes in sec. 4). 


6. Disk Loaded Waveguide and the Corrugated Waveguide (Ring-Element 
Guide With «=«/jw and p=). Ey,-mode and E,-mode with ¢,=« and x= 


The eigenvalues for the modes in the disk-loaded waveguide and corrugated waveguide 
are obtained from the eqs (83) and (84) by setting e=«/jw and w=y. All formulas derived in 
discussing the ring-element guide can thus here be used as well. To bring out clearly the funda- 
mentals of the disk loaded waveguide and the corrugated waveguide, let us here consider 
merely the Z, and E,-modes with €;=e , neglecting the losses (x= @). 

As a first step there results quite generally that for @b<1 no propagating modes exist in 
the disk loaded waveguide and corrugated waveguide, but merely statically attenuated fields 
of the type of the waveguide fields. 

With Ba<1 and B)b>1, however, the disk loaded waveguide is a delay line with filter 
character and very narrow pass bends. For the /)-mode there result the eigenvalues k,a and 
the pass bands from 
ee it tS te bn 8... (78) 
Ji (kia) D,+ Dz, 2 ab—"—E= 

” << 2 





ka 


The pass bands are given accordingly by 


T dD, sais ” 
ae <Absk- oe "4 (B,a)? D, +D, ; k=1,3,5, ote. (79) 
Particularly interesting is the behavior of the line with fa>>1. This case shall be con- 
idered alone hereinafter. The eigenvalues koa are now obtained from 


Jo (koa) dD, . 
koa i Ba “Dp, TD, tan Bd. (89) 
Vith d=0, the solutions of eq (80) are the zeros of Jy (koa). There result the E,-modes for the 
omogeneous waveguide. 

With d/y)=0.25 the solutions of eq (80) are the zeros of J; (koa) and the E)..4;,-modes have 
ie same phase velocity as the ,-modes. (The notation /y,,+41, derives from the fact that 
ith d—0 the waveguide mode £),,4;, comes about, see also figs. 12 and 13.) Physically, 
\is can be explained as follows. With d/Ay=0.25 the input impedance for 7=a is infinite for a 
iode in the radial direction. This means that no current flows at this point and H,=0 accord- 
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ingly. Since, however, with the H-modes H, follows the same function as , with the H- 
modes, and since with these the field strength H,—0 for r=a, the same phase constant results 
with d/\>=0.25 for the Eo:,+:)-modes as for the H,-modes. The figures 12 to 15 show a further 
evaluation of eq (80). 

The figures 12 and 13 present the eigenvalues kya of the Z),-modes and the /)-mode as a 
function of d for a given {)a, i.e., for a given frequency. The figures 12 and 13 must be thought 
of as periodically continued in the direction of increasing d/d) with the period 0.5, corresponding 
to the period of tan Gd. With d=0 one obtains the solutions for the homogeneous waveguide. 
With increasing d the real koa decreases with the /),-modes and the imaginary k,a increases with 
the E)-mode, i.e., the mode travels the slower, the higher d. 
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Figures 12 and 13. The eigenvalues koa 
with the Eon-modes (n=1,2,3,4,) and with 
the Ey-mode (koa imaginary) in the disk 
loaded waveguide as a function of d for Do= 
D, and fixed Boa. 


. The presentation is to be thought of as periodically 
continued with the period 0.5 in the direction of increasing 
0. 





NO PROPAGATING 
WAVES WITH 












REAL k,a En _ a 
/IMAGINARY 
[REAL 
| : 
05 
a/Xo aia cal d/o ——— 
FIGURE !2 FIGURE {3 


As an example let us once more consider figure 12. All values ka >6,a=5 give no prop- 
agating modes, only statically attenuated fields. This is shown in figure 12 by cross-hatching. 

Let us now study more closely the curve marked E),. For d=0 there results kpa=2.4, 
i.e., the eigenvalue of the E),;-mode in the homogeneous waveguide. With increasing d the 
quantity koa decreases (the mode travels more slowly) to reach finally zero for d/Aj=0.11. 
The phase velocity of the mode now equals the velocity of light. The curve marked £,, can 
now be thought of as continued by the curve marked /), i.e., the more d increases, the more 
the E),-mode changes into the £,-mode whose phase velocity is less than the velocity of light. 
The guide now is for this mode a delay line, the eigenvalue k,a is imaginary and increases 
with increasing d. With d/\)>=0.25 the quantity ka=j. In the range 0.25<d/My<0.5 
no Ey,-mode and no E,-mode are present. For d/A) >0.5 this repeats itself periodically with 
the period 0.5. 

Let us now study closely the curve marked E,.. With d=0 there results k,a=5.52, i.e., 
the eigenvalue for the Zy).-mode in the homogeneous waveguide. With k,a>f,a no propagating 
mode is possible, however. With increasing d the quantity k,a decreases to attain finally the 
value 5 for d/d=0.12 so that a propagating mode exists for d/M)>0.12. For d/h=0.25 the 
quantity koa is=3.83. The Ey:-mode now has the same phase velocity as the Ho,-mode. With 
a further increase of d the quantity k,a finally changes for d/A,=0.5 into the eigenvalue of the 
Ey,-mode in the homogeneous waveguide, i.e., ka=2.4. For d/\)>0.5 it is the Ko-curve 
shifted by d/A)>=0.5 in a horizontal direction that continues the curve. 
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The curve marked ,; is of a similar shape; for d=0 there results from it the eigenvalue 

3.65 of the E3-mode, for d/y=0.5 the eigenvalues 5.52 of the Ej.-mode, and for d/ky>=1 the 
vigenvalue 2.4 of the Hj,-mode in the homogeneous waveguide. For 0.5<d/Aj<1 the curve 
/y. shifted horizontally by d/A,=0.5 thus continues the curve. For d/\)>1 there follows 
subsequently the Ey,-curve shifted by d/A=1. The curve Ej, etc. runs correspondingly, and 
so on. 

Fig. 13 shows the behavior of the guide for B,a=26.2. Because of the large Ba, the Ey; 
and £y.-modes are here capable of existence, in contrast to figure 12. Besides the /,-mode 
changes into the #)-mode already for d/A,=0.025. With a waveguide radius a=2.5 cm a delay 
line thus comes about already for d>0.15 mm. Such a depth of d2=0.15 mm may result already 
by circular furrows due to roughing. 

The figures 14 and 15 show the eigenvalues kya of the Ej,-modes and of the /)-mode 
as a function of the frequency (d/d)). The associated Bya is also shown for each frequency. 
This gives a straight line through the origin. The higher the slope of this line, the smaller the 
ratio d/a (see the figs. 14 and 15). Above this straight line the real eigenvalues kya are greater 
than 6a so that no propagating modes with real kya are here possible. The curves do not 
hold for any desired small values d/X, for the condition Bya>>1 is then no longer satisfied. 
Since Boa here is a function of d/o, the figures 14 and 15 are no longer periodical, unlike the 
figures 12 and 13. This is most distinct with the values kka=0. The higher d/dy, the more 
these values lie at d/A=p 0.5 (p=1, 2, 3, ete.). 
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If we consider the range of validity of the curves in the figures 14 and 15, it is evident 
that d/d) can always be so chosen that only one E,,-mode is capable of existence. For ex- 
ample, in figure 14 (d=a/10) only the Eo,;-mode is capable of existence with d/=0.08. In 
figure 15 (d=a/2) only the Ey.-mode is capable of existence for 0.28< d/dy< 0.45. 

If d/X» is so chosen that the L,—mode is capable of existence, the ranges of validity of the 
figures 14 and 15 yield that in addition at least the L’q-mode is capable of propagation. This 
holds, for instance in figure 14, for the range 0.095<d/.<0.13 and in figure 15 for 0.58< dd, 
<0.64. For larger d/ the E;-mode comes to these as well. 

The figures 16 to 21 show in the region 0SrSa the field configurations of the modes 
capable of existence at 6a=5, a=2.5 cm (Ay=7 cm), D,=D, for a number of d/o. 

Figure 16 shows the well-known field configuration of the /y,-mode in the homogeneous 
waveguide. The guide wavelength \ exceeds the wavelength \) in space. The electrical field 
is perpendicular to the surface r=a. 

In figure 17 there is d/Aj=0.11 and A=Xo. ‘The electrical field is not perpendicular to the 
surface r=a. 

The figures 18 and 19 show the field configurations with d/A)>=0.2. Two solutions exist 
here for koa, i.e., one for the Ey:-mode and one for the Ey-mode. With the Z.-mode there is 
A=6.35 cm, hence more than d) (fig. 18) and with the Hy-mode there is \=1.95 cm, hence less 
than \, (delay line, fig. 19). Figure 18 does not represent the full field configuration of the 
Ew-mode in the homogeneous waveguide; the electrical field is here not perpendicular to the 
surface r=a. Figure 19 is similar to figure 17, but the wavelength is smaller. 

Figure 20 shows the field configuration with d/\)=0.25. The eigenvalue koa is again 
associated with the Ey.-mode and is 3.83. The wavelength is therefore \=4.88 cm and thus 
greater than Xo. Since the eigenvalue here agrees with that of the H),-mode in the homo- 
geneous waveguide, the electrical field configuration is here the same as that of the magnetic 
field with the H,-mode. 

Figure 21 shows the field configuration with d/4j=0.4. The wavelength is \=3.86 cm: 





FIGURE 16 FIGURE I7 FIGURE 18 FIGURE I9 

UW OO. W 

\ ) | 
zo poe ez Hf ez - 

| | 

MAGNETIC | \ jC) Oy | | 

FIELD LINES | | | | 
se aon — ~ ; “ie >." d/hy=02. hy = 435 d/ho= 02. kao! 63 

ne 2=635 cm = 195 cm 

Ey:- WAVE Eoy= Eq - WAVE E>p- WAVE E,- WAVE 
FIGURE 20 FIGURE 21 


Figures 16 to 21. Configurations of the 
electrical field lines of the possible modes for 
Boa=5, a=2.5 cm (N=7 cm) and D.e=D,. 


The magnetic field lines are circles around the z-axis. 
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The electrical field is perpendicular to the surface r=0.83a, but no longer perpendicular to the 
surface r=a. 
With the corrugated waveguide, which is often used in practice as a flexible guide section, 
gd always is very small. The eigenvalues koa therefore are near the eigenvalues xop. 
Corresponding to eq (13) there is then equated koa=xo,+0g. With e;=e and x>© eq 
(20) yields 
Ba D, 


06,=— 
, Xon dD, | D, 


-tan Bd: (81) 


This reveals that a corrugated waveguide with the inner radius a has for the 2, modes 
the same propagating constant and therefore the same field characteristic impedance as a 
homogeneous waveguide with the inner radius a’*, if 


a=a* -% D a D, tan Bil) . (82) 


If, for instance, a=2.5 em, d=0.1 em, A»=—4 em (@a=—3.93), D,=D, there results for the /y)- 
mode a=0.946a*. 


7. Appendix. Equation for Calculation of the Eigenvalue k,a 


According to [7] part B, eqs (18) to (20) the following equation results with the ring- 
element guide for calculation of the eigenvalue koa 


“iG iid 
kre Inf Kot) KB Byki 


kee Jn(kot) * 1 Tm(koa) 
*Lko Im (koa) ti; 








_ A?" (pea) (PAH (p2b)—An (peb)|+ Hi (px) A" (p2b)—PH? (pxb)| (83) 
H® (pga)(PH® (peb)—H® (peb)|+H® (pea) [HA (peb)—PH® (ped) ’ a 


2 
eh ae 1G 1m] 
ke pe Hi (ke b) k5 u yk? H 





9. HEP em ; LP a 
P= he, HOD (kab) * 1 HQ" (kb) | ment, 1, 2, ete. (84) 
ky HIS? (kexb) en 
where 
ky=(1—j) [eee ‘al 


In the following the quantities po/(u,k%) are neglected with respect to 1/k§ and 1/k3. With 


1 
' all > 86 
Pea ve m=0, 1, 2, ete. a 


‘here results then from the eqs (83) and (84) 


= Bo Jm(koa) Ali Bo Tm(kott) Zy —0.1.2 97 
i) =— ko I mk ka) FA ko T..(kya) *? Z, os 1, ei = ( ”) 


Za_ pa P tan Prd—1 
i IZ, P+tan ppd 


nere 


(88) 


| nder the assumption of the inequality (15) eq (27) is obtained from eq (88). 
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The eqs (83) and (84) yield 


my\?__ [Bp H9"(keb) Zu] [Bs HY" (kb). Z a 
(i) =-Li Hive 7 NL Tima 9 Z_] 8270, m=0,1,2, ete. (89). 













where 


B.=By 4/ (90) z=)" (91) 


Mo€o 













Tm(Pxb). (92) 


4:=j4s J (px) 


























A very similar equation may be obtained from the results of Wait [11] for a corrugated cylinder 
excited by a dipole. 


8. Principal Symbols 


€)>=dielectric constant of space, 

Ho= permeability of space, 

Zo=~Vuo/éo=field impedence of space, 

e;=dielectric constant of the dielectric in the corrugations, 
e=dielectric constant of the surrounding medium (can be complex), 
u=permeability of the surrounding medium (can be complex), 
x=conductivity of the metal, 


a=inner radius of the guide, 





b=outer radius of the guide, ; 
d=b—a=depth of the corrugations, i 
D,=width of the corrugations, H 
D,=spacing of the corrugations, ; 
D,+D,=corrugation constant (analog to optics), ‘ 
\o= wavelength of a plane wave in space, 
A=wavelength of the guide modes, 
=<" phase constant of a plane wave in space, 
0 
y= +j(B—ja) = +)8oV1—(ko/B)?=axial propagation constant of the waves on the guide, 
p=—"—phase constant, 
a=attenuation constant, 
f=frequency, : 
w=2rf=angular frequency, P 
3=equivalent thickness of the conducting layer of the metal, : 
r, g, 2=cylindrical coordinates, : 


v,=phase velocity, 


c=velocity of light, 






k,a=eigenvalue associated with the respective mode, 
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Xmn=eigenvalue associated with the E,,,.-mode in a lossless circular waveguide, i.e., 
n-th not disappearing root of J,,(p), 





Onn=eigenvalue associated with the H,,,-mode in a lossless circular waveguide, i.e., 
n-th not disappearing root of J},(p), 





























Jm=Bessel function of m-th order, 


J;,=derivative of the Bessel function with respect to the argument, 


# HI = Hankel function of first kind and m-th order, 
i H® =Hankel function of second kind and m-th order, 


H®’, H®’=derivatives, with respect to the argument, of the Hankel functions of 1st and 
2d kind 
- ’ 


Pue=ky—Jjsz, 


/ 
kez=Bov €;/€0, 


ee ae yi 
w Ea 2k €o 
1N=neper=8.7 db. 
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JOURNAL OF RESEARCH of the National Bureau of Standards—D. Radio Propagation 
Vol. 64D, No. 5, Seotember—October 1960 


) High-Gain, Very Low Side-Lobe Antenna With Capability 





for Beam Slewing’’ 
Alvin C. Wilson 


(October 8, 1959; revised March 21, 1960) 


A corner-reflector antenna having reflecting surfaces ten wavelengths wide and two 


wavelengths long was constructed, adjusted, and tested. 
Dolph-Chebyshev current distribution designed for side-lobe 


array of ten half-wave dipoles. 
suppressions to 
as nearly as possible to this distribution. 


so as to slew the main beam 10° off the forward direction. 


—45 decibels was computed. 
The phase of the dipole currents was graded 


The driven element was a collinear 
The currents in the dipoles were adjusted 


The radiation patterns were 


measured and found to be quite close to the computed. 
Check of pattern stability with time and with changes in temperature and weather 


conditions showed it to be quite stable. 


Measurements of radiation pattern at frequencies 


departing from design frequency showed the operating bandwidth (determined by the 
preservation of the pattern) to be adequate for the applications likely to be considered for 


such antennas. 


The half-power beam widths of the main lobe were 9.8° in the E-plane and 32° in the 


H-plane. 


On the basis of the measured beamwidths, the gain was calculated to be approx- 


imately 21.2 decibels relative to an isotropic radiator. The gain was experimentally measured 


to be 21.2 decibels. 


1. Introduction 


Operation of VHF ionospheric scatter communi- 
cation services at frequencies below the #2 MUF 
requires, especially for high speed binary data 
transmission, special means to avoid long range 


Finterference, including self-interference from  back- 
pscatter [1].° 


The use of narrow beam antennas 
designed to suppress the radiation outside the main 


) lobe by at least 40 db has been indicated as one 


measure for reducing such interference. In special 


Hsiting situations, severe requirements occasionally 
} arise for suppression of radiation outside the main lobe 


as a means of avoiding interference to neighboring 
radio services. Under some circumstances, there 


would be an advantage in having an antenna in 
P which the main beam could be slewed to either side 


lor taking advantage of meteor reflections. 


The performance of corner-reflector antennas 


> became of interest to the National Bureau of Stand- 
jards because they appeared to be well suited to 


scommunication via ionospheric scatter. 


Previous 
Measurements have shown that this antenna can be 


Hdesigned to have a high gain with very low secondary 


lobe-ley ols [2 SI. 


A collinear array of dipoles may 
be used in a corner-reflector antenna 


to obtain 


higher “ain and more desirable directive character- 
Pisties than are obtainable by the use of a single 
dipole i: a corner reflector. ’ 
Ame od of determining the optimum current distri- 
bution .: a collinear array of isotropic radiators has 
been di-cribed by C. L. Dolph [4]. The resultant 
—<<<  -_ 
'Contri!) ion from Central Radio Propagation Laboratory, National Bureau 






Boulder, Colo. . 
reported herein was carried out on behalf of the U.S. Air Force, 
| extended by U.S. Air Force Ground Electronics Engineering and 
gency, Rome, N.Y. 

brackets indicate the literature references at the end of this paper. 
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current distribution across the array is based on the 
properties of Chebyshev polynomials. When a 
Dolph-Chebyshev current distribution is used, the 
main beamwidth will be as narrow as possible for a 
predetermined side-lobe level; or, if the main 
beamwidth is specified, the side-lobe level will be a 
minimum. 

When a collinear array of dipoles is used in a 
corner reflector, the resultant pattern is more 
directive than the array pattern for the collinear 
dipoles alone, and further reduction in levels of 
side lobes is achieved. 

Computations were made to obtain the Dolph- 
Chebyshev current distributions to limit the side 
lobes 40 db below the main beam level and the 
resultant half-power beamwidth for collinear arrays 
of 6, 8, 10, 12, 14, and 16 half-wave dipoles spaced 
0.5 and 0.8 wavelengths apart. Table 1 shows the 
relative current distribution and resultant main 
beam half-power beamwidth. 


TaBLE 1. Computed dipole current distribution and resultant 
half-power beamwidth of main lobe for Dolph-Chebyshev 
current distribution to limit all side lobes 40 db below main 
beam level 


Number | 





Half-power beam-| Current distribution, decibels of attenuation 
width in degrees | relative to center elements 








0 | 
dipoles 
in 0.5X 0.8A | Dipole right and left from array center 
collinear | spacing | spacing |_ a ae pot e = 
array | between| between | | 
| dipole | dipole |1/ 2 | 3 4 5 6 | 2 8 
| centers | centers | | | 
—S——— ——___—_— .| — — ———— | —— --— — - _ —— 
6 | 23.6 m6 | 6) 49-1 06 L..... 
8 | 18.0 11.4 0,24 | 7.6] 16.7 
10 | 14.5 92 |0/1.5 | 4.7] 10.0] 18.1 
12 | 321 7.6 | 0 | 1.05 | 3.2] 6.7 | 11.8 | 18.6 
14 | 10.3 6.4 |0/0.76] 2.3) 4.8] 83] 13.1] 18.9 
16 =| 9.0 | 5.6 |0] .58] 18] 36] 62] 9.6] 142] 18.9 
| | | | | i 






















In order to slew the main beam of a collinear 
array away from the forward direction, a change in 
the phase of current in the dipoles may be saleubabed 
for the desired amount of slewing. 

The phase advance ®, of the current in a dipole p 
required to produce a slew angle f, off the broadside 
direction is given in degrees by 


°,=— 360% sin By 


where dp is the distance of the dipole from the 
center of the array, taken as zero reference for 
phase. The negative sign signifies that the phase 
is retarded when the slew angle is in the direction 
of positive p. 

Computations were made to obtain the radiation 
patterns for a collinear array of 16 half-wavelength 
dipoles, spaced a half-wavelength apart with the 
main beam slewed 0°, 10°, and 20° off from the 
forward direction. It was noted that, even with 
the beam slewed as much as 20°, the side lobes were 
still nearly 40 db down from the main beam level. 
Figure 1 presents these computed patterns. 


1ZED RESPONSE, DECIBELS 


NORMAL 








AZIMUTHAL ANGLE, DEGREES 


Ficure 1. Computed radiation patterns in the E-plane of a 
collinear array of 16 half-wavelength dipoles spaced half- 
wavelength apart with a Dolph-Chebyshev current distribution 
computed to limit the side lobes below 40 db. 

Maximized in forward direction. 


Beam maximum 1¢° off forward direction. 
— Beam maximum 20° off forward direction. 





The radiation patterns for a collinear array of 10 
half-wavelength dipoles spaced 0.8\ apart in a corner 
reflector was computed. The aperture angle of the 
corner reflector was assumed to be 90° for purposes 
of computation, and the dipole position, distance to 
apex, 0.3 wavelength. Using a dipole current dis- 
tribution to limit the side lobes 40 db below the 
main beam level, a main beamwidth at the half- 
power points of 9.2° was obtained. When the beam 
of this corner-reflector antenna is slewed by grading 
the phase of the dipole currents, the side lobes will 
not all be 40 db below the main beam level. With 
the beam slewed 10°, a high side lobe occurs at an 
azimuth of 68° in the direction opposite from slew; 
its level is 37 db below the main beam level. With 
the beam slewed 20°, the corresponding side lobe 
occurs at 56° with the response 17 db down from the 
main beam level. The high side lobes are actually 
secondary main lobes due to the dipole spacing being 
greater than a half-wavelength. Figure 2 shows 
the computed patterns for 0°, 10°, and 20° slew. 
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Figure 2. Computed radiation patterns of a 90° corner. 
reflector antenna using a collinear array of 10 half-wav- 
length dipoles as the driven element. 


Dipoles spaced 0.8\ apart and 0.3\ from the apex. The dipcle currents follow 
a Dolph-Chebyshev distribution computed to limit the side lobes below 40 db 





———— Maximized in forward direction. 
Beam maximum 10° off forward direction. 
- Beam maximum 20° off forward direction. 







A corner-reflector type of antenna with a Dolph- 
Chebyshev dipole current distribution was con- 
structed, adjusted, and tested by the Boulde 
Laboratories of the National Bureau of Standards. 








The adjustments and tests were performed in twof 
The work performed in phase I consisted F 





phases. 





of the adjustments and measurements necessary [7 





to obtain side-lobe suppressions below —40 db. 
The work performed in phase IT consisted of the 
adjustments and measurements necessary to slew 
the main beam 10° in addition to side-lobe suppres- 
sions below —40 db. Gain measurements were 
made for the antenna in both test phases. 

The terminology employed here conforms to con- 
mon usage. The width of the reflecting surfaces 
W’, is the dimension parallel to the apex line. The 
length, Z, is measured along the direction normal to 
the apex line. 
by the two reflecting surfaces. The dipole position, 
S, is the distance of the driven clement from the 
apex. The dipole spacing is measured between the 
dipole centers. 



















2. Experimental Procedure 






On the basis of gains and radiation patterns 
havin 








obtained with corner-reflector structures 
various combinations of lengths and widths off 
reflecting surfaces [2, 3] and on the basis of the 
computed radiation patterns for collinear arrays, \f 














corner-reflector structure with reflecting surfacef 
2 wavelengths long and 10 wavelengths wide and «iF 







aperture angle of 72° was constructed, adjusted 
and tested with a Dolph-Chebyshev dipole curret 
distribution to limit the side-lobe level. 

The driven element was a collinear array of | 
half-wave dipoles spaced 0.8 wavelength center-e 
center from each other and 0.45 wavelength from tht 
apex of the corner-reflector structure. 

The currents in the dipoles were initially ad juste 
to conform to the values determined for a Dolpl: 
Chebyshev current distribution to limit the sil 
lobes to —40 db. It was found, however, tha‘ smi! 
departures in current values, unavoidable in «xpet 
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mental practice, would make the radiation pattern 
excecd this level by several decibels. The current 
distribution was then recomputed for —45-db level 
and the currents readjusted accordingly. These di- 
pole currents, progressing right and left from array 
center, were 0, —1.7, —5.3, —11.1, and —20.4 db, 
respectively. 

A main beam slew of 10° off from the forward di- 
rection was chosen for these measurements. For a 
slew angle of 10° and for 0.8 dipole spacing, the 
progressive phase difference between adjacent di- 
poles comes to be equal to 50°. The phase of the 
dipoles to the right from center were progressively 
© advanced 50° while those to the left were progres- 
sively retarded 50°. 

Measurements of gain and radiation pattern were 
carried out using the antenna as a receiving antenna 
© and observing precautions against antenna tilt and 
> other sources of error as described in NBS Circular 
| No. 598 [5]. 

3. Results 


Figure 3 presents the radiation patterns of the 
) antenna in the #- and H-planes for the tests per- 
formed in phase I. The #-plane patterns can be 
seen to have a half-power beamwidth of 9° and a 
—40-db beamwidth of 28°. Except for one point, 
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| Ficure 3. Radiation patterns in the E- and H-planes of a 
corner-reflector antenna using a collinear array of 10 half- 
wavelength dipoles as the driven element with a Dolph-Cheby- 
shev cvrrent distribution to limit the side lobes. 
Width of reflecting surfaces, W/A=10. 
Length of reflecting surfaces, L/A=2. 
Aperture angle, @=72°. 
Dipole position, S/A=0.45, 
Dipole spacing, 0.8A. 
- E-plane. 
H-plane. 


the seco 
At an 
seconds: 
of expe 
” Mai 
the —4 
The 
H-plan 


idary lobe level is everywhere below —40 db. 
izimuth angle of —26.5°, the level of one 
y lobe reached —39 db. The departures 
imental adjustments from theoretical could 
tained sufficiently small to remain within 
-db level. 

adiation pattern of this antenna in the 
agrees very closely, as it should, with that 
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obtained using the same corner-reflector structure 
and a single half-wave dipole as the driven element 
(fig. 11 of ref. [3]). It should be noted that the 
radiation intensity in the 180° direction for the 
patterns in the two planes is not identical. This is 
explained by the fact that in making the measure- 
ment of the H-plane, due to the large width of the 
structure, one end of the corner reflector had to be 
suspended relatively close to the ground. The in- 
crease in the back radiation for the H-plane pattern 
is attributed to the resulting unbalance. Radiation 
levels of the order of —50 db are equivalent in 
intensity to 0.001 percent of those in the forward 
direction, and a small degree of unbalance is readily 
detectable at these levels. 

Figure 4 presents the radiation pattern of the 
antenna in the #-plane after the adjustments 
described in phase II were completed. The main 
lobe is slewed 10°, as desired. The main beam- 
width at the half-power points is approximately 9.8°. 


MPUTED SECOND MAIN 
LOBE 

MAIN BEAM IS SLEWEL 
OFF FROM FORWARD 
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Fiaure 4. Radiation pattern in the E-plane of the corner- 
reflector antenna with the main beam slewed 10° off the for- 
ward direction. 


Width of reflecting surfaces, W/A=10, 
Length of reflecting surfaces, Z/A=2. 

Aperture angle, @=72° 
Dipole position, S 
Dipole spacing 0.8\. 


The effect of the dipole factor and the use of the 
corner reflector aids in suppression of the side lobes, 
but not sufficiently to keep all of the side lobes below 
—45 db. A relatively high side lobe occurs at an 
approximate azimuth of 60° in the opposite direction 
from slew with a response 37 db down from maxi- 
mum. ‘This side lobe is actually another main lobe 
due to the dipole spacing used. It is believed that 
this lobe causes the high side lobe which appears in 
the back direction at an azimuth of approximately 
110° due to the limited width of the corner-reflector 
structure. The computed second main lobe ob- 
tained from slewing the main beam 10° from the 
forward direction is shown as the dashed line in 
figure 4. This lobe was computed for a corner- 
reflector aperture angle of 90° instead of 72° and for 
a —40-db side-lobe level instead of —45-db level. 
Other high side lobes which occur near 180° are 








probably a function of the corner-reflector struc- 
ture. No further attempt was made to reduce these 
back-radiation lobes since they were already below 
the secondary lobe level at 110°. Except for a 
small side lobe at the base of the main lobe, all lobes 
in the vicinity of the main beam are below —40 db 
and even approach —45 db. 

Measurements were carried out to determine the 
degree of cross polarization. Figure 5 presents these 
results. The curve shown as the solid line is a 
normal /-plane radiation pattern. The curve shown 
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Figure 5. Radiation pattern in the E-plane and the cross 


polarization pattern in the same plane with the main beam 
slewed 10° off the forward direction. 


—- - Normal E-plane pattern. 
----- Cross polarization pattern. 


as the dashed line shows the cross polarization in the 
same plane. The main lobe of the cross polariza- 
tion pattern is seen to be approximately 18 db below 
that of the normal pattern. 

Measurements were made of the frequency sensi- 
tivity of the radiation pattern by taking patterns at 
0.2-Mc/s intervals above and below the design fre- 
quency of 400 Me/s. Figure 6 presents these pat- 
terns. As the frequency deviation became greater, 
the level of the side lobes near the base of the main 
beam increased. There was no measurable change 
in the back radiation or in the degree of beam slew. 

Of considerable importance is the problem of elec- 
trical stability of the system with time. While the 
experimental measurements described were not de- 
signed with stability as the prime objective, measure- 
ments have been made on the antenna with adjust- 
ments left unchanged with time. Figure 7 shows 
radiation patterns recorded on three different days 
with adjustments not disturbed. The slight day-to- 
day changes appeared to be caused by weather con- 
ditions and temperature differences. 

On the basis of the half-power beamwidths ob- 
tained for the H-plane from the radiation patterns 
of phase I and the #-plane from radiation patterns 
of phase II, the gain of the antenna over an isotropic 
radiator may be computed from the following [6]: 
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Gain (db) =10 logy ae 
E H 


. 41, 253 
gain (db)=10 logio 9.832 


gain (db)=21. 2. 


This method of estimating the gain is most ae- 
curate when the main beam is narrow and the side 
lobes are minimum as is the case for this antenna, 
The gain was experimentally measured relative to a 
half-wave dipole. These measurements indicate a 
gain of 21.2 db over an isotropic radiator. This gain 
measurement was an average of three experimental 
measurements with maximum deviation +0.5 db. 
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Effect of frequency changes on the radiation pattern. 
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FIGURE 6. 
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Ficure 7. Stability of radiation pattern with tim . 


—_ - - Radiation pattern taken December 16, 1958. 
— - — Radiation pattern taken December 17, 1958. 
Radiation pattern taken December 18, 1958. 
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4. Conclusions 


The experimental work described shows that it is 
possible to approach in practice the results obtained 
theoretically for side-lobe suppression and beam slew- 
ing by using an array of collinear dipoles in a corner- 
reflector antenna. Compensation can be made for 
deviations of actual dipole currents from the theo- 
retical currents by using a current distribution for 
—45 db to obtain in practice —40-db_ side-lobe 
suppression, 

The corner-reflector antenna using a collinear 
array of dipoles as the driven element has been found 
to be a suitable antenna type for applications re- 
quiring a high gain, low secondary radiation levels, 
and a capability for beam slewing. 

Beam slewing of more than 10° is practical, de- 
pending upon the tolerance for a secondary lobe at 
a large angle from the main lobe. To reduce this 
difficulty, the dipole spacing may be reduced. At 
0.5 dipole spacing, the secondary lobe is effectively 
eliminated, but mutual coupling between dipoles 
increases the problems of adjustment of current 
distribution and phase. . 

Full-scale operational antennas of this type are 
practical to construct and maintain. The desired 


91273---60-—-—-10 











degrees of beam slew can be obtained by the use of 
properly adjusted plug-in current distribution net- 
works. For purposes of initial adjustment and sub- 
sequent monitoring, a current sampling loop should 
be built into each dipole. 


The measurements were carried out with the 


assistance of W. L. Martin. 
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A Slate SR 


The shielding effect of a thin, horizontal imperfectly conducting sheet against the 
transient field of a vertical magnetic dipole when excited by a ramp function is investigated. 
The results are calculated by taking Laplace transforms of the frequency spectrum functions 
for the steady-state problem. The response to the ramp function is calculated and the 
significance of the results in shielding against surges is discussed. 
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1. Introduction 


The problem of shielding electrical equipment from transient signals emitted by high- 
powered radio transmitters is of practical interest. The response of a physical system to a 
transient electromagnetic excitation is usually in the form of a surge which decays after some 
time, leaving the steady fields. This paper deals with the shielding effect of a thin, infinite 
sheet of imperfectly conducting material againsi such surges. 

Wait [1]* has considered this problem in terms of a magnetic dipole excited by a step 
function. The purpose of this paper is to simulate more closely the building up of a surge by 
a considering an excitation in the form of a ramp function. The ramp function takes into 
a account the rise time of the signal, that is, the time required for the signal to rise from its initial 
i value of zero to its peak value. 

Wait [1] has calculated the response to a step function by taking Laplace transforms of 
the frequency spectrum functions obtained previously by a low-frequency approximation. He 
i then suggested that the response to an arbitrary excitation may be obtained by means of the 
: superposition theorem. Although the superposition theorem is elegant, it does not appear 
to offer any practical advantage over the transform method in the present problem, so the 
transform method is employed here. 
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2. Statement of the Problem 
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The situation considered is the excitation by a ramp function of a vertically oriented 
magnetic dipole above a thin, imperfectly conducting sheet. The object is to calculate the 
transient fields on the opposite side of the sheet with the aid of the frequency spectrum functions 
obtained previously by Wait [2, 3]. 

The magnetic dipole source is a loop antenna situated at the origin of a cylindrical coordi- 
inte system (p, ¢, 2). The axis of the loop of area dA (and of the dipole) is oriented in the 
> direction and has a total current 7. The conducting sheet is centered in the plane z=—a 
(lig. 1). Its thickness is d and its conductivity is o. 

The spectrum functions employed here are based upon a low-frequency approximation 
and, therefore, the distances a, p, and 2, are assumed to be small compared to the wavelength. 
!, is assumed also that d<<a. 

The low-frequency approximation, which restricts these considerations to thin, con- 
| ‘ucting sheets, was employed by Wait [2] to obtain the electric and magnetic fields as functions 
4 ©; frequency in order to simplify some extremely complicated expressions [3]. Once these 





! Contribution from Gordon McKay Laboratory, Harvard University, Cambridge, Mass. This work was supported by AFWSP under 
( ontract Nonr 1866(26) between the Office of Naval Research and Harvard University. 

° Present address: Division of Engineering, Brown University, Providence 12, R.I. 

8 Figures in brackets indicate the literature references at the end of this paper. 
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Figure 1. Shielded region. 
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fields have been obtained in the frequency domain, they are in accord with the material con- 
ditions and they may then be transformed into the time domain. 

The spectrum functions for a harmonic dipole source having time dependence e‘*‘ have 
been obtained by Wait [1]. The spectrum of the magnetic field is expressed as 





AH (iw) =—grad p(iw) =[H,(iw), 0, H.(iw)] (1) 
where the magnetic potential y(iw) is given by 
I(a 2 ~e* Jo( » dd ¢ 
(iw) =b [ a et Hia)ia Sf eed | (2) 


where }=dA/4m and a=cyud/2 where n=4r X 1077 h/m. 
It is appropriate at this point to differentiate under the integral sign in eq (2) in order 
to avoid the subsequent occurrence of an integral that does not exist. Equation (2) then 


becomes 
T(iw)z eo he¥ Jo(Ap) ]: 
(tw) = | Ga nat Hii { “™ gt dx (3) 
The frequency spectrum of the electric field is 
I(r 
E, (iw) =— bul (iw) iw | ory Pat ia. | nt ceothe) an |. (4) 


The frequency spectrum of the current J(iw) is the Laplace transform of the excitation 
z(t). It is desirable for many applications to study the excitation occurring in a radio trans- 
mitter. When a transmitter is switched on, the signal is initially zero. It rises to its peak 
value after a certain time which will be called the rise time of the signal. It is convenient to 
simulate this excitation by means of a ramp function (fig. 2) which is defined as 


, I 
j(t) == [tu(t) — (t—1) u(t—7)] (4) 
where u(t) is the unit-step function 
0 t<0 
oem { 1 t>0 


I, is the peak value of the current and r is the rise time. 
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Figure 2. The ramp function. 
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The current spectrum of the ramp function is 





: I (iw) = il Hije~ t= Gay (l—e** | (6) 

é The spectrum functions of the magnetic potential (eq (3)) and the electric field (eq (4)) can 

r now be written explicitly in terms of the frequency as follows: 

7 

: cine 1 (° XY Joe) 7 
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The transient response to the ramp function is calculated by taking the inverse Laplace 
transform of the frequency spectrum. The transform over the frequency domain yields the 
behavior of the fields in the time domain. The inverse transforms y(t) and e,(¢) are defined by 
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1 *ctio : ; — 
Y(t) =3;| V(iw)e'*'d (tw) » (9) 
oT) c—iw 
and 
ae re 
es(t)=5 | E,,(iw)e"d (iw) (10) 
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The spectrum functions (eqs (7) and (8)) are transformed respectively into 








'@ 
2 1 u(t)—u(t—r) _ u(t) 
y(t)—bI, is 372 Lut Delt Fah (24 p)3 2 ((—z 244) le)? +p?) 
u(t—r) 
a. = a se 1 ’ 
pe nre +. (11) 
((—2+ me ee 5. 
and 
Ih y u(t) u(t—r) = 
g(t) =—bp Gay ire (u(t)—u(t—1)) — c + ee | 


j It should be noted that the calculation of eq (11) is facilitated by the use of the shifting theorem 
[4]. The components of the magnetic field may be calculated from eqs (1) and (11). They are: 
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The components of the electric and magnetic fields, eqs (12), (13), and (14) may be decom- 
posed into more elementary units whose physical significance will be explained. In particular, 









h,(t)=A,(t)+B,(t)+C,(0+D,(0) 






h(t) =A.(t)+ Bt) +C()+D.(t) 







eg(t)=B,(t) + C.(O)+Do5(t) 





where 
Se BP Spz j 
A,(t)=b — ———a [tu(t)—(t—7) u(t—7)] 
et a od a 








_, Ipap u(t)—u(t—7) 
B,(t)=6 .o (22+ p?)3? 











. Iyap u(t) 
C,(t)=—b—=> + p?)3?? 
p(t) b- 2 ((—2z+t/a)?+ p”)*” 
















D,)=ve% sas ie 
((-24 er ) + p*) 
Ih 32? 
A,)=0" ats altu(t)—(t—r) u(t—7)| 
a me 
tT 4 (2°+p Sl 





i, (—2+t/a)u(t) 
C.(t)=—6 a 
z(t) '? ((—2z4+ t/a)?+ p*)3”” 


? u(t—7)(—24 —) 


3/2 


(ayer) 


Dili yh - =. galu(t)—u(t—r)] 
iacap 


































pu(t) 


f 
C4 — b >) _9\3/2 
ot) = HOF (34 te)? pp)? 






I, pu(t—r) 
r 


eam ead) 


The significance of these terms may be explained as follows: 

The A(t) terms may be regarded as primary field terms. They represent the fields that 
would be produced in the absence of the conducting sheet. Their time behavior is the same 
as that of the source. 

The B(t), C(t), and D(#) terms represent surges resulting from the presence of the sheet. 
A closer examination of B(#), C(t), and D(t) reveals the following: 

B(t) and D(t) have the same signs but act in different time intervals. B(t) acts in the 
interval 0<t<r, i.e., during the rise of the excitation, while D(¢) acts in the interval r<t< ~, 
i.e., after the excitation has reached its peak value. 
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The C(t) terms are opposite in sign to the B(t) and D(t) terms and are smaller in magnitude 
for t>0. They may be regarded as cancellation terms which modify the surge terms B(t) and 
D(t). An examination of eqs (12), (13), and (14) shows that the C(t) terms decrease mon- 
otonically in the interval 0<t<7r. Since the B(t) terms are constant in the interval 0<t<r, 
the cancellation becomes progressively weaker during the rise of the excitation. The surges 
reach their maxima at time t=7, since the cancellation is weakest here. At this time the total 


fields are 
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After t=7, B(t) is replaced by D(t). C()-0 and D(t)—0 in such a way that the surge 
fields die out and only the primary fields remain. 

An examination of eqs (15), (16), and (17) shows that the surge in h, is opposite in sign 
to the primary field (for <0) and thus serves to reduce it. The surge in h., on the other hand, 
is the same as that of the primary field and thus increases the total field. The electric field 
term e¢ consists only of a surge. The primary field is zero. It can be seen, in terms of the 
parameter z/a, that the cancellation term C(#) will be reduced for large values of 7/a and thus 
the surge will have a greater effect for longer rise times and for thinner or more poorly con- 
ducting sheets. The low-frequency approximation on which these results are based restricts 
these considerations to values r/a>>z and does not permit a discussion of small rise times or 
thick conducting sheets. 

Attempts to deal with thicker sheets have led to complicated integrals. Other authors 
such as Wait [3], Lowndes [5], Bhattacharyya [6], Gordon [7], and Price [8] have attempted to 
integrate expressions involving rational functions and exponential arising in such problems. 
They have been forced to make highly restrictive assumptions. Further work in this direction 
would appear to be desirable. 

The transient response of a horizontal dipole is similar to that of the loop. 


The author thanks Professor R. W. P. King for calling this problem to his attention and 


for many helpful discussions. 
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A partial survey of cylindrical antenna theory pertaining to a tubular model with a 


narrow gap is presented. 
Middleton, Storm, and Zuhrt. 
described. 
of the Hallén equation. 


cients are the unknowns of a system of linear equations. 
matrix are given by a highly convergent series. 
full wavelength antennas with half length to radius ratios of 60 and 5007. 


The surv ey includes discussion of the theories of Hallén, King and 
A conceptual relation between theory and experiment is 
The latter part of the article is concerned with a new Fourier series solution 
This solution is developed in such a way that the expansion coeffi- 


The elements of the coefficient 
Numerical results are given for half and 
These results 


compare quite closely with those obtained from King-Middleton theory. 


1. Introduction 


Existing solutions to Hallén’s integral equation 
for the current distribution on cylindrical antennas 
fall into two main categories [1, 2]: 2 


Iterative solutions which use an approxima- 


tion to eylindrical antenna current as a starting 
point. Successive iterations generate improvements 


in the original assumption. Approximations are re- 
quired at some stage in the process if tractable inte- 
grals are to be obtained. The approximations are 
not severe if h/a, the ratio of antenna half Jength to 
radius, is large. Impedances obtained from itera- 
tive solutions are in good agreement with experi- 
ments performed on thin antennas. Although suc- 
cessful, iterative solutions become laborious beyond 
second or third order, and the approximations 
become suspect in the case of thick structures. 

2. Solutions in which the integral equation is con- 
verted into a set of linear simultaneous equations 
with Fourier coefficients of the current distribution 
as unknowns. Typical of these are the theories of 
Storm and Zuhrt. (Strictly speaking, Zuhrt did 
not solve Hallén’s integral equation, but one deriv- 
able from a somewhat different point of view.) 
Storm approximated matrix elements in his set of 
equations so that his theory is limited to thin strue- 
tures. In addition, Storm’s theory contains two 
rather fundamental errors which, acting in concert, 
produce fortuitous results. Zuhrt obtained matrix 
elements by graphical integration, a sufficiently tedi- 
ous process to limit his calculations to low order. 
Neithor of these solutions fully exploits the Fourier 
echnique for obtaining the current distribution. 
We have obtained a solution similar to Storm’s in 


series 


which computation of matrix elements can be easily 
done vith high accuracy even for h/a ratios as low 
a 8 or 10. Matrix inversion is easily accomplished 
with modern digital computers so that solutions of 

Cont bution from New Mexico State Univ., University Park, N. Mex. 


This we was carried out under P.O. 15-0079 from Sandia Corp. 


*Figu: s in brackets indicate the literature references at the end of this paper. 
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high order are feasible. We have carried out cal- 
culations to 25th order for half and full wavelength 
antennas with h/a ratios of 60 and 5007. Results 
from the King-Middleton iterative solution com- 
pare favorably to ours so that their work for h/a > 
60 has been checked by comparison with an exact 
theory. 

Although this paper is principally concerned with 
developing a Fourier series solution, a reasonably 
complete treatment of iterative solutions is included 
in an attempt to provide a self-contained account 
of cylindrical antenna theory. Even with this aim 
in mind, the treatment of iterative solutions, as 
well as the theories of Storm and Zuhrt, is sufficiently 
involved that the reader is referred to the original 
work for many of the details. 


2. Statement of the Problem 


Vector potential as a function of position, (7), 
is given in terms of a current distribution, /(7), by 
the expression 


_— pit 
eyo ead a {es 
AG =# | [{ Ie Fae ee 


The vector integration in (2.1) must be taken over 
all sources of the vector potential field and it is this 
requirement that causes a direct solution of a realistic 
antenna problem to be exceedingly difficult. In the 
case of a cylindrical antenna the integration would 
have to include currents in the antenna, the feeding 
transmission line, and the oscillator which supplies 
power to the antenna-transmission line assembly. 

Every possible combination of antenna, transmission 
line and driving generator would have to be treated 
as a special case and a mathematical solution of any 
given case would by itself be formidable. An ideal- 
ized problem can be extracted from this situation by 
consideration of an extremely thin walled tube of 
infinite conductivity with a narrow circumferential 
gap corresponding to the antenna terminal zone. 


(2.1) 









Choosing the conventional cylindrical coordinates, 
(p,¢,2), the antenna is defined by p=a and |z2|<h. 
A purely hypothetical generator is assumed such 
that the electric field in the gap is azimuthally 
symmetric. The voltage across the gap is defined by 


V=— il Edz 
gap 


where EF, is the z-component of electric field at p=a. 
E, is zero outside the gap since the simplifying 
assumption of perfectly conducting tube walls has 
been made. If the gap width is decreased as V is 
held constant, we must express FE, by 


(2.2) 


E,=—V6(z) for |z| <h, (2.3) 
where 6 (2) is the usual delta function. Center-fed 
models will be considered here although this restric- 
tion can be removed. 

The value of electric field anywhere in space is 
given by 
Y=—grad 6—jwA (2.4) 
where ® is the scalar potential.(Time dependence 
proportional to e’*‘ is assumed in all of the relation- 
ships used here.) Scalar potential can be found 
from the Lorentz condition 


o—/ div A. 


WUE 


The combination of a tubular model without end 
caps and the assumption of a symmetric field leads 
to the conclusion that only the z-component of A 
is different from zero since all of the current sources 
on the tubular surface will be in the 2-direction. 
Equations (2.4) and (2.5) can be combined to give 


E,=—-“ (0?A/d22+k2A), (2.6) 
Wwe 


where the symbol A without the vector bar simply 
stands for A,, and k®?=a*ye. In general A is a 
function of both zand p. If the operator (0?/02?+ k?) 
is applied to A (2, p) and then p is taken at the 
antenna surface, we obtain 

WHE +> 
“—~ Va(2), 


DADE BA =A 


(2.7) 


an equation for the surface value of vector potential 
valid for |z|<h. Solutions of the homogeneous 
equation, 0? A,/d2?+k? A,=0, are simply cos kz, sin 
kz, e* or e~**. Linear combinations of these solu- 
tions may be used to build a solution to (2.7). Thus, 


A,=C;, cos kz+D, sin kz], (2.8) 


A,=C, cos kz+Dye~*!7|, (2.9) 


These solutions are completely equivalent. How- 





ever, we prefer (2.9) as a basis for studying ceriain 
properties of the infinite cylinder. D, and D, are 
evaluated by substituting these solutions into (2.7) 
and performing the indicated operations with due 
account being taken of the discontinuous derivatives 
of sin k\z| and e~*!?!,_ The results are D,; = (w peV ) /2jk 
and D.=(wyeV)/2k. Then 


, ws 
A,=C, cos ket 3 sin k\ 2], (2.10) 


WUE Vv 
£3 


e7 Fklzt. 


A,.=C, cos ket (2.11) 


Since e~*!#! ean be written as cos kz—j sin kz), it is 
easily shown that C;= (+ apeV/2k. Either expression 
may be used, the choice between them being only a 
matter of taste. 

Under the assumptions being made, the current 
distribution of the general formula (2.1) degenerates 
to a surface distribution, A(z). It must be borne 
in mind that the tube has both inner and outer 
surfaces, and K(Zo) is the sum of current densities 
on both surfaces. The field point, 7, can be taken 
at the surface of the cylinder p=a so that an alternate 
formula for A, is 


J m +h (*r e*lTFe— Fol 
a i] il K (20) yee i ‘¢E ad zyldo, (2.12) 
hale 8 0| 


[7 


where 7) ranges over the antenna surface during the 
course of the integration. 

Several changes in notation are convenient at this 
point. The field point is (a, 2, ¢) and the source 
point has the coordinates (a, 2, ¢). Only the 
difference ¢— py is of any significance because of the 
azimuthal symmetry. Therefore, we may set ¢ to 
zero, change ¢) to @ and indicate the angular inte- 
gration as already performed. The quantity 2 is 
changed to ¢ so that the subscripts may be avoided 
in future formulas. Total current is given by 
I (¢)=2r aK (¢). The quantity |r,—79| is replaced 
simply by 2. With these changes 


(2.13) 


u tt 
A= Moge—Odb 
TJ) —h 


where 
“7 i jkR 


1 
ye =, | R do 


R=[4a? sin *¢/2+(z—¢)*]"”- (2.15) 


(2.14) 


and 


We now have two formulas for the surface value 
of vector potential. One has been derived from the 
generic formula for vector potential in terms 0! cur- 
rent sources by specializing to the geometry of the 
problem under consideration. As such it 1s @ 
general formula for vector potential generated by: 
o-symmetric current in the z-direction on a tubular 
conductor no matter what other conditions «are to 
be imposed on the problem. On the other and, 
(2.10) provides a vector potential which leads ‘0 the 
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boundary values of electric field desired in the 
present problem. If these expressions are equated, 
an integral equation for the current distribution as- 
sociited with the chosen boundary conditions results: 


*+h “a 
4n I, Us) 9(2—3)ds=C, cos hem 9 Sink 2|- 


(2.16) 


It is convenient to multiply the previous equation 
through by jk/wye and make the following definitions: 


_JZo 


ott 1, ah Pat (yje)2 ra 


wue wue4r 4r 
Zo 774) 
1) =f(9). 


No generality is lost by letting V=1. This com- 
pletes the mathematical formulation of the problem. 
We are to consider the solution of 


*+h 
| I(Og(z—Hde=C cos ke-+5 sin k|z|, |z|<A. 
(2.17) 


The constant C must be determined by the boundary 
condition f (+h)=0. 

There is no doubt that the integral equation cor- 
responds exactly to the chosen model. It has already 
been pointed out that the model does not correspond 
to any physically realizable antenna. Physical 
antennas may be either solid or tubular conductors, 
and they may or may not be fed in such a way as to 
preserve o-symmetry. Lack of symmetry (as 
exemplified by a linear antenna fed by a two wire line) 
can be rationalized to some extent if ka is small. 
However, the most serious point is the highly ideal- 
ized nature of the generator region of the mathe- 
matical model. The infinitesimal gap is really a short 
cireuit across which a hypothetical but finite voltage 
has been impressed. Thus, the input current and 
admittance of the model are certainly infinite. 

It is not immediately clear that an infinite ad- 
mittance model can be managed mathematically in 
such a way as to yield a physically significant finite 
result. Wu and King have discussed this point in a 
recent paper [3]. They have shown that the singu- 
larity in J(z) near z=0 is logarithmic and of very 
short range. Thus, according to Wu and King, 
“since the singularity actually gives a contri- 
bution to the current distribution only in an exceed- 
ingly small and physically meaningless distance of the 
order of magnitude h exp (—1/ka), it may, in principle 
simpl\ be subtracted out.” According to this line of 
reason ng iterative solutions of the integral equation 
we su-cessful because they are started with a con- 
inuols approximating function and are carried to 
such low order that the singularity does not develop. 

An mportant aspect of any theory is its relation- 
ship t. experiment. It is possible to avoid the in- 
herent singularity in the current distribution which 





is a solution to Hallén’s integral equation and obtain 
a finite answer for the theoretical input admittance 
to a cylindrical antenna. The finiteness of the result 
does not, however, guarantee that it is physically 
significant. Experimental antennas must be pro- 
vided with a realistic terminal zone which is con- 
nected to a transmission line of some sort. Measured 
impedances are then complex combinations of 
antenna and terminal zone effects. One way of 
extricating these effects is to make a theoretical 
correction for terminal zone effects on a sequence of 
experimental impedances and extrapolate the cor- 
rected data to the limit of a small terminal zone. 
The residual impedance is then supposed to be char- 
acteristic of the antenna itself and it is this idealized 
inference from experiment rather than raw data 
which is to be compared with theory. 

An outline of a feasible experimental program will 
be helpful at this point. Consider the experimental 
arrangement shown in figure 1. Symmetry allows 
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Figure 1. Experimental model of a cylindrical antenna. 
us to place a large ground plane at z=0 and simulate 
half of a center fed antenna. Measuring instru- 
ments are located below the ground plane so that the 
antenna is shielded from extraneous interaction with 
the apparatus. Appropriate measurements are made 
so that the experimenter can determine Zz, the 
equivalent impedance terminating the coaxial line. 
It should be possible to relate Z7 to parameters of 
the radial transmission line and to Z,(w), the input 
impedance of a cylindrical antenna with gap width 
2w. If so, one should be able to calculate Z,(w) 
given measurements of Zr. Z,(w) can be extra- 
polated to obtain Z,(0). Z,(0) obtained in this way 
is independent of the terminal configuration actually 
used. We will not attempt to give a mathematical 
treatment of the experimental situation. It is suffi- 
cient for our purposes to establish a conceptual 
foundation for relating theory to experiment as a 
prelude to subsequent theoretical development. 
Consider now the sense in which a Fourier series 
solution for /(z) “subtracts the singularity.”’ Since 
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the unknown function in (2.17) is even, it is developed 
to finite order as 


(2.18) 


. n=N 
f= L4SS Fy 008 nah. 


A procedure for determining the F,, will be exhibited 
later. At this point it is sufficient to recall that the 
sum of a finite number of terms of a Fourier series 
fits the function being described in a least squares 
sense. Specifically, 


e 


g=f i(—FRas 9) 


is a minimum when the coefficients of fy(¢) are 
Fourier coefficients. Intense, short range variations 
cannot contribute appreciably to fy(¢) unless N is 
made so large that even the singular behavior of 
f(g) begins to develop. 

A numerical estimate of the range of the singular- 
ity is worthwhile at this point. Consider an antenna 
for which kh=2/2 and h=60a. Then ka~.025 and 
1/ka~40. Substitution of these numbers into the 
range estimate of Wu and King leads to the conclu- 
sion that a continuous function can fit the current 
distribution except in a small distance equal to about 
he-*®. Even if the thickness is increased until h= 10a 
the singularity is important only over a range of 
about he~®°~.0015h. Thus it can be seen that f(0) 
as given by 


Fi 


fOyrs+ of F, (2.20) 


will be apparently well-behaved in calculations of 
practically feasible order even though theoretical 
considerations indicate that the infinite series must 
diverge. 

An extraneous feature of the theoretical model 
becomes apparent when it is compared to a proposed 
experimental model. Current on the inner surface 
of the theoretical model near the feed point is re- 
placed by current associated with a realizable ter- 
minal zone in the experimental model. If ka is 
less than 2.61a, tube modes are below cutoff and 
are rapidly damped out [4]. Formulas for removing 
the inner current near z2=0 from the total current, 
which is a solution to the integral equation, will be 
presented later. As might be expected, the correc- 
tion makes a small difference in theoretical antenna 
admittance. 

Once the singularity near z=0 and the tube cur- 
rent are understood and properly removed from the 
theory the remaining possibilities for refinement are 
somewhat limited and consist, for the most part, of 
removing the assumption of an infinitesimally thin, 
perfectly conducting tube. Such considerations 
would be supererogatory in view of the many suc- 
cesses of infinite conductivity models in electromag- 
netic theory. 
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3. Solution for the Infinite Cylinder 


In subsequent work the current distribution on a 
finite antenna is expanded in a Fourier series. Such 
an expansion cannot be valid for a function contain- 
ing a singularity unless the singularity is integrable, 
One expects that /(z) is singular in the neighborhood 
of the delta generato: and that the nature of the 
singularity is independent of antenna length. It 
can be imagined that the current on a finite antenna 
is composed of waves emanating from the feedpoint 
and waves reflected from the ends of the antenna. 
Only the outgoing waves are expected to be singular 
at z=0 since they are directly associated with the 
delta generator. It is instructive to consider the 
case of the infinite cylinder before proceeding with 
the solution for a finite antenna. This case can be 
solved exactly in integral form and the Fourier 
transform of the current identified from the solution. 
Asymptotic behavior of the transform gives a clue 
to the nature of J(z) near z=0 even for the finite 
antenna. 

Consider now the integral equation formed by 
equating (2.11) and (2.13), 


ane V en akl2l, 


a 1(§)g(z—H)dg=C, cos ke+— 3 (3.1) 

If hk becomes infinite there is no mechanism for 
the formation of standing waves on the cylinder. 
In that event C, may be set to zero. The integral 
equation becomes 





Z 
z | T(¢)g(2z—Odg= Ve Flax (3.2) 
Solution of this equation is easy if we are armed 
with the identities 
g(z— 5 | — Jy(Ba)H® (Ba)e#@@-Pda, (3.3) 
and 
: 2 om 2heie? 
— jk Bi ume J. a 1 (3.4) 
Qn . (ak) (a—k) °° -_ 
The parameter 6 is given by 
B= (k?—a#)"/?, (3.5) 


Each integral is taken in the complex plane of a 
along the real axis from —o to +o with a dowh- 
ward identation at a=—k and an upward indenta- 
tion at a=+k. 

The Fourier transform of J(z) is 


A »+ 
I(a)=- = | I(gje- Fk de. (3.6) 
a 20 —2 


This definition and the identities for g(z—¢ and 
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(3.7) 

If (3.7) is to be true for all 2, 

A 4kV 1 

I(@)=—— STATO AN’ 3.8 
= 37, Pica Gay 

Then the solution of (3.2) is 
' 2keV es ele ; ’ 
=). PAGO) 


Since e/ is the only factor in the integrand contain- 
ing an odd part, (3.9) becomes 


WJ , Panera 10 
We have defined 6 as follows: 
B=k’—o?, 
B='6| for a<k and (3.11) 
B= — |B| for a>k. 
Therefore, for large a 
B=—ja. (3.12) 


Certain identities involving cylindrical functions are 
required: 
J)(—jaa)=1)(—aa)=I,(aa), 
9 
H;? (—jaa)= —H}” (jaa) = “— K,(aa); 

(3.13) 

tl 

2raa)' 


I,(aa) r 79? and 


Ky(aa)>(2/2aa)!/? e~ @*, 


For the definition of cosine transforms we take 


9 (t+ re 
1a) =4)2 | I(z) cos a2dz, (3.14) 


0 


Equations (3.10) through (3.14) imply that, for 


large 


- 23 V 2m kav 1 ; 


I.(a) Za 


(3.15) 


Ins;,cetion of tables of cosine transforms [5] reveals 
that «hen a function behaves as Inz for small z, its 
cosin« transform behaves as — z/2 a—' for large a. 
It fol ws that for small enough z 


AkaV 


[(z)~—-] Z, In kz- (3.16) 





In the above expression k has been selected as a 
multiplier for |z| to make the argument of the loga- 
rithmic function a pure number. The asymptotic 
behavior of 7,(a) is of no help in deciding whether or 
not & is a proper choice for this parameter. However, 
k seems attractive since it is given by k=2z/)\, and 
the wavelength is a natural unit of length in radia- 
tion problems. 

There is also a somewhat obscure reason for choos- 
ing k as a parameter to convert |z| to nondimensional 
form. Consider another version of (3.15) in which 
the parameter & is retained as @ is allowed to become 
large. As soon as a becomes greater than k, 7,(a) 
becomes a pure imaginary, J)(6a) and H? (Ba) go 
over to J,(|B\a) and (—2/jr) Ky(\Bia). Then using 
asymptotic forms, 


a; 1). 2vV2akaV l oe 
Me>h) iF aap (3.17) 
I.(a) can now be regarded as having been separated 
into two parts: 1,(a<k) which is zero if a>k and 
T.(a>k) which is zero if a<k. Only 1.(a>k) is of 
interest at present since it is responsible for the singu- 
larity in I(z). Now I.(a>k) is asymptotically pro- 
portional to the transform of the Neumann function, 
Y,(kz). The latter contains a singular part which 
is proportional to In k 2. 

If the above arguments in favor of choosing (3.16) 
for the form of the singularity are acceptable, we 
can proceed with an estimate of the range over 
which this expression is a good approximation to 
antenna current. for this purpose we require an 
estimate of J(z) outside the range in which the 
logarithmic function is dominant. It is difficult to 
obtain such an estimate from (3.10). However, an 
alternative argument can be constructed. It is 
known that an expression of the form /,, sin k(h—|2|) 
is a fair approximation to current on a finite antenna 
over most of its length. It is convenient, rather 
than necessary, to use knowledge of the finite length 
antenna in estimating the range of the singularity. 
We now arbitrarily establish the criterion that the 
logarithmic function is to be used in the range 
|2|<m where 7 is given by 


4kaV = 
ne tebe lE I. 3.18 
Z, In kn~|In| (3.18) 
In| is of the order of 0.01 when V=1. Z) is of 





the order of 400. 
for 7 is 


An order of magnitude estimate 


gnetin (3.19) 


2a 


This is a small fraction of a wavelength even for 
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quite thick antennas. Moderately large changes in 








\Im| do not affect this conclusion appreciably. 

Further examination of this question would re- 
quire analytic or numerical inversion of (3.10). 
Either approach is apparently formidable. 


4. Iterative Solutions for Finite Antennas 


A brief discussion of iterative solutions is provided 
here as background for the general reader. We are 
primarily interested in presenting a critique of the 
approach rather than compiling a report on the 
voluminous literature of the cylindrical antenna 
problem. Consequently, the presentation omits 
many points which are essential to a detailed under- 
standing of the iterative method. It does present a 
few features which require comment by way of 
justifying additional consideration of finite antenna 
theory. 

The first task is to cast eq (2.17) into a form 
suitable for iteration. To that end the quantity 


FeW)=[ fowends 1) 


is added and subtracted to the left hand side of 
(2.17). It is convenient to abbreviate by letting 


‘ ore 
C cos kz+ 5 sin k|z|=P(2). (4.2) 
With these changes and some elementary transpo- 
sitions, (2.17) can be written 


= { PO-fLdae—H-Sewte, Olar f. 
(4.3) 


Assuming that w(z, ¢) has been selected, a program 
for obtaining a solution is: 

1. Substitute an approximation to f(z) under the 
integral on the right hand side of (4.3). Denote 
this zeroth order approximation by f,(z). Carry out 
the indicated integrations to obtain f, (z) and adjust 
C'so that f; (+h)=0. 

2. Repeat, using f; (2) to generate f, (z). 
C so that f. (+Ah)=0. 

In principle this process may be continued indefi- 
nitely with the formula for the Nth approximation 
being 


| A(z — ’ r G oo 
Il=Z5{ PO [ly-1@ge-) 


—fu-1(2)w(z,6) ws } 


Readjust 


(4.4) 


subject to fy(+h)=0, which defines Cy, the Nth 
approximation to C. 

Equation (4.4) is formally true for any w(z, ¢). 
However, it will clearly be to the advantage of the 
investigator to make a choice which results in rapid 
convergence of the iterative process. This matter 
is the raison d’etre of much of the literature of 
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linear antenna theory. 
manageable integrals is 


] 
ere 
dg 


Wy(2,)= 
Then 


~ _ 3 : 
¥n(2) =|) [e+ (—p ye (4.6) 


The kernel g(z-¢) as given by (2.14) and (2.15) 
is difficult to handle. A manageable but crude 
approxunation is 


e7 mie-$1 


y(z—-)=-— — (4.7) 


If g(2-¢) is approximated to this order it is ap- 
propriate to approximate w,(2-¢) to the same order 
when it is used in the integrals on the right hand 
side of (4.4), but not in the calculation of y,(z). 
Then 


l » 
Wa(2) 


*h Pie et] F ~) 
{r2-[" fy-i(Oe = fu—i(2) x} (4.8) 


becomes the fundamental equation of the iterative 
program. Equation (4.8) has been used by Hallén 
in the investigation of linear antenna theory [6]. 
Equation (4.8) can be criticized on two counts. 
First, the approximation involved in replacing 2 
by simpy |2-¢| is quite severe. Secondly, w(z,{) 
was chosen for its simplicity rather than according 
to the requirement that the iterative program 
produce good results in low order. King an¢ 
Middleton improved the iterative procedure out- 
lined above in that they used a kernel distance 


Fr( z2)= 


1/2 
R,=| a+(2- 0] . (4.9) 


This is a better approximation to /? than is the f 


quantity |2-¢1. 


A choice which leads to 


(4.8) | 
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The second modification introduced by King and 


Middleton comes from considering the combination [ 
Denote 


of integrals on the right hand side of (4.3). 
these by 


h 
Q@=[" L@ge-Y-FEwe DME (4.10 
()(z) can be rewritten as 
*h 
Q@)=f @-FOWENlge—Hae 4.0 
-h 
A W (z, ¢) which makes the integrand of 4.11) 
vanish is 
4,12; 


W (2, O=f (S/F). 
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Of -ourse, one cannot know the desired W(z, ¢) 
because f(z) is not yet known. One can, however, 
approximate W(z, ¢) by making use of a fair low 
order approximation to f(z). A suitable choice of 
f(z) in this case is the sinusoidal approximation to 
‘antenna current.’ 

Instead of W (z, ¢) King and Middleton introduce 


rie py sin hI 61) me 
Walz, = sin k(h—|2)) oes 
with the attendant 
Wee. e-ikR, 
x(2)=| Wa(2, 0) p—de- (4.14) 
—h ty 


Using these definitions the interative program is 
based on 


ea. f 
fy(2) ae ()—| 
[fv—-10) —fv-1(2) Wz, ro) es R, pds (4.15) 


Equations (4.8) and (4.15) are not quite the forms 
used by Hallén and King-Middleton in their compu- 
tational programs. To appreciate the need for some 
improvement consider the boundary condition 
f(+h)=0 applied to (4.4) from which (4.8) and 
(4.15) were developed. The result of applying the 
boundary condition is 


0=P(h)— { fyalgh—Hde (4.16) 


(The term involving ty-1 (2) drops out because 
the boundary condition is applied at each iteration.) 
Now, P(h) contains C cos kh and if kh=7/2, the 
constant C disappears completely and (4.16) cannot 
be satisfied. A revision of the theory to overcome 
this defect can be made by subtracting (4.16) from 
(4.4) to obtain 


*h 
Iv(z) =, {Port | fy gh—Hdg 
y( 2) J —h 
=| fly ()g(2-O) —fw-1(2 22, de b- (4.17) 


The condition fy (+h)=0 is always automatically 
satisfied by (4.17). Equation (4. 16) is forced to hold 
for all Vso that C is determined by 


*h 
0=PW— > fu(Ogh—ode 4.18) 
—h 
A 7 roth order approximation which satisfies 
bound. vy conditions can be obtained directly from 


_ 


*Achoi of f(z) to serve in constructing IW(z, ¢) and ¥(z) need nct influence the 








(4.17) by omitting the integrals. Then 
P(z)—P (A). 
i 4.19 
fo(2) Wey (4.19) 
Additional notation and definitions may be in- 


vented so that the result of the iterative process can 
be cast into series form. The series can be designed 
to lead off with f, (2) as given by (4.19). A suffi- 
cient basis for the remaining part of our discussion 
has been displayed at this point. 
A noteworthy criticism of the use of ?; has been 
present by Gans [7]. Gans correctly points out that 
*h 
J, 
is not a true equation because the right hand side 
has discontinuous derivatives in z whereas the 
derivatives of the left hand side are continuous. 
Hallén claims immunity from Gans’ criticism on 
the grounds that he uses the distance |z—¢). It 
seems . us that this practice raises another diffi- 
culty. A development similar to that used in exam- 
ining the singularity in f(¢) shows that g(2—¢) is 
logarithmic near 2—¢+0. The approximate kernel 
|2z—¢\~' exp (—jk|z—¢|) has an entirely different kind 
of singularity. It is extremely doubtful if the Hallén 
theory develops a solution to the original integral 
equation. 
These considerations lead to a definite statement 
that 


LR 


ea ikR 


R, (4.20) 


f(O dt= C cos kz +5 sin klz 


f(z) ¥Lim fy(2) (4.21) 


NO © 


where fy(z) is taken from either the Hallén or King 
Middleton form of the theory and f(z) is the correct 
solution of (4.3). Even though one is compelled to 
this conclusion, it is completely irrelevant because 
it is entirely possible for 
f(2)=fu(2) (4.22) 
order. If any confusion exists about this 
matter it is because many writers (including some 
authors of senior and graduate level texts) begin 
their discussion directly with eq (4.20). The only 


in low 





correct procedure is to formulate a problem which is 


soluble in principle and to introduce judicious 
approximations as needed during the course of 
solution. 


Iterative solutions have the disadvantage that they 
become tedious in second and third order even if 
approximations are made. High-order solutions with 
approximate kernels are not even desirable as they 
may have nothing to do with the original problem. 
When all is considered, one needs to know over what 
range of antenna parameters such solutions can be 
used with confidence. Obviously, the kernels used 


in Hallén and King-Middleton theory approximate 
g(z—¢) over a range comparable to antenna length 





choice of which is used to start the interative process. 
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The point at which these theories 


only if h/a is large. 














break down is somewhat arbitrary since it must 
depend upon an arbitrarily selected amount of tol- 
erable error. 


5. Fourier Series Solutions of Storm and 
Zuhrt 


One disadvantage of the iterative solutions dis- 
cussed in section 1 is that they become extremely 
tedious beyond second or third order. Storm at- 
tempted to invent a theory which could be extended 
to higher order [8]. Unfortunately, he introduced 
the kernel distance R,;=[a?+(z—¢)*]'” and studied 


*h 

ik 

which has, in fact, no solution at all. “Solutions” 
to (5.1) are physically meaningful only if they apply 
to sufficiently thin antennas and if they are re- 
stricted to low order. In addition, Storm’s theory 
contains fundamental errors which invalidate his 


solution no matter what kernel distance is used. 
Storm expands the unknown function in the form 


Oa list C eos kz-+5 sin k|z| (5.1) 


n=N 
f(O=B sin k(h—|¢/) + DO F, cos (2n+1)rf/2h. (5.2) 
n=0 


Since f(¢) is an even function the expansion also 
represents f(¢) in the range—h <¢<0. 
Following Storm, we seek to det termine the co- 


efficients B and F, of the above expansion. The 
result of substituting (5.2) into (5.1) is 
M,(z)B+ af S,(2)F,=C cos ke-+5 sinklz|, (5.3) 


n= 0 
where 


h 
Rina i. sin k(h—|¢1)° oat, (5.4) 


*h 
S,(2)= | cos 
—h 


The integrals in (5.4) and (5.5) are somewhat 
difficult to evaluate unless approximations are made. 
Storm replaces the kernel with |z—¢|~! exp (—jk|z— 
¢|) outside the range z—5a<¢<z+5a. Inside this 
range he replaces the kernel by [a+ (2—s)7]-”. 
These ranges are ambiguous if z 1s within 5a of the 
ends of the antenna since ¢ must also be restricted 
to the range —h<¢<h. Presumably we are not to 
consider values of z too close to the ends of the 
antenna in what follows. Once the approximations 
are made, the integrations required in (5.4) and (5.5) 
can be performed in terms of elementary functions. 
We shall omit the details and return to considera- 
tion of (5.3). 
Storm explicitly satisfies (5.3) at N+2 points and 
obtains N+2 equations in. N+2 unknowns which 


(2n+1)r¢ Sec 
a = 





(5.5) 



















































TABLE 1 j 
—<$= M, 
kh Storm: 5 peint King-Middleton det 
calculation 
| SLT for 
m2 Z.m81,54-544.5 | Zaw=8l. 54+) 43,4 My 
7 Z.=1162—j 1354 | ZxmM=1000—j 1350 ter’ 
ic athiitie bec 
are B, C, and N of the Ff. He has performed cal- a 
culations with N=0, 1, 2, and 3 for both full and on 
half wavelength antennas with h/a=904. The FF ing 
agreement with King-Middleton iterative theory is 
remarkable. A comparison between the impedances [) gift 
from the latter theory with those from Storm’s [kno 
five-point calculation is made in table 1. King- ff) j, 
Middleton data used in this comparison are second FP ogy 
order except for the resistance in the half wavelength [ How 
case which is third order. he | 
In spite of the success of Storm’s calculation, his i iden 
theory breaks down in higher order or for smaller |) 7 
h/a ratios. The difficulties are made more evident |) spul 
if we specify the unknown function by the expansion [7 larg 
= Be evel 
n= is 
f{(O=B ae — 2n HU st 1S) Fae yg PNT Vat, =! 
n=0 n=0 2h in 7 
6 ane 
(5.6) FP dete’ 
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where the A, are the first N terms of an expansion J wort 

of sin k(h—|¢|). As such the A, are known ex- F the | 

plicitly. It is clear that (5.6) approaches (5.2) a8 B a co 

N becomes large. If (5.6) is used for F(©), (5.4) ca seve! 

be changed to e Stor 
a 

F pand 

e~*R, Fn=N og (etl) at ) treat 

Mi(2 )=B{ 2 A, cos-—, —_ pds. with 
n=0 2h § 

® are s 











The definition of S,(z) does not change. The new 


equation to be satisfied is 





(5.8) 





n=N 
M,(z) B+ >> S,(2)F,=C cos kets sin kz]. 
n=0 a 
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is to be determined and consider the solution in terms 5 
of C. A set of linear simultaneous equations for the F 
unknowns B, a Wee Fy is obtained by satis- F 
fying (5.8) at (N+1) values of z. The matrix of Ee 3 
coefficients is : 
, hk Y Y e ; I 
M (41) So(21) S,(21) Sy (2:) I 
3 
Mo(22) So( 22) S;(22) Sy (2) ‘ Prevns 
© imagi, 
& 
5 of the 
are sh 
param 
Ve h: i 
Mizx) Solzx) Siew) Sy (x) I AE tion in 
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By comparing (5.5) and (5.7), one sees that the 
Mi(<,,) are linear combinations of the S,(z,). The 
determinant of the above matrix is identically zero 
for any N. If the left hand column is replaced by 
M(z,,) so that all of B sin k(h—j¢|) is used, the de- 
terminant of the matrix must approach zero as N 
becomes large. No high order solution can be ob- 
tained unless one of the unknowns is assigned an 
arbitrary value. A likely candidate for the assign- 
ment is B which can be selected from the elementary 
induced emf theory according to B= (jZ)/42) Im. 
Evidently, Storm did not become aware of these 
difficulties because he included C among the un- 
knowns. If this is done and the matrix is augmented 
by appropriate bordering elements, a system of 
equations with an unique solution for every N results. 
However, the value of C which is obtained may not 
be the correct one. Storm’s expansion for f(z) is 
identically zero at the boundaries. If the coefficients, 
F,, of that expansion are calculated in terms of a 
spurious C it may happen that the expansion (for 
large N) does not approach zero at the boundaries 


even though it is identically zero at z=+h. The 
only way out of this dilemma is to expand the current 
in functions which are not identically zero at z= :h 


and then use the boundary condition /(+h)=0 to 
determine C. 

An actual calculation to support these criticisms is 
worthwhile. In performing the calculation we used 
the theory of the next section which is equivalent to 
a corrected version of Storm’s theory even though 
several of the technical details are quite different. 
Storm was followed to the extent that /(¢) was ex- 
panded in the set {cos (2n+1)¢/2h}, and C was 
treated as an independent unknown. A structure 
with h/a=60 was selected for study. The results 
are shown in figure 2 which displays the real and 
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Ficure 2. Impedance versus order of solution (Storm’s pro- 


cedure). 


ImMagiiiiry parts of antenna impedance as a function 
of the order of solution. Corresponding values of C 
are shown in figure 3. The result of mistreating the 
param. ‘er Cis easily observed from these curves. 
Ve ha e conjectured that the amplitude of oscilla- 
lion in ‘he results may decrease with increasing h/a. 
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The parameter C versus order of solution (Storm’s 
procedure). 


FIGURE 3. 


If this is so it explains why Storm obtained good 
results with a defective theory. 

Zuhrt considered the problem of developing f(z) 
in a Fourier series from a somewhat different point 
of view [9]. Instead of considering a single isolated 
antenna, he formulated a boundary value problem 


for an infinite collinear array of such antennas 
spaced along the z-axis with centers at z= + nd, where 
d>h. Each unit is center-driven by a potential 


V,=(—1)"V> impressed across a gap of finite width. 
Ultimately he allows d to approach infinity and the 
gap width to become small. In this limit only the 
center unit remains and his theory represents the 
simple tubular model. This approach is unneces- . 
sarily intricate. Zuhrt’s final equation can be de- 
rived directly from the Hallén integral equation. 





F(&) is even for a center-fed antenna. 


Equation (3.3) may be written 


g(2—-)=—-j a J, (Ba) Hy (Ba) cos a(z—§)da. 
(5.9) 


The term cos a(z—f) in the integrand can be ex- 
panded and the term sin @ z sin af omitted since 
Therefore, we 
‘an consider 


*h 
| IO K(z,¢)d¢=C cos kets sin kz], 
h 2 


(5.10) 
where 


ie) 


K(2,)=—j | Iola) HP 


e 


(Ba) cos az cos afdé. 
(5.11) 


Applying the operator L,=07/02°+k? to both sides 
of (5.10), one obtains 


(5.12) 
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[LK Dat=h0(2), 





Now expand f(£) as 





fO="SF, cos Hné, (5.13) 
n=0 
where 
(2n+1)x ana 
~ Oh =H,,. (5.14) 


Substituting the assumed current expansion into 
(5.12), one obtains 


S BT: cos H, tL, K¢e,pdr} 3 ”=k8(z). (5.15) 


Now multiply both sides of (5.15) by cos H,2, and 
integrate on z over the range —h<2z<h to obtain 


n=N (1 (*h 
> {; | one Hi ade 
n=0 k oJ —h 


*h 
| cos H,, rL.K(2,0)d¢ } Fi =i, (6:16) 
ed —h 


Equation (5.16) generates an infinite set of linear 
simultaneous equations as the indexing parameter, 
p, is allowed to range from zero to infinity. The 
coefficients are given by 


*h *h 
Zn=y | «008 Hy 2d | «608 Hy §LK(z,0)dt. (5.17) 


Further reduction is accomplished by substituting 
(5.11) for K(z, ¢) and carrying out the indicated 
operations. When this is done, 


Zon= —4j(—1)?*"A, A, 
a Jo( (Ba) Hy? (Ba) (k?—a? ) cos? * ak 
da: 


(H3—o?) (H?—a2) ieee: 
This is the same as Zuhrt’s formula except for 
trivial differences in notation. 

Zuhrt obtains an Nth order theory by truncating 
the infinite scheme at Nth order. The integral 
which defines the matrix elements is difficult to 
evaluate. Zuhrt resolves this difficulty by resorting 
to graphical integration. Each coefficient has a real 
and an imaginary part, so that an Nth order theory 
requires 2N? graphical integrations, a formidable 
amount of labor even for small N. 


6. Further Development of Fourier Series 
Solutions 


The kernel of Hallén’s integral equation, 
1 Ls Bead : 
y(e—1)=5. pp le (6.1) 


R=[4a? sin? ¢/2+ (z—£)?]'””, (6.2) 


represents the radiation at any value of z on a 


where 
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cylinder of radius a from a ring source of radius 
a located at ¢. As such it is meaningful in thell m 
entire domain — o<z< +o. However, the integral 
equation is valid only on the range —h <2 <+h and] 
operations on the source coordinate, ¢, are restricted | 
to the same range. Hence, a special expansion off y 
g(z—g) for —h<z,¢<+h is desirable. <A frontal} 9 
attack on the problem of obtaining such an expansion [) 9. 
has been made by Bohn in an investigation of af) 9/ 
theoretical model which is quite different from the} 
one used here [10]. The point of interest at present }7 
is his method of handling g(z—¢) which is the kerned [7 
of an integral equation occurring in his theory. , 7 
In our notation Bohn’s expansion is 
n=3o M=0 i 
je-f= 2) 26 e (6.3) py 
n=-CO M=-H : 
for —h<z,¢<+h, where the coefficients of the 
Fourier series are given by 1 
a 
G en l y i ( (o— ¢) 9 — J (nw2z/h—mrgt/h) lz ‘Pe x 
ee ae om OF aad ge Mads. : 
(6.4) | 
; ; i Co 
Substituting (5.9) for g(z—¢), (6.4) becomes © coe 
: oo e are 
Can=—25h" | — 
J, (Ba) H§? (Ba) sin (nm—ah) sin (ma—ah)da. gs a 
(nm—ah)(mar—ah) - 
This expression exhibits the difficulties involved [ O(a 
in a direct attack. The reader will appreciate that 
the integration is not trivial. Bohn evaluates (6.5 
approximately by means of ingenious distortions o!f 
the contour of integration. Details will be omitted 
here, it being sufficient for our purpose to note that? [ye 
no investigator to date has been able to obtain thef? that 
exact coefficients of a double Fourier series repre-}7 in , 
sentation of g(z—¢). defi 
Fortunately, it is possible to avoid the double D 
Fourier series representation entirely. It is only}? The 
necessary to make use of the fact that z and ¢ enter 
only as the square of their difference. Thus, g(z—() 
is not a general function of (z, ¢). To proceed, let 7 
a 
é=(z—$). 6m. 
| whic 
If z and ¢ are separately in the range —h<2.¢<hpy Min 
then ~ is in the range —2h<&<2h. Since gb 
contains only &, a cosine series in the range 0 0 
2h will suffice. Thus, we seek an expansion of the/) and 
form 3 
D = (6.1) 
g(t) =- to D,, cos mrt/2h, for O0<E<2h. (6.7 
n= % 
The fundamental formula for any coefficient 13) 
mF iw ' of Wher 
Dn==a g(é) cos mnt/2hdé. (6. 
2h Jo Made 
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Direct integration of (6.8) is difficult. An indirect 


method can be constructed by writing 
g() = ()+g2(8), 


where 9,(&) =g(—) in the range 0 << 2h, and is zero 
outside this range, g2(€) is equal to zero in the range 


(6.9) 


0<i<2h, and is identical to g(é) in the range 
I<<<o, Transposition of (6.9) gives 

W(é)=9(&) — gol). (6.10) 
The symbolic cosine transform of (6.10) is 

G (a) =G(a)—G,(a). (6.11) 


The transform of g,(~) and its inverse are given by 


*2h 
G, (a)= "5 Bf 1 (&) cos aédé, (6.12) 


and 


[2 (oo , . — 
9, (&) mY) = | G, (a) cos aéda. (6.13) 
0 


Comparison of (6.12) and (6.8) shows that the 
coefficients of the cosine series expansion for n(é) 


are simply proportional to sample values of its 
+ cosine transform, G,(@). Thus, 
1 |r mr “mr ; 
eee '( )- ro( )| 6.14) 
Dn h v3 6 2h. Gs 2h + 
Ga) can be immediately identified from (5.9) as 
Gi (a@)= ~ix - Jy (Ba) H§? (Ba). (6.15) 


Incidentally, an asymptotic expansion of G(a) shows 
that, for small & g(é)~In & Since the singularity 
in g(€) is no worse than logarithmic, the integrals 
defining the D,, exist. 

Determination of G.(a) is tedious but not difficult. 


) The definition of G,(a) is 

4 To - 
; ne ee | 9 (8) cos atdé, (6.16) 
a \ TW J 2h 

) which can be expanded in a highly convergent 
) infinite series. If, for convenience, we set * 
‘ y’=4a’ sin? ¢/2 (6.17) 
f and 
e w=y"/e, (6.18) 
> (6.1) becomes 


—jkéy1+u? 


we a ee 
vig =x | F 


‘ppropriate expansions of the integrand are 
ud the @-integration is performed, there 


- (14+ u?)-!? do. 
(6.19) 


made 
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results 

a OE, hae jka® a? 
g(2>y*) = ela | (6.20) 

E s 
The above expression is to be used when £>2h. 
The parameter k is of the same order as 1/h. There- 
fore the terms retained in the square bracket are of 
order (a/h)?. The first omitted term is of order 
(a/h)*. We shall now omit all of (6.20) except the 
first term. It is not difficult to restore the small 

correction terms later. 


With this omission, (6.16) becomes 


[2° e-® 


Go( (a)~4/= 


COs ak , 
ag, 


(6.21) 


Sine and cosine integral functions are defined by 


rr ° > <a 

a sn az T sing 

S2(x)= | dr 5—| ( 
J0 a “~ Jr Jt 


(x)= -| — “dx. 
z wv 


With the above, a few trigonometric identities, and 
a few elementary changes of variable, the integration 
of (6.21) follows almost by definition, it being only 
necessary to exercise a little care depe ‘nding on 
whether ak or a>k. The case of a=k will require 
special attention. We have 


lx: 
(6.22) 


k+-)a2h] Ci[(k—a) 2h] 


\rn— 
W~—a/5, 


+ jr—jSi[(k4 a)2h |—j Si[(k—a) 2h] x 


(6.23) 
G3(a> By~— 4/3 {Cil(atk)2h|+¢ 7I( (a—k 2h] 
—jSi[(a+k)2h]+7Si[(a—k)2h]}. (6.24) 


It is convenient to rewrite G(a) fag (6.15) separ- 
ately for the cases ack and a>k. Let |8;/=6. The 
phase of B has been defined so that B=) if a<k and 
B=—jb if a>k. Then 


G(a<kh)=—j V 5 J) (ba) H§? (ba), (6.25) 


and 


G(a>k) =? I, (ba) Ko(ba). (6.26) 


Now @,(a<k), G:(a>k), G(a<k), Gla>k) are 
all singular at a=k. In the first two functions the 
singularity comes from the cosine integral function, 
in the last two Hy® (ba) and Ky(ba) become singular. 
Since these functions are to be sampled at the points 








m/2h, the singularities apparently give trouble if 
h=m)d/4. Actually we are concerned only with the 
difference G(a)—G,(a) and this turns out to be finite 
and independent of whether @ approaches k from 
above or below. The special formula required for 
the a=k case is found from combining (6.23), (6.25) 
and making use of small argument formulas for the 
various functions involved. The latter are tabulated 
for the reader’s convenience. 

For small z, 


J((x)=-1, 





Si(x)0, 


2 
H( N&1+j- ae —, (i(x)~lInyz. (6.27) 
yr 


The logarithmic singularities subtract off in G(a)— 
G2(a) and one obtains 


a re 2 4h - sabe, 2etcan 
G | (a=k)= - {mn vkat “ ? (4kh) ssicaeny } 
(6.28) 


The same result can be obtained by using (6.24), 
(6.26), and the small argument formulas for J)(6a) 
and K,(6a). 

The degree of approximation in the above formulas 
may be improved by calculating the cosine trans- 
forms of the correction terms in (6.20). The next 
term to be included is 


p— Ik§ 


9 @ 
T,(a) = —jka? V" f cos atdt, (6.29) 


which reduces to trigonometric functions, sine in- 
tegral functions and cosine integral functions. All 
higher order correction terms may be _ similarly 
treated. 

Thus, an expansion of g(z—f) in the form (6.7) 
can be achieved and the coefficients can be calculated 
with any desired degree of accuracy. It will be con- 
venient in what follows to re-define D, so that the 
leading term can be included under the summation 
sign. If this is done 


M= © 


g(z-H= 24 D,,\cos mmrz/2h cos mrg/2h 


m= 


+sin mrz/2h sin mrf/2h]. (6.30) 


The sine terms are not needed in the treatment of a 
center-fed antenna. We are then led to consider 








7h 
| S(O) K(z,0) dg=C ¢ (6.31) 
—h 


where 
m=oa 
K(z,0= >) Dn cos m x 2/2h cos mr ¢/2h, (6.32) 
m=0 


subject to f(+h)=0 
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We now expand f(£) as 






= > F’, cos nm ¢/h (6.33) rs 
n=0 






After the ¢ 





and substitute into (6.31). integration 


! 





rn=o M=o0 


> » F.Datn m 


n=0 m=0 






i ; 
cos mrz/2h=C cos kz+5sin kz], (6.349) 





*h 
Yoa=2 | cosnz t/heos mm ¢/2h dé. 
e 


0 





An infinite set of linear simultaneous equations if7 
obtained by multiplying both sides of (6.34) by 





































{eos (2p+1)r2z/2h} and integrating on : Tome -if am 
to +h. The result is : 8(z 
_— , 1 
+ 3 A DP dtivhien= ( Tyot?s, (6.36) sum 
a =( n= 
where 
*h 
Roa 2f cos [(2p+-1)22/2h] cos [mrz/2h|dz, r 
0 - 
(6.37) ae 
ate 
2 is cos kz cos [(2 2/2h\dz ‘6. finit 
~=2 0s kz cos [(2p+1)rz/2h]dz, (6.38 This 
J0 : 
and ther 
_ © whic 
o=2 | sin kz cos [(2p+1)rz/2h|dz. (6.39) f% such 
0 > mat 
60 
Equation (6.36) can be written 4 7 
mete 4 ~_ 
2 Ph geCr, +0,, (6,40) ' yon 
where : shall 
m= > foun 
| a => Ditudton- (6.41) by t 
m=0 the 
5 incre 
If (6.41) were actually an infinite sum, many terns ' mare 
would be required to satisfactorily approximate eacify Cates 
r,, and the theory would be laborious except in lov . Tl 
order. However, (6.41) contains only two nonzenf eee 
terms! To appreciate this fact consider the set 0! obtai 
functions {cos(mmz/2h)} which appear in the expat é a 
sion of K(z, ¢). These functions are complete of) 20!" 
O0<2<2h. They appeared in the theory because weg that 
expanded a function of (z—¢). Clearly since ms prodi 
either even or odd, this basie set of functions can bef soluti 
divided into two subsets {cos mmz/h} and {cos(2m+l) fF If 
r2/2h}. Both of the subsets are complete avlf¥ trune 
orthogonal on the range where they are actual soluti 
used. In a sense we can refer to (6.32) as an ov 
complete expansion of AK(z,¢). Therefore, the sul 
mation in (6.41) can be broken into two par's, ORF 
for m even, the other for m odd, and reduced ‘o 
Ppn=A[Bp.2n on t+Yn:2041) 29411. (6.42) ein, 















The set of equations generated by (6.40) as p The Nth approximation to f(z) given by the 
ranges from zero to infinity can be cast in matrix | computational program is 
form as 






























































(6.33) 
n=N 
T'F=Cr+v, (6.43) Iv (2)= 25 Fn (C) cos (nrz/h). (6.46) 


ation m= 


! 


The leading terms of (6.46) are not a good approxi- 
mation to antenna current. ( ‘onsequently, this 
representation is slowly convergent. To improve 
convergence a good low order approximation to f(z) 
was chosen, and expanded in a series 


vectors. 

The method of obtaining simultaneous equations 
from (6.34) used here is formally equivalent to any 
other method which might be used. Consider mul- 


\ 
} 
where T is a matrix of the T,,; F, 7, and v are column 


(6.34) BF 


) tiplying (6.34) by X, (z) and integrating on z from aa 
(6.35) }) —h to h, where x, (c ) is arbitrary. Now_X, (2) can z(z2)= >) X, cos (nwz/h). (6.47) 
) be expanded in the set {cos (2p+1)1z/2h} so that n=0 


_[) the set of equations obtained by using X, (2) is a : 

ms isfy | f tl I Candidates for the role of 2z(z) are the classical 
y linear combination of the equations represented Vv A dates for the UZ) 3 

1) byP§ (6.43). An Nth order colocation scheme is equiva- sinusoidal distribution, the zeroth order approxi- 

n —hFF Jent to choosing X, (2) = aset of N delta functions, | Mation from an iterative solution, the King-Middle- 











§ i(c—z,) with p=1, 2,3, . . . ,N. ton modified zeroth order approximation, or a new 
' The formal solution of (6.43) in terms of I! is | low order approximation by R. W. P. King referred 
(6.36) simply to by its author as the ‘“quasi-zeroth order approxi- 
_— mation” [11]. We have used the latter. Once the 
4 F=Cr-'r+1r-v. (6.44) | choice has been made and X, have been calculated, 
; (6.46) is modified to read 
i We have not been able to discover a general form for J . at 
(6.37) : r-'. Consequently, it has been necessary to trun- In (2)= n(C)—X,,] cos (nw2/h). 
ft cate the system of equations to finite order and invert ae 
(6.39) [, finite matrices using digital computer methods.* (6.48) 
Ee lhis procedure is a cause of some concern in that . se say Rd 
| there are apparently no mathematical theorems When the boundary condition f(h)=0 is imposed, 
P which justify the assumption that a sequence of | one obtains an Nth order approximation to C from 
(6.39) i such a gy to the stone : ope agg — 
Pe matrix. owever, there is evidence that the pro- “Gh? 3, oe aero) (3 
} cedure being used here produces the correct sailien 24 [F,(C) —X,] (—1)*=0. (6.49) 
of Hallén’s integral equation. First of all, we have 
) examined sequences of finite inverses up to 25th order | By letting N=0, 1, 2, . . ., N, (6.49) can be used to 


(6.40)p) (or k/a=60 and kh=x/2. These are well-behaved | generate a sequence, 

Hand stable. For a rough definition of stability, we 

Pshall say that a stable Nth order inverse has been Ce Ce, Ue so) oe (6.50) 
) found if the elements of an Nth order matrix formed 

(6.41)F9 by truncating the inverse matrix of an (N+M)th | Now an Nth order solution should be regarded as 
Forder solution do not change appreciably as M is | the first N terms of a solution of infinite order, only 
Fincreased. .M will be referred to as the stability | the latter solution involves the Fourier series for 
terms] margin. For the problem at hand our work indi- | f(z). The Fourier series is unique and logically it 








— cates that M~3. must be in terms of C,. The most direct method 
nV) The results obtained for finite antennas are | of determining C, is to plot the above sequence 


nz" Fe thoroughly reasonable when compared to results | Versus 1/n and extrapolate. Unfortunately, the 
set of ed sequence of C values obtained from the boundary 
Xpal condition oscillates and the extrapolation is subject 
to large error. This difficulty can be overcome by 
applying a Ceasaro transformation to the sequence 


obtained by other methods. From a pragmatic 


te ous PONt of view there seems to be sufficient evidence 
¥ 


f 


that the matrix inversion procedure does indeed 


se We 
sp Produce a finite number of terms of the correct 






emia! “ee Mm ; ; of C values to form a new sequence which converges 

‘an be Solution to the original integral equation. to the same limit. The transformed sequence plots 

m+lFF If the elements of the inverse of an Nth order a smooth curve against x the extrapolated limit 

, _ truncation of T are designated as /Z¥, the numerical | of which is taken to be C,. A graph of a typical 
y . ° . 

tualll F solution is treatment of Cis shown in figure 4. 

ovel-fe 

sul 3 a oe Our final expression for f(z) is 

so B,(C)='SS HX, (Cr,+0,). (6.45) 


0 b p=0 aa 
fy(2)=2(2)+ D5 [Fn(C.) —Xn] cos (nwz/h): 
n=0 


/)) ‘ 
‘4 i . . . . 
(6.44 6s emer nversion of the required matrices was accomplished on the IBM (6.51 
”, using ‘rary program furnished by IBM Corporation. ( ).0 ) 


ff eines 
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Figure 4. Determination of parameter C, 

This expression does not quite satisfy the boundary 
condition {(+h)=0. However, except for trunca- 
tion errors which affect only the last two or three of 
the F’, appreciably, it represents an estimate of the 
first N terms of a solution of infinite order. Readers 
who may prefer an expression which satisfies the 
boundary condition exactly in Nth order should be 
reminded once again that a finite number of terms 
of a Fourier series provides a least squares best fit 
over the entire range of the function being repre- 
sented. This type of fit is to be preferred over one 
which is identically equal to the function at one 
point. 

The admittance of the antenna is now simply 


Q == 


; 4r a : ae 
} vi BL x04 > 1F(C.)—Xy] }. (6.52) 
Zo 0 


n= 


The function f(£) is proportional to the sum of the 
currents on both the inner and outer surfaces of the 
tubular conductor. It was pointed out earlier that 
only the current on the outer surface and not the 
tube current is to be associated with the experimen- 
tal admittance of the antenna. 

The generic expression for the vector potential at 
a field point (p, ¢, 2) when py=a is 


h 
A=e | 1G)g(o,20,0)d% (6.53) 


where g(p, 2; a, £) is given by either 


1 "© o- KR - 
9 (0,230, .)=5~ li — do (6.54) 
with 
R=|p?+a?-—2pa cos $+ (2-—-£)?]!” (6.55) 
or 


g(o,230,8)=—j |” Jo(Ga)H (6p) cos a(2— dee 
0 
(6.56) 
As a consequence of the ¢-symmetry, only the 


¢-component of H is different from zero, and is 
given by 


Hy=—* aA, /Op- (6.57) 
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The surface current density on the outer surface of 






the tube is obtained from the boundary condition gr: 
nxH=Kk, and the current distribution along the 
outer surface is or! 





Co 
hig 
str 
nes 
sm 


(6.58) 


i 
T(z) a) LO o2s0dds 





where 





Mp,250,0)=—2ra] > a(o,230,%) | ay (058) 





If g(p,z;a,¢) is expanded in the Fourier series 


So 
x< 


m= Bis 
9(0,2;0,¢) = "52 DP, cos @™™2—9), 9 <|2—¢1<h, 


m=0 2h 


(6.60) 


I/V lamn/v) 


the coefficients D?, may be determined by the same 
procedure used in expanding the kernel of Hallén’s 
equation. Omitting details, the D), are given by 

sample values of 


G}(a) = —jBaJ,(Ba) H;? (Ba) 


Pa) © ('t o-IkR ; batt ot 
+{2 . Re 608 a2 Hdoe co} 


(6.61) 


15 X I 
where FP is given by (6.55). 


This leads to the following expression for Fourier 
coefficients of the exterior current: 


*h 
=F mnt [* x(¢) cos icine 


ADMITTANCE, mhos 


n=N *h 
+> [F,.—X,] | cos (nr¢/h) cos (mas/20)it 


n=0 


(6.62) 


~I( 


7. Results 
We have applied the theory to half and ful} Prev 
wavelength antennas with h/a=60 and  5001,h 
respectively. In each case the calculations wer 
performed at 25th order. Correction terms fromf 
(6.30) were included in the calculation so that each fF “°*' 
matrix element is accurate to one part in 10.F 
Graphs of total current and plots of total admit-F i 
tance versus order are shown (figs. 5 to 12). In 
the latter graphs, an nth order admittance is ob- 
tained by using the first n terms of a 25th order f 
solution. 4 
Comparison of these results with those of the 
King-Middleton theory in terms of impedance alt 
shown in table 2. 
King-Middleton impedances in table 2 were ob F 
tained by graphical interpolation of tables given 1! f 
reference [2]. Resistances of the half wavelengt! F ais 
structures are from third order solutions. Othe F i 
quantities from King-Middleton theory are econ! 
order. Our own Z, for the full wavelength ay tenn 





oO 


pA 
oO 


I/V (amp/v) 
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e off with //a=60 is obtained by extrapolating the current | 2.2x 10? T T I 
tion fe grap to 2=0. The current distribution on a full SUSCEPTANCE 
the f, Wavelength structure does not have zero slope at the ial, 
origin as do the cosine terms used to describe it. 
Consequently, many cosine terms are required for 3 “CU conpuCTANCE 
; 5) high accuracy, especially in the treatment of a thick a en ee - 
“’® structure. The inner current correction is entirely ws 
negligible for structures with h/a=500 7; it is still 2 
smal! for h/a=60. e 5i- 4 
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Admittance kh=z, 


versus order of solution: 


1/a= 500 z. 


FicuRE 12. 

It can be seen from table 2 that the amount of 
disagreement between this theory and the King- 
Middleton theory is only about two percent. One 
may expect disagreement of this order or less over the 
entire range of h/a>60. 


TABLE 2 


Zr ZKM 


91. 44+-j 
205 —j 382 
79.7—j 42.9 
1646 —j 1768 


91.44; 41.5 
206 380 
80.3-j 43.4 

1625 —j 1744 


92.5+) 40.6 
205 —j 380 


38. 6 


—j 








It can be seen from the graphs of admittance versus 
order that, except for thick full wavelength struc. 
tures, 25 terms are excessive for h/a>60. Thus, a 
great ‘deal of margin for the study of thicker antennas 
is inherent in 25th order solutions. Studies of ful 


wavelength antennas with h/a<60 will require mor 


than 25 terms or further modification of some of the 
technical details of the theory. 


The authors express their appreciation to T. R. 
Ferguson for his assistance in the calculations, to 
Walter Haas for the computer programs and to R. 'M. 
Conkling for fruitful discussions during the prepara- 
tion of this paper. 
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Selected Abstracts 


Half-round inductive obstacles in rectangular waveguide, 
D. M. Kerns, J. Research NBS 64B, 113 (1960). 

Formulas are derived for the accurate calculation of the 
lowest-mode, lumped-element representation of perfectly 
conducting half-round inductive obstacles in rectangular 
waveguide. These obstacles consist of either one or two 
opposed semicircular cylindrical indentations extending across 
the narrow sides of the waveguide. They seem especially 
suitable for use as precise calculable standards of reflection 
or impedance in waveguide. Schwinger’s integral equation 
approach is used to obtain stationary expressions for the 


| desired parameters as functionals of the surface currents on 


the obstacles. Upper bounds are obtained for one of the two 
parameters. Explicit formulas are derived for the values of 
the parameters under the assumption of »-term Fourier sine- 
series expansions for the obstacle currents. Rapid conver- 
gence is indicated by numerical evaluations for n= 1, 2, and 3. 
In the process of obtaining expressions suitable for numerical 
calculation, an expansion (believed to be new) of the Green’s 
function of the problem is obtained and the sums of certain 
infinite series of Bessel’s functions occurring in this expansion 
are expressed in terms of definite integrals. A brief numerical 
table of these sums, sufficient for the evaluation of the n=1 
approximation, is included. ; 


Mean electron density variations of the quiet ionosphere, 
2 April 1959, J. W. Wright and L. A. Fine, NBS Tech. Note 
40-2 (PB151399-1) (1960) $1.25. 

The CRPL has initiated a program for large-scale computation 


| ofelectron density profiles from ionospheric vertical soundings. 


Sealing is performed at field stations permitting computation 
of hourly profiles at the central laboratory. These profiles 
are combined to form hourly mean quiet profiles for each 
and month. The results of this program for the 
month of April are illustrated graphically. This report is 
the second of a series illustrating the electron density varia- 
tions in the mean quiet ionosphere between latitudes 15° N 
and 50° N along the 75° W meridian. 


A summary of VHF and UHF tropospheric transmission loss 
data and their long-term variability, I. A. Williamson, V. L. 
Fuller, A. G. Longley, and P. L. Rice, NBS Tech. Note 43 
(PB151402) (1960) $2.25. 

Cumulative distributions of hourly median basic transmission 
loss are presented for 135 beyond-line-of-sight radio paths in 
the United States. In order to allow for seasonal trends of 


| transmission loss, the year is divided into a summer period, 


May through October, and a winter period, November 
through April. 

The long-term variability of observed hourly medians is 
compared with predicted variability based on empirical 
curves by Rice, Longley, and Norton. 


Tables for the statistical prediction of radio ray bending and 


" — angle error using surface values of the refractive 
© index, 13 


In R. Bean, B. A. Cahoon, and G. D. Thayer, NBS 
lech. Vole 44 (PB151403) (1960) 50 cents. 

Using g-ometrical-optical formulas, radio rav bending, 7, 
and elevation angle error, ¢, have been calculated for a wide 
range of meteorological conditions at 13 climatically diverse 
U.S. radiosonde stations. The parameters in the observed 
linear rev ression equations of 7 and e upon the surface value 


Of the 1 fraetive index are given for heights of 0.1 to 70 


kilomete:< and initial elevation angles of the ray from 0 to 


idians. 


) Field st-ongth caiculations for ELF radio waves, J. R. 


N. F. Carter, NBS Tech. Note 52 (PB 151411) (1960) 


a0 ce nis 

theory of propagation of electromagnetic waves at 
low frequencies (1.0 to 3000 ¢/s) is briefly reviewed 
per. Starting with the representation of the field 


extreme 
In this 





as a sum of modes, approximate formulas are presented for 
the attenuation and phase constants. At the shorter dis- 
tances, where the range is comparable to the wavelength, the 
spherical-earth mode series is best transformed to a series in- 
volving cylindrical wave functions. This latter form is used 
to evaluate the near field behavior of the various field com- 
ponents. The effect of the earth’s magnetic field is also 
evaluated using a quasi-longitudinal approximation which is 
particularly appropriate for propagation in the magnetic 
meridian. In general it is indicated that if the gyrofrequency 
is comparable or greater than the effective value of the colli- 
sion frequency, the presence of the earth’s magnetic field may 
be important for ELF. In this case the attenuation may be 
increased somewhat. The influence of a purely transverse 
magnetic field is also considered. 


This technical note is actually a numerical supplement to the 
paper ‘‘Mode Theory and the Propagation of ELF Radio 
Waves,” by J. R. Wait, J. Research NBS 64D, 387 July- 
Aug. 1960; however, for sake of completeness the relevant 
theory is briefly presented. 


Measured distributions of the instantaneous envelope ampli- 
tude and instantaneous frequency of carriers plus thermal 
and atmospheric noise, A. D. Watt and R. W. Plush, Séatzs- 
tical Methods in Radio Wave Propagation, edited by W. C. 
Hoffman, p. 233 (Pergamon Press, Inc., New York, N.Y., 
1960). 


Distributions of the instantaneous envelope amplitude and 
instantaneous frequency as a function of radio of carrier-to- 
noise level have been obtained for both thermal and atmos- 
pherie noise conditions. The envelope amplitude distribu- 
tion of carrier plus thermal noise is found to agree well with 
that predicted by mathematical analysis, and the carrier-to- 
atmospheric noise distributions are observed to differ appre- 
ciably from the thermal noise conditions as might be antici- 
pated from the distributions of the atmospheric noise 
envelope by itself. 


The instantaneous frequency distributions are observed to 
depart appreciably from the normal distribution. Under 
carrier plus atmospheric noise conditions, the shape of the 
instantaneous frequency distribution is found to be rather 
similar to that obtained with carrier plus thermal noise. 


A phenomenological theory of overvoltage for metallic par- 
ticles, James R. Wait, Ch. 3 of Overvoltage Research and Geo- 
physical Applications, edited by James R. Wait (Pergamon 
Press, Inc., New York, N.Y., 1960). 


A brief theoretical derivation is presented for the effective 
conductivity and dielectric constant of a homogeneous me- 
dium loaded with a uniform distribution of spherical conduct- 
ing particles. To account for the effect of induced polariza- 
tion, the particles are taken to have a concentric membrane 
or film which has a blocking action to the current flow into 
the particle. 


The variable-frequency method, J. R. Wait, Ch. 4 of Over- 
voltage Research and Geophysical Applications (Pergamon 
Press, Inc., New York, N.Y., 1959). 


It has been found that the complex conductivity of rocks is a 
function of frequency. These dispersion or overvoltage 
effects, which are very pronounced in mineralized media, can 
be attributed mainly to interfacial polarization at the bounda- 
ries of the metallic ore particles and the electrolyte in the 
pores of the host rock. In the first part of this paper, the 
variation of the magnitude and the phase of the conductivity 
for mineralized and non-mineralized samples is reported for 
frequencies in the range from 0.1 to 10° ¢/s. The mathemati- 
cal relation between a frequency dependent conductivity and 
the transient build up of the field for a step function current 
is then derived. The interrelation is demonstrated by an 
actual example which is verified experimentally for a miner- 
alized sample. 
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In the second part, electromagnetic propagation and inter- 
wire coupling effects are discussed briefly from the standpoint 
of their masking effect on the overvoltage measurement when 
a four electrode array is employed. In the third part, results 
from a preliminary field trial of the frequency variation 
method carried out in the summer of 1950 in the vicinity of 
Jerome, Arizona are described. 


Laboratory investigation of overvoltage, L. S. Collett, A. A. 
Brant, W. E. Bell, K. A. Ruddock, H. O. Siegel, and J. R. 
Wait, Ch. 5 of Overvoltage Research and Geophysical A pplica- 
tions (Pergamon Press, Inc., New York, N.Y., 1959). 


A technique for the laboratory studies of induced polarization 
in mineralized and nonmineralized rock specimens is dis- 
cussed. The equipment for both the transient and the fre- 
quency variation procedures is described in outline. Some 
typical results are presented for various metallic and non- 
metallic minerals. 


Criteria from the transient decay curves, J. R. Wait and L. 8. 
Collett, Ch. 6a of Overvoltage Research and Geophysical A ppli- 
cations (Pergamon Press, Inc., New York, N.Y., 1959). 


In this chapter, the progress in the analysis of induced polar- 
ization decay curves on rock specimens is described. The 
curves analyzed are those taken by Collett with the standard 
accepted technique including the electro-osmosis treatment 
described in Chapter 5. Particular attention is paid to the 
examination of the curve shape. For this purpose the first, 
second and third derivatives are evaluated and shown plotted 
against the magnitude of the response in each case. Several 
other interesting properties of the decay curves are also in- 
vestigated. The descriptions in the text of this chapter are 
brief since most of the information is listed on the illustrations. 


The error in prediction of F2 maximum usable frequencies 
by world maps based on sunspot number, E. L. Crow and 
D. H. Zacharisen, Statistical Methods in Radio Wave Propa- 
gation, edited by W. C. Hoffman, p. 248 (Pergamon Press, Inc., 
New York, N.Y., 1960). 


The feasibility of preparing semi-permanent world maps for 
predicting F2 maximum usable frequencies based on sunspot 
number is studied. The components of variance of the pre- 
diction are estimated; they arise from the following four major 
sources of error: determining regressions of F2 characteristics 
on sunspot number with limited years of data, the scatter of 
points about these regressions, drawing world contour maps 
with limited numbers of stations, predicting the future sunspot 
number. Ali four sources are found to contribute about equally 
to a total standard deviation of monthly median maximum 
usable frequency predicted five months in advance of about 
1 and 3 Me for 0 and 4000 km, respectively. Hence the 
proposed maps are concluded to be feasible. 


The components ef power appearing in the harmonic analysis 
of a stationary process, M. M. Siddiqui, Statistical Methods in 
Radio Wave Propagation, edited by W. C. Hoffman, p. 112 
(Pergamon Press, Inc., New York, N.Y., 1960). 


Suppose that from a continuous record of a stationary process 
over a time interval 7’ seconds, 2n+ 1 equally spaced readings 
are taken and the usual harmonic analysis is performed. 
Assuming the true frequencies present in the process to be . . ., 
1/(37T), 1/(2T), 1/T, 2/T, . . ., eveles per second, it is shown 
that the power ascribed to the frequency j/7' c/s consists of 
three components: (1) the true power in the frequency j/7' 
c/s; (2) the powers in the frequencies (2 kn+j)/T ¢/s, k=1,2, 

.; 3) a part of the powers in the frequencies 1/(mT7') ¢/s, 


R=Z.3..<. 


Refraction of radio waves at low angles within various air mas- 
ses, B. R. Bean, J. D. Horn, and L. P. Riggs, J. Geophys. 
Research 65, 1183 (1960), 


The refractive index structure and bending of radio rays 
within air masses of nonexponential refractive index height 
structure is treated in terms of the value expected in an 
average atmosphere of exponential form. It is demonstrated 
that refraction differences between air masses arise from 





departures of refractive index structure from the nornial ey. 
ponential decrease with height. The effect upon radio ray 
refraction of these departures from the normal expouentis| 
refractive index structure is most pronounced for small 
initial elevation angles of the radio ray. 


Peculiarities of the ionosphere in the Far East: A report on} 


IGY observations of sporadic E and F-region scatter, 5. Kk 
Smith, Jr., and J. W. Finney, J. Geophys. Research 65: 88; 
(1960). 


This paper considers the results for the period October 1, 1957, F 
to October 1, 1958, from the IGY ‘VHF oblique-incidene F 


sporadic-F measurements’ program which operated circuits 
at 50 Me/s in the Far East and the Caribbean. Sporadie F 
is found to be three to five times more frequent in the Fa 
East than in the Caribbean for reflection coefficients of —2) 
to —80 db relative to inverse distance. 
of magnetie activity is observed in either area, but diurnal 


and seasonal variations are more regular in the Far East, Bf 


It is suggested that this longitudinal difference may be due 
either to the influence of the East Asiatic monsoon, perhaps 


through the mechanism proposed by Martyn, or to the differ 7 


ence in the relationship of magnetic dip to geographic latitude 
in these two areas. 

A peculiar evening signal enhancement, referred to as the 
‘Far Eastern anomaly’ or the ‘evening signal anomaly, 
appeared quite regularly in the Far East, and pulse-delay 


measurements indicate the probable source of the reflection F 
The corresponding effect in the Caribbean 


to the F region. 
is about 100 times less frequent, if it exists at all. 


The "F 


(layer tilt) reflection mechanism proposed by workers aif 
Stanford does not appear too promising in this case, owing 


to the pulse broadening of the order of 1 millisecond whieh 
is normally encountered in the evening signal anomaly. 4 


mechanism that would explain the structure of the observed F 
signal involves reflection from field-aligned ionization similar P 
to the mechanism invoked to explain the ‘low-latitude auroral f 


echoes’ observed at Stanford. 


The effect of multipath distortion on the choice of operating 


frequencies for high-frequency communication circuits, D. Kf 


Bailey, JRE Trans. AP-7, 397 (1959). 

Harmful multipath distortion on high-frequency facsimil 
services and telegraphic services operating at high speed: 
occurs when the received signal is composed of two or mor 


components arriving by different modes over the same great-Fe 
circle path with comparable intensities, but having travep) 


times which differ by an amount equal to an appreciabl 
fraction of the duration of a signal element. The dependence 


of multipath distortion on the relationship of the operating 
a 


frequency to the MUF is discussed and a new term, the} 
multipath reduction factor (MRF), is introduced which per 
mits calculation in terms of the MUF of the lowest frequenc 
which can be used to provide a specified measure of protect! 
against multipath distortion. The MRF has a marked patl: 
length dependence and is calculated as a function of pat! 
length for representative values of the other parame 
involved by making use of an ionospheric model. 
shown how the MRF ean be used in connection with worlt 
wide MUF prediction material to determine the minim 
number of frequencies which must be assigned to a. higl 
frequency communication service of continuous availabilil 
operating at high speed. Some comparisons with observe 
tions are discussed, and finally conclusions are draW! 
concerning manner of operation and choice of operat 
frequencies to reduce or to eliminate harmful muiltipa 
distortion. 


The effect of the earth’s magnetic field on m.u.f. calculation 
K. Davies, Research note, J. Atmospheric and Terres’. 

16, 187 (1959). 

Practically all of the methods at present used in the determit 
tion of maximum usable frequencies for ionospherie propal ye 


tion neglect the effects of the earth’s magnetic field. 
and Robbins (1958) have pointed out, however, tat th 
inclusion of the magnetic field can appreciably aflect 
determinations of the electron density distribution 4" 
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therc/ore the calculated m.u.f. It is the purpose of this note 
to draw attention to the influence of the earth’s magnetic 
field on m.u.f. ealeulations using the transmission slider 


technique. 


VLF phase characteristics deduced from atmospheric wave 
forms, A. G. Jean, W. L. Taylor, and J. R. Wait, J. Geophys. 
Research 65, 907 (1960). 


The wave forms of the electric field of atmospherics recorded 
at four widely sepi irated stations are analyzed to yield the 
phase characte risties of radio waves at very low frequencies. 
It is indicated that the relative phase velocity for propagation 
to great distances is about 3 per cent greater than ¢ (velocity 
of light in a vacuum) at 4 ke/s. Above this frequency, it 
gradually decreases, being about 1 per cent greater than ¢ at 
8ke/s. The form of the dispersion curve is very close to that 
predicted by the mode theory. 


Photometric observations of the twilight glow [OI] 5577 and 
[Ol] 6300, L. R. Megill, J. Atmospheric and Terrest. Phys. 
17, 276 (1960). 


The enhancement of both the [OI] 5577 and the [OI] 6300 
atmospherie emission lines has been measured in detail for 
the night of 6/7 January 1958 at Rapid City, South Dakota. 
The enhancement of the 5577 emission cannot be explained 
on the basis of photo excitation alone. The 6300 emission is 
compared with recent theory. Fair agreement is noted 
between theory and observation. 


Thermal and gravitational atmospheric oscillations —iono- 
spheric dynamo effects included, M. L. White, .. Atmospheric 
and Terrest. Phys. 17, 220 (1960). 


The resonance theory of gravitational and thermal oscillations 
ina rotating atmosphere composed of a neutral gas is extended 
to include an electron and positive ion gas with a permanent 
magnetic field superposed (so-called dynamo effect). 


Other NBS Publications 


Journal of Research, Vol. 64A, No. 4, July-August 1960. 70 
cents. 


Gamma irradiation of hexafluorobenzene. R. E. Florin, L. 
A. Wall, and D. W. Brown. 
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ach, 

Photovoltaic effeet. produced in silicon solar cells by X- and 
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earth ions. R.S. Roth and 8. J. Schneider. 

Phase equilibria in systems involving the rare-earth oxides. 
Part I. Solid state reactions in trivalent rare-earth oxide 
systems. §S. J. Schneider and R. 8. Roth. 
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High-altitude observation techniques, D. M. Gates, Letter 
Sci. 131, 266 (1960). 

The relation between confidence intervals and tests of signifi- 
“ance—a teaching aid, M. G. Natrella, Am. Stat. 14, No. 1, 
20 (1960). 

Electrophoretic deposition of metals, metalloids, and refrac- 
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46 (1960). 
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MecVoy and J. R. Albers, Phys. Rev. 116, No. 5, 1147 
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1168 (1959). 
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Report of the United States of America National 
Committee to the XIII General Assembly of the In- 
ternational Scientific Radio Union, London, England, 


September 5 to 15, 1960. 


Foreword 


The U.S.A. National Committee Report for the period 1957-1960 repre- 
sents a departure from previous reports in scope.and form. The Committee 
decided that a concerted effort should be made by the Commissions to review 
the work in their fields more critically than was done heretofore. The evalua- 
tion of progress rather than a bibliographical summary and a résumé that 
places the status of the field in its proper perspective were set as major ob- 
jectives. The members of the Commissions responded enthusiastically to the 
call for contributions and the objectives have been met in a large measure. 
We hope that the National Committee Report will itself furnish a basis for 
discussions at the General Assembly and it represents a step forward in the 
activity of the National Committee. 

The National Bureau of Standards has given inestimable aid to the prep- 
aration of the report for presentation to the General Assembly. An editorial 
group under Mr. Bradford Bean undertook the enormous task of uniformizing 
the method of referencing and of checking the references and preparing the 
manuscript for final printing. Time was too limited to allow for extensive 
editing of the manuscripts and in some cases the reports are more than coverages 
of the period 1957-1960. However, such deviations and expansions are not 
without value in a first presentation of this type. 


U.S.A. National Committee 
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Report of U.S. Commission 1, URS] RADIO MEASUREMENT 
METHODS AND STANDARDS 


Review of developments occurring within the United States of America in the 
fields of Radio Measurement Methods and Standards, 1957-60 


The following report briefly summarizes significant developments and lists 
publications of the last three years. The bibliographies are fairly complete 
and any omissions that may occur are unintentional. The topics covered are 


the following. 


. Frequency and Time Interval E. A. Gerber 


». R.F. and Microwave Power G. F. Engen 
. Impedance G. A. Deschamps 


. Attenuation B. O. Weinschel 

. Noise B. M. Oliver 

. Field Strength M..C. Selby 

. Measurement of Physical Quantities by M. C. Thompson, Jr. 
Radio Techniques 





1. Progress in the United States During the Last 
Three Years on Frequency and Time In- 
terval Standards and Measurements 


E. A. Gerber* 


1.1. Quartz Crystal Standards 


A new IRE Standard on Piezoelectric Crystals 
defines methods for the Determination of the Flastic, 
Piezoelectric, and Dielectric Constants, and for the 
Electromechanical Coupling Factor. Additionally, 
it brings order and system into the hitherto confused 
terminology on piezoelectric crystals [Proc. IRE, 
1958]. 

The biggest problem for precise quartz crystal 
standards has been the aging of resonators. It is 
now possible to control the environmental influences 
on aging to a very large extent. Attention has, 
therefore recently been directed mostly to the 
processes within the crystal lattice. The internal 
friction in natural and synthetic quartz has been 
studied as a function of temperature and frequency 
and the anelastic behavior has been explained from 
the interplay between dislocations and impurities 
[Granato, Liieke, 1957; Wasilik, 1957: Mason, 1958; 
King, 1959]. It has been demonstrated that X-ray 
irradiation or simultaneous exposure to high elec- 
tric fields and high temperatures (electrolytic purifi- 
cation) produces changes in the anelastic absorption 
spectrum [King, 1959]. 

Great progress has been made in the improvement 
of the stability of quartz crystals standards. The 
aging, the @, and other properties of quartz 
resonators vibrating in various modes have been 
studied in the temperature range from 4 to 330 °K. 
A Q of 50 millions has been observed on one mode 
at 4.2 °K [White, 1958; Warner, 1958] and the 
aging rate at this temperature was extremely low, 
its value of a few parts in 10" per day probably 
given by the limits of instrumentation [Warner, 
1958; Simpson, Morgan, 1959]. The quartz reso- 
nators, however, proved to be rather sensitive with 
respect to shock and vibration, and this observation 
might explain the fact that the short-time stability 
at 4 °K, as measured in comparison with an ammonia 
maser, is less than the stability measured over 2 hr 
[Morgan, Barnes, 1959]. Quartz resonators kept 
near room temperature still show a very low aging 
rate, comparable with that at 4.2 °K; the Q-values, 
however, are approximately one order of magnitude 
less [Warner, 1958]. Data on crystal standards are 
compiled in table 1, together with corresponding 
data on atomic standards. The term “accuracy” 


* U.S. Army Signal Research & Development Laboratory, Fort Monmouth, 
N.J. 
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as used in the table is defined as the relative devia- 
tion from a previously accepted frequency value; 
“stability” is defined as the maximum relative 
frequency change during a specified time interval 
from the value at the beginning of this interval, 
It must be pointed out that the data in table 1 are 
intended to give information on orders of magnitude 
only. More precise data on accuracy and stability 
would require a detailed description of the apparatus, 


1.2. Atomic Frequency and Time Standards 


Great progress in the above field has continued, 
especially along the lines of first, passive beam 
devices; secondly, ammonia masers; and thirdly, gas 
cell devices. 

A cesium beam standard has become commercially 
available under the trade name ‘‘ Atomichron” 
|McCoubrey, 1958; Mainberger, Orenberg, 1958; 
Mainberger, 1958]. To improve its performance 
the geometry of the microwave structure has been 
changed and the microwave source has been simpl- 
fied for greater reliability and reduction of sidebands 
[McCoubrey, 1958]. The integrated outputs of 
several Atomichrons have been compared in order 


to observe the difference in accumulated phase over 


extended periods. The two best Atomichrons were 
found to have deviated by no more than 1 ysec after 
63 hr or 5 parts in 10” of the measured time interval 
[Bridgham, Winkler, Reder, 1959]. Cesium beam 
standards of British and United States design have 
been compared and the principal sources of error 
studied [Holloway et al., 1959]. There remains an 
unresolved discrepancy between the standards of 
about 2 parts in 10". Efforts to increase the pre 
cision of atomic beam standards have been going 
into two directions: First, the “broken beain e 
periment” to increase the microwave interactiol 
time [{Kleppner, Ramsey, Fjelstadt, 1958! and 
secondly, studies of molecular spectra in the mill 
meter range [Hughes, 1959; Gallagher, 1959] to 
improve the Q of the quantum mechanical reso :1atol. 
The described work in passive beam standars has 
been supported by studies of a more funda: rental 
nature, such as molecular beam resonanc:s for 
various combinations of nonuniform fixe and 
oscillatory fields [Ramsey, 1958]. 
Work on high precision ammonia maser osci lator 
has been continued at a high rate. The effe ts 
the maser frequency resulting from cavity p ling 
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TaBLE 1. Typical preci. 


ston frequency standards 





Device of 


| resonator 


| 
| 
| Frequency 
Accuracyt 


| 
| 
| 
| 


| Me/S | 

Precision erystal oscillator (commerci- | 1 | +1X10-6* | 3X10-*/mo 

ally available) | | | 

Precision crystal oscillator (experimen- | 2.5 | +1X10-** 2X10-'0/mo 
tal 2X 10-!9/sec 

Cs-beam frequency standard (commer- 
cially available under the name | 

“ Atomichron’’) 


9, 193 
urable long-t 


Ammonia maser (experimental, port- | 23, 870 
able, with limited coolant supply) 


+1X10-% 


Gas cell (rubidium 87, experimental) 6, 835 | +1X10-9 1X10-!9/mo 





*Crystal manufacturing tolerances only. 


+ The accuracy in the table presumes no prior adjustment of the device against 
approaches the resolution of the measurement equipment at the moment of adjust 


nonuniform radiation of the beam inside the cavity, 
hyperfine structure of the spectral line, thermal 
effects and variations in beam flux and residual 
pressure have been studied in great detail [Mockler 
et al., 1958; Vonbun, 1959; White, 1959; Barnes, 
1959; Townes, 1957, Vonbun, 1958a]. The following 
measures, employed either single or in combination, 
may yield accuracies and stabilities as plotted in 
table 1: Symmetrical maser structure employing 
two beams [Mockler et al., 1958], temperature con- 
trolled cavity (+0.001° C) [Mockler et al., 1958] or 
quartz cavity near a temperature for which the 
expansion coefficient goes through zero [Vonbun, 
1959], center line location by using the Zeeman effect 
[Vonbun, 1958a], precise control of residual pressure 
[White, 1959]. A small sealed-off maser for missile 
application maintained its frequency to better than 
5 parts in 10’ under a static acceleration of 25G 
[Reder, Bickart, 1959]. Exact data on state sepa- 
rator construction have become available [Vonbun, 
1958b|. Two-cavity masers have been studied 
[Higa, 1957; Wells, 1958] and it has been found that 
the two cascaded cavities may oscillate at different 
frequencies. Investigations of the noise in ammonia 
mase: amplifiers resulted in data for the noise figure 
as a \ iole [Helmer, 1957] and for the beam tempera- 
ture |‘ rordon, White, 1958], and suggest how signal- 
to-no ratios can be improved [Beers, 1959]. 
Studi; of the ammonia spectrum itself [Hadley, 
1957; Vuylsteke, 1959] and of the interaction 
betw: n the electromagnetic field and a number of 
simil: atomic systems [Senitzky, 1959], round up 
the » ser work in the reporting period. 

A snsiderable amount of work on gas cells has 
been lone in several places, employing mostly 
rubi’ m or cesium as the reference atom. In 
contr t to beam devices where the Boltzmann 
distri ition of atoms or molecules among the various 
Possi! » energy states is changed by means of state 
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$60-—60 


Stability (with respect to time) 


| 2X10-\/day however, no meas- | 60106 


1X10-"'/hr 
2X10-!9/see 


| | 
| Q of res- | 
onator 


Space re- 
quirement 
(with freq. 
translating | 
equipment) 


Operational time | 


of resonator Weight 


hr 
| 1106 Not specified 


5X10 Not specified 


| 10,000 and better 
(Commercial 
model 1001) 


erm drift 


500 
(Military 
model) 


5108 ; 40 
30 
(Estimated) 


300X108 | Not specified 


4 primary frequency standard. 


If this were done, the accuracy of the device merely 
lent. 


separators employing electric or magnetic fields, 
atoms in gas cells are “‘optically pumped” into a 
desired ground state hyperfine level. The intensity 
of the pumping radiation absorbed or scattered by 
the gas cell changes when the desired microwave 
transition occurs. This offers a very convenient 
way of detecting the microwave resonance. Addi- 
tionally, the introduction of a ‘‘buffer gas’’ into the 
cell is necessary to reduce the Doppler broadening 
of the microwave line. However, the buffer gas 
produces a shift of the center frequency of the hyper- 
fine transition and this shift is a function of tempera- 
ture and pressure !Beaty et al., 1959; Bender et al., 
1958; Arditi, 1960; Andres, 1959; Whitehorn, 1959; 
Bell, 1958]. Mixtures of buffer gases have been 
made, however, which make both the temperature 
and pressure coefficient small and keep the signal-to- 
noise ratio moderate [Beaty et al., 1959; Arditi, 
1960]. The frequency shift in the hyperfine splitting 
of alkalis caused by added gases has been found to be 
caused by exchange as well as dispersion forces 
[Margenau et al., 1959]. In order to obtain a strong 
signal for the optical detection of the (Mrp=0—-M, 

0, AF= + 1) transition, selective hyperfine filtering 
of the pumping light [Bender et al., 1958; Bell et al., 
1958] or pulses of rf radiation at the Zeeman fre- 
quency have been used [Alley, 1959]. With the 
usage of optical detection, a mixture of 12 percent 
neon and 88 percent argon as buffer gas, and a 
temperature stability of 0.1° C, data as indicated in 
table 1 can be obtained [Beaty et al., 1959]. 


1.3. Frequency and Time Measurement and 
Comparison 


Two methods have mainly been used for high 
precision frequency and time measurement: The 
first employs multiplication of the unknown and 
the standard frequency to 1000 Me/s and above, and 





measurement of the beat frequency; the precision of 
measurement can be 1.10~" for a 100-sec count 
[Simpson, Morgan, 1959]. The second method also 
employs frequency multiplication; however, the 
period of the beat note is measured {Simpson, 
Morgan, 1959; Tanzman, 1959]. The sensitivity 
of the latter method is, for multiplication to 100 
Me/s and for n periods (6.10~)/n [Tanzman, 1959]. 
Another method uses timing pulses at the instant 
the two signals to be compared are in opposition. 
This yields for a comparison of 100 ke/s frequencies 
and 10-sec beat period a timing accuracy of 1 ysec 
or an accuracy of frequency comparison of 1.10~% 
[Thompson, Archer, 1959]. Digital rate synthesis 
has also been used for frequency measurement [Rey, 
1959]. The efficiency of frequency measurements 
with an atomic clock is given by the ratio: informa- 
tion gained/entropy increase [Peter, Strandberg, 
1959]. The term “resolution” of a frequency 
measurement has been derived, meaning the relative 
error in the determination of a frequency due to 
phase modulation, noise, and errors in time interval 
measurements [Winkler, 1959]. 

In order to compare two frequencies, their values 
must be made compatible. For this purpose, and 
mostly in connection with atomic standards, fre- 
quency synthesizers and translators have been 
developed [McCoubrey, 1958; Mainberger, Oren- 
burg, 1958; Mainberger, 1958; McCoubrey, 1959; 
Reder, Bickert, 1959; Saunders, 1959]. They con- 
sist of harmonic generators, mixers, and phase 
detectors. Usually, the atomic standard is phase 
locked either directly or via klystron to a harmonic 
of a crystal oscillator. Progress has been made in 


the understanding of hormonic generation with 


rectifiers and nonlinear reactances. The nth har- 
monic cannot be generated by ideal rectifiers with 
an efficiency exceeding 1/n? [Page, 1958]. Usage of 
nonlinear capacitors will not enable one to greatly 
exceed the above limitations [Rafuse, 1959; Leeson, 
Weinreb, 1959]. Frequency multiplication with 
phase-locked oscillators has been achieved from 
100 ke/s to 1000 Me/s [McAleer, 1958], and above. 
A determination of the frequency of the (4,0-+3,0) 
transition in cesium in terms of the second of Ephem- 
eris Time (E.T.) has been made [Markowitz et al., 
1958; Markowitz, 1959]. The frequency is 
9,192,631,770+20 cps (of E.T.). The second of 
E.T. is identical with the prototype unit defined by 
the International Bureau of Weights and Measures 
in 1956. On January 1, 1959, the U.S. Naval Ob- 
servatory placed in operation a system of Atomic 
Time, denoted A. 1, provided by cesium clocks and 
based on the above frequency. The WWV standard 
frequency transmissions of the National Bureau of 
Standards have been based on the U.S. Frequency 
Standard which is derived from atomic standards. 
The latter standards in turn have been brought into 
agreement with A. 1 beginning with January 1, 1960 
[National Standards of Time and Frequency, 1960]. 
Corrections of the WWV transmissions with respect 
to the U.S. Frequency Standard are published 
monthly [WWV Standard Frequency Transmissions]. 
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Several studies have been undertaken to make 
frequency and time comparison possible over lon 
distances. Calculations showed that 10 to 100 kw 
for frequencies in the vicinity of 20 ke/s are required 
to provide a worldwide coverage [Watt, Plush, 
1959]. Various frequency comparisons between sta- 
tions in the United States and between United 
States and British stations controlled by atomic 
clocks using VLF carriers yielded standard devia- 
tions as low as 2 parts in 10" [Pierce, 1958; Reder, 
Winkler]. Clock synchronization by transportation 
of atomic clocks has been achieved with an accuracy 
of much better than 1 ysec for several hours flying 
time [Reder, Winkler]. 

In closing, a sort of Michelson-Morley experiment 
using ammonia masers is worthy of mention [Cedar- 
holm et al., 1958]. Two masers with oppositely 
directed beams were compared and turned with 
respect to the earth’s motion. It was concluded 
that the maximum ether drift, if any, is less than 
1/1000 of the earth’s orbital motion. 
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Note added in proof. 

The book, “Quantum Electronics, A Symposium,’’ Colum- 
bia University Press, New York, 1960, edited by Charles H. 
Townes appeared shortly after the completion of this report 
and contains additional valuable information which should 
not go unmentioned. The following comments apply to 
passive beam devices, masers, and gas cell devices. 

A cesium beam standard with an estimated accuracy of 
+8.5X10-" is described and the influence of the power 
spectra of the radiation exciting the Cs transition upon the 
frequency determination is discussed [Mockler et al., p. 127]. 

Several papers are devoted to the molecular beam maser 
They furnish detailed studies and discuss new possibilities. 
Considerations of the influence of thermal noise on the short 
term frequency stability yield for the fractional phase error 


9 i 
due to thermal noise: (49) 2x 10-8 t-2, where ¢ is the 


time of observation [Gordon, p. 3]. The advantage of new 
molecules and new transitions, especially in the millimeter 
and submillimeter range is discussed [Thaddeus et al., p. 47; 
Barnes, p. 57]. Higher transition frequencies, together with 
a Fabry-Perot interferometer instead of a cavity, will make 
masers with stabilities of a few parts in 10"! feasible (Barnes, 
p. 57]. The dependence of the molecular beam peak intensity 
and beam width upon the total flow rate has been calculaved 
{Giordmaine et al., p. 67]. The use of a parabolic focuser 
with a point source effuser allows reduced molecular flow for 
the same output in a NH;—maser [Helmer et al., p. 78]. Op- 
eration at very low temperatures of an atomic beam oscillator 
using hyperfine transitions, may yield a spectral purity of a 
few orders of magnitude greater than that suggested for the 
ammonia maser (Heer, p. 17]. Operation at 1.5 °K may even 
make a solid state maser competitive with beam and vapor 
clocks if a zero-field transition in a magnetic salt is used 
[Bloemberger, p. 160]. 

Additional work on gas cells has been devoted to the ex- 
planation of the frequency shifts due to temperature and 
pressure, and of the line broadening. The frequency shifts 
can be thought of as being caused by successive small phase 
changes in the coefficients of the Mp0 parts of the alkali wave 
junction and the observed line widths as statistical fluctua- 
tions in the phase shifts [Bender, p. 110]. 
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2. Radiofrequency and Microwave Power Measuremenits 


G. F. Engen* 


In the field of radiofrequency and microwave 
power measurements, contributions have been made 
to the bolometric, calorimetric, and other miscella- 
neous techniques, and the National Primary Stand- 
ard of power measurement is based upon a combina- 
tion of refinements in these techniques which have 
been made at the National Bureau of Standards. 
te adie ; . . ‘ie 
These contributions will be described in the given 
order. 

A self-balancing d-c bolometer bridge of high accu- 
racy (0.1% in substituted power) based on a design 
originated at the National Bureau of Standards 
[Engen, 1957], and a thermistor bridge type of power 
meter which provides automatic temperature com- 
pensation [Aslan, 1960] have been made commercially 
available. 

A previously unrecognized source of error in bolo- 
metric type power meters employing combinations of 
audio and d-c bias power has been investigated and 
reported [Raff, Sorger, 1960], and a study has been 
made of the characteristics of low-temperature bolom- 
eter detectors [Birx, Fuschillo, 1958]. 

A series of broadband (VSWR<1.5 over the 
recommended waveguide frequency band) barretter 
and thermistor mounts [Kent, 1958a] have been de- 
veloped by several different manufacturers and are 
commercially available. 

The use of a rhodium-platinum alloy has permitted 
a reduction in the size of the bolometer (barretter) 
element and improved broadband performance at 
microwave frequencies [Kent, 1958b]. 

An improved method of making the impedance 
measurements implicit in the “impedance” method of 
determining bolometer mount efficiency has been de- 
veloped and excellent agreement achieved with 
calorimetric determinations [Engen, 1958]. 

In the area of low-level calorimetry, a micro- 
calorimeter which provides a determination of the 
effective efficiency of microwave bolometer mounts 
was placed in operation at the National Bureau of 
Standards [Engen, 1959]. 
ment, 
ards were made with Japan and Great Britian in 
accordance with the Commission I resolution. 

Variants of thus type of calorimeter [Sucher and 
Carlin, 1958: James and Sweet, 1958] are available 
commercially from several sources with advertised 
accuracies of a few percent, and in one case accessory 
equipment, which provides a rapid and direct read- 
out, bas been devdened for use in conjunction with 
these calorimeters [DiToro, Nadler, and Blanchard, 
1959). A coaxial, self-balancing, direct-reading flow 
calorimeter for the range 0.01 to 10 w is also com- 
mercially available [Hand, 1958]. 

At lower frequencies (below 300 Mc/s) a dry, static 
calorimeter using a thin film disk type load “dag been 


*National Bureau of Standards Bouldér Laboratories, Boulder, Colo. 





Through use of this instru- | 
intercomparisons of microwave power stand- | 





developed at the National Bureau of Standards 
which covers the power range 0.1 to 20 w [Hudson 
and Allred, 1958]. Another version of this instru. 
ment is under development which will extend the 
operating range in both power level and frequency, 
Other techniques which are currently under addi- 
tional development at the National Bureau of Stand- 
ards include a 2,000 w flow calorimeter for frequencies 
below 1,000 Me/s, a high-power stirred-water calorim- 
eter for waveguide Retienscien, and the electron 
beam technique of power measurement. 

The Microwave Research Institute (Polytechnic 
Institute of Brooklyn) has investigated the use of a 
series of probes to monitor the power flow in a trans- 
mission line where standing waves are present. The 
optimum spacing for a series of such probes was 
determined. The use of ferromagnetic films and 


evaporated indium antimonide for the monitoring of J 


high power through the Hall effect was also investi- 

gated [Sucher, 1959]. 

Finally, the impedance problems attending the 
intercomparison of power meters have been investi- 
gated and improved procedures developed [{Engen, 
19: 58; Hudson, 1960; Engen, 1960). 
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3. 


Contributions reported in this section were pub- 
lished during the three-year period from January 1, 
1957 to January 1, 1960. They consist mainly of 
refinements and extensions of known methods 
leading to improvements in the accuracy of measure- 
ments and to the development of better impedance 
standards for high frequencies and microwaves. 

A new IRE standard on Waveguide and Wave- 
guide Component Measurements was_ published 
[IRE Standards on Antennas & Waveguides, 1959]. 
The standard contains definition of terms and 
several sections on impedance measurement methods. 

The method of measurement of a two-port device 
by observing the input impedance (or reflection 
coefficient) when a variable load (sliding termina- 
tion or variable resistance) is connected to the out- 
put, continues to be applied in several different 
forms. The junction from a waveguide to a semi- 
conductor device has been calibrated by replacing 
the device by known resistances and measuring the 
reflection coefficient in the waveguide |Waltz, 1959]. 
The insertion parameters of transistors (related to 
the scattering matrix elements) have been measured 
by techniques and graphical computations similar 
to those used for waveguide components |Folling- 
stad, 1957]. The sliding-load method, applied for 
finding the scattering matrix of a two-port junction 
over a wide range of frequencies, has been simplified 
by using fixed positions of the short-circuit in the 
output waveguide |Deschamps, 1957]. 

A sliding termination that can be adjusted to 
produce, in a rectangular waveguide, a reflection 
coefficient from zero to nearly unity in magnitude 
and any desired phase has been described [Beatty, 
1957]. 

The guard technique has been extended to measure 
the capacitance per unit length between two infinite 
cones of arbitrary cross section having the same apex. 
Thus the characteristic impedance of the corre- 
sponding transmission line is determined |Dyson, 
1959]. 

Capacitance Standards of the order of 1 pf have 
been constructed and can be used in an electrostatic 
determination of the ohm [Thompson, 1958; Mc- 
Gregor & others, 1958]. They can be compared by 
means of a bridge with accuracies of 10~° or better 
|McGregor and others, 1958]. Coaxial capacitors 
serve as a starting point in the calibration of im- 
pedances at high frequencies up to 300 Mc/s |Powell, 
Jickling, and Hess, 1958]. 

At microwave frequencies (X-band), in rectan- 
gular waveguides WR-90, nonreflecting termina- 
tions have been constructed having a return loss 
greater than 80 db [Beatty and Kerns, 1958]. 

Inductive half-round obstacles in a rectangular 
waveguide can be used as impedance standards. 
Universal tables of reflection have been computed 

and a number of standards have been constructed 
and measured. The agreement with calculated 
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value was to within 0.05 percent in SWR [Beatty 
and Kerns, 1958]. 

Quarter wavelength short-circuits have been con- 
structed in WR-90 (X-band) waveguide and accurate 
calculation made of their reflection based upon the 
measured conductivity of the metal used in their 
construction. It is estimated that the accuracy of 
the result is +0.002 percent. They have beep 
checked independently by measuring their power 
loss in the microcalorimeter [Beatty and Kerns, 
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4. Development in Attenuation Measurements and 


Standards 
Bruno O. Weinschel* 


4.1. Definition of Attenuation 


When dealing with the propagation of guided 
waves within uniform transmission lines, the term 
“attenuation constant’? describes the relative de- 
crease of amplitude of voltage or current in the 
direction of propagation in nepers per unit length 
(IRE Standards on Antennas and Waveguides, 
1953; 1959]. This concept shows the historical 
origin of the term “attenuation”; however, in rela- 
tion to measurement of “standard attenuators,” 
it has limited application. 

The terms ‘insertion loss” and “incremental 
attenuation above minimum insertion loss” are of 
greater utility. Insertion loss in its general definition 
(IRE Standards on Antennas and Waveguides, 
1953] makes no requirements on the source and 
load impedance. It is “the ratio, expressed in 
decibels, of the power received at the load before 
insertion of the apparatus, to the power received 
at the load after insertion.”” However, it is also 
commonly used to denote the minimum attenuation 
of variable attenuators. 

For lower frequencies, 
impedances are specified, 


and load 
choice ; of 


the source 
but the 


impedances is somewhat more arbitrary. 
It must be realized that a source of constant 
incident power is in a sense the electrical equivalent 


ofa matched source. This equivalance has practical 
significance, since the power consuming isolation 
pad frequently used with an unmatched source 
may be replaced by a high-directivity directional 
coupler, which supervises the incident power and 
maintains it constant by manual or automatic 
feedback [Engen, 1958]. 

In contrast to the “insertion loss” of a four 
terminal network, the definition of the “voltage 
division ratio” of a four terminal network (e.g., 
attenuator pad with low-output impedance) utilizes 
hot a matched source but a source of zero impedance 
which is electrically equivalent to a “source of 
constant voltage”. Voltage division ratio is then 
define! as “the change in load voltage, due to the 
insertion of a transmission line component at some 
point in a transmission system where the voltage 
in the terminal plane of insertion is held constant 
before and after insertion of the component, the 
chang in load voltage is expressed as a ratio of 
the voltage in the terminal plane of the termination 
before and after the insertion of the component”. 
This vefinition was used in [Sorger, Weinschel, and 
Hedri: hn, 1959]. 
ee 
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4.2. Techniques for Insertion Loss or 
Attenuation Measurements 


For limited range measurements (up to 20 or 
30 db), high accuracy (better than 0.02 db/10 db) 
can be achieved by using square law detectors such 


as a barretter in conjunction with 100 percent 


square wave amplitude modulation at an audio- 
frequency. Sorger and Weinschel [1959] shows that 
the deviation from square law of typical commercial 
barretters used at power levels below—7 dbm can 
cause a maximum error in insertion loss measure- 
ment of the order of 0.01 db. 

For HF and microwave measurements, a more 
restrictive definition requiring a matched source 
and a matched load is of greater value [IRE Stand- 
ards on Antennas and Waveguides, 1959]. The 
additional restriction is that ‘the specified input 
and output waveguides connected to the component 
are reflectionless, looking in both directions 
from the component (match terminated)’’. 

For measurements requiring a greater dynamic 
range, a linear heterodyne detector is more practical. 
Hedrich and Weinschel [1958] and Weinschel, 
Sorger, and Hedrich [1959] show that the deviation 
of a crystal mixer from linearity will not cause 
insertion loss errors exceeding 0.01 db if the maxi- 
mum signal power is 20 db below the local oscillator 
power in the mixer crystal. 

Heterodyne systems having greater range are of 
the parallel IF substitution type. In this arrange- 
ment, the piston attenuator which operates at the 
intermediate frequency is not in the IF channel, 
but in a separate path coming from a highly stable 
source. The mixer output is compared to this 
stable signal by null techniques. By this means, 
greater freedom from drift is achieved and the min- 
imum loss of the piston attenuator is kept out of 
the signal path. 

Hedrich and Weinschel [1958] and Weinschel, 
Sorger, and Hedrich [1959] use this method in the 
frequency range of 100 to 1,000 Me/s to achieve 
an accuracy better than 0.02 db/10 db over a 50-db 
range. Weinschel, Sorger, and Hedrich [1959] also 
contains a careful analysis of the design of the 
piston attenuators for this application. 

To extend the single step and total ranges of 
these measuring systems, it is desirable to reduce 
the low-level limit which is set by noise. This can 
most easily be done by using a small bandwidth 
following the first detector. For square law systems, 
this requires a high degree of frequency stability 
of the audiofrequency modulation. A bolometer 
preamplifier with a variable bandwidth has been 
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described in Hedrich [1959]. The gain is fairly 
constant while the bandwidth is changed from 2 to 
30 c/s. While this instrument is not recommended 
for precise standards measurements, the principle 
is useful. 

In order to use a small bandwidth in IF amplifiers, 
following a first linear detector, it is either necessary 
that the frequency stability of the RF source and 
the local oscillator be sufficiently high or that the 
local oscillator frequency be directly derived from 
the frequency of the RF source by means of single 
side band modulation. This latter approach requires 
a higher level signal, synchronous with the test 
signal. In this type of frequency stabilization, 
great care must be taken with isolation. One 
method for achieving single side band modulation 
is by phase modulation of a traveling wave tube 
(serrodyne) |Linkner and Grimm 1958; Mathers, 
1957; Cumming, 1957]. These single sideband 
techniques are not in general use for precision 
standards measurements, but it is clear that the 
principle can be so applied. Mathers [1957] reports 
a dynamic range of 80 db, using an intermediate 
frequency of 1,000 c/s. Linkner & Grimm [1958] 
uses a 20,000/ es intermediate frequency and a 
simultaneous amplitude modulation at 1,000 c/s, 
and an attenuation accuracy of +2 percent up to 
24 db is claimed. Mathers [1957] considers not 
only the attenuation, but also the relative phase. 
An accuracy of 1° in phase is claimed. 

A frequency offset can also be accomplished by 
mechanical means (rotating phase shifter) or by a 
ferrite phase modulator [O’Hara and Scharfman, 
1959]. 

Increased frequency stabilization of RF sources 
or single sideband modulation makes feasible lower 
intermediate frequencies. The use of intermediate 
frequencies below 100,000 c/s permits the use of 
accurate wirewound resistor attenuators as standards 
instead of the piston attenuator. At lower fre- 
quencies mixer noise is generally thought to increase 
inversely with frequency, however. Greene and 
Lyons |1959] and Andrews and Bazydlo [1959] deal 
with the modern mixer crystals and show that the 
mixer noise above 100 ke/s is rather constant and 
that below 100 ke/s it increases about 12 db for 
each factor of 10 of frequency reduction. 

The method of measuring attenuation by RF sub- 
stitution does not require the detector response law 
to be known. Very wide ranges of measurements 
are possible by this method. To achieve these 
greater ranges, two or more previously calibrated 
attenuators are frequently cascade-connected or the 
calibrated and test attenuators are cascade-con- 
nected. Errors introduced by such cascading are 
analyzed in [Schafer and Rumfelt, 1959]. 

Another method of measuring attenuation [Engen 
and Beatty, 1960] utilizes certain bolometric power 
measurement and stabilization techniques |Engen, 
1957] and |Engen, 1958]. By means of these proce- 
dures a system stability and resolution of 0.0001 db 





is achieved ‘and attenuations in the range 0.C1 to 
50 db can be measured with accuracies of 0 9001 
to 0.06 db. 

Due to coaxial cable flexing effects at freque:icies 
above 4,000 Me/s, it is necessary to use specia! jigs 
for alinement, so that measurements can be repeated, 
Rumfelt and Como [1959] describes a rapid insertion 
device for coaxial attenuators. 


4.3. Self-Calibrating Techniques 


NBS Tech. News Bulletin [1957] describes a “self. 
calibrating” method of measuring insertion ratio, 


ow sae 
| That is, it does not rely on any standard attenuator 











| 


for comparison, as do the previously mentioned 
methods. 
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5. Noise Measurements and Standards 


B. M. Oliver* 


Because of the rapid development of low-noise 
devices such as masers and parametric amplifiers, 
botli the theory of noise, and the technique of its 
measurement have been extended considerably over 
the last three years. 

Numerous papers have appeared [Pound, 1957; 
Weber, 1957; Weber, 1959; Senitzky, 1958; Senitzky, 
1959; Mueller, 1957; Strandberg, 1957; Shimoda, 
Takahasi and Townes, 1957; Jones, 1959; Strum, 
1958! giving quantum-mechanical analyses of the 
limiting noise performance to be expected from linear 
radiation detectors (coherent amplifiers). There is 
now general agreement on this matter and, while 
the general quantum mechanical proofs are rather 
complex, the results are simply stated, as follows. 
All low-noise coherent amplifiers avoid dissipation 
at signal frequencies in their input circuits and 
obtain their amplifying action by induced emission of 
photons, i.e., by transitions of the system from higher 
to lower quantum states. Since transitions can also 
be induced from the lower to the higher state at the 
expense of signal power (absorption) the lower state 
must be kept relatively depopulated, and the upper 
state overpopulated by some sort of pumping action. 
Making use of the usual Boltzmann factor exp 
(—AK/ kT) for the relative population of states in 
thermodynamic equilibrium, this overpopulation of 
the upper state with respect to the lower may be 
described as an effective negative temperature, 7, 
of the amplifying medium. As the relative popula- 
tion of the lower state approaches zero (complete 
pumping), 7, approaches zero (from the negative 
side). There is then no absorption of signal photons, 
only emission. Some of the emission will be stimu- 
lated (and therefore coherent) and represents signal 
amplification, but some will be spontaneous and 
represents added noise. The total noise power 
spectral density referred to the input is given by 


W(v) = {hv/[exp (hv/kT,) —1]} 
+ {hv/[1—exp(hv/kT,)]}. 


where »y=frequency, 

=Planck’s constant, 

== Boltzmann’s constant, 

-Absolute temperature of source. 
st term will be recognized as the ordinary 
expres ion for the thermal noise of a source at tem- 
peratt ec 7, while the second term represents the 
spont: jeous emission of the amplifier. The second 
term reduced as 7,°—0, and approaches the 
limit ; Thus for an ideal coherent detector: 


W(v)= {hv/[exp (hv/kT,)—1]} +hy 


The { 


(r+ 2 ifr <I. 
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The second term is an effective noise temperature 
of the detector: 


Tou= = (4.8% 107"! )p. 


For a receiver at X-band (10,000 Me/s), T.4,=0.48° K. 

Many experiments have been reported [Alsop 
et al., 1957; Gordon and White, 1957; 1958; Cohen, 
1960] confirming these low-noise capabilities of 
linear receivers. 

Using low-noise receivers, studies have been made 
of the effective temperature of the sky as a function 
of elevation angle [Ko, 1958; DeGrasse et al., 1959]. 
The measurements agree well with theory [Hogg, 
1959] based upon known absorption coefficients 
for atmospheric gases and water vapor and known 
temperature as a function of altitude. Galactic 
noise is found to be the dominating factor in sky 
temperature below about 500 Me/s at zero elevation, 
and below about 3 kMe/s at the zenith. The mini- 
mum sky temperature is near the zenith and galactic 
poles (normal to the plane of the milky way) and is 
about 3° K. Thus modern amplifiers of the maser 
type are reaching the limit of practical performance 
in communication and detection systems. 

Standard noise sources for measurement and 
calibration purposes have improved over the last 
3years. For low-noise receivers, terminations at 
known temperature are quite satisfactory reference 
sources. For receivers with higher inherent noise 
shot noise diodes and gas discharge sources are cur- 
rently used. The latter have been developed to have 
greater stability and more accurately known noise 
during recent years [Zucher, Baskin, et al., 1958; 
Olson, 1958]. 

Commercial instruments have been developed 
which automatically, and in some cases continu- 
ously, monitor the noise figure of receivers. 

The theory of noise in linear twoports has been 
analyzed [Haas et al., 1960] and JRE standards for 
its measurement have been published [IRE standards 
on Measuring noise in linear twoports, 1959). 

The National Bureau of Standards has announced 
(Tech. News Bull. 1959] that its facilities for calibra- 
tion of noise standards are nearly complete so that 
soon convenient cross checking of standards will be 
possible. 
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6. Field Strength Measurements 


M. C. Selby* 


Progress was made in the development of the art 
of field-strength measurements by some commercial 
concerns, as evidenced by products placed on the 
market. At least 3 m were offered for field-strength 
and interference measurements at frequencies to 
about 10 kMe/s, input levels of 20 uv to several 
volts and internal accuracies (excluding antenna 
coeflicients) of the order of 1 db. These meters 
were employing superheterodyne receivers, input 
attenuation up to 80 db, internal or external ew and 
impulse noise calibration, and they measured average, 
peak and quasi-peak values [Rosen, 1958; Borck, 
Rodriguez, 1959]. 

There were also at least two devices placed on the 
market to measure near fields for use as RF radia- 
tion hazard meters. The frequency and power 
density ranges in one case were 200 to 10,000 Me/s 
at 1 mw/em? to 1 w/em? and in another 2,600 to 
10,000 Me/s at a fixed level of 10 mw/cm?. The 
claimed accuracy was of the order of 1 to 3 db. 
[Electronics, 1958]. 

Work was initiated at the National Bureau of 
Standards to develop primary and secondary na- 
tional standards of ew, field strength and antenna 
gain at frequencies above 300 Mc/s [NBS Research 
Highlights, 1958, 1959]. Immediate objectives were 
the improvement of the stability of an insertion loss 
measuring system to 0.01 db/hr, evaluation of 


a microwave absorbing enclosure and of effects of 
absorbing materials and selection of a waveguide 
horn as a national standard for frequencies up to 


12,400 Me/s. In line with these objectives a signal 
source level was stabilized to a ten-thousandths of a 
decibel and a phase-lock system of frequency control 
was (developed which was capable of locking two free 
running reflex klystrons—all in noncontrolled eviron- 
ment. 

Intensive work was in progress in numerous labora- 
tories on many special mae involving incidental 
field measurements. These included problems on 
interference [Hubbard and Cateora, 1959; Albin and 
Pearleton, 1958; Morelli, 1958; Epstein and Schulz, 
1959; Chapin, 1959; White and Ball, 1960], propa- 
gation studies [Knudsen and Larsen, 1960; Agy and 
Davies, 1959], antenna patterns |Morrow, et al, 1958; 
Kamen, 1959] and others. Instrumentation and 
technique in these cases were usually adapted to the 
particular requirements; however, occasionally one 
may find under these subjects information applicable 
to the problem of field measurements in general. 
Some references to these activities are therefore indi- 
cated. Work of interest at 100 to 118 kMc/s was 
receni'y conducted as a study in propagation |Tol- 
bert ond Straiton, 1959; Tolbert, Straiton and 
Doug’ is, 1958]. However, this activity was limited 
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to attenuation measurements and apparently did 
not attempt measurement of absolute field values. 
Considerable information on field theory and 
measurements at the low end of the frequency spec- 
trum, e.g., from 1 to 300 c/s may be found in papers 
presented at the 1960 Earth-CurrentCommunications 
Seminar [J. Research, 1960; Wait, 1960]. An ex- 
perimental and theoretical study of fields at 18.6 
ke/s in a medium of fresh water to depths of 1,000 
ft using monopole and loop antennas and encouraging 
results are described [Saran and Held, 1960]. 

The continuous efforts of C.C.I.R. Study Group 
V on measurements of field strength [CCIR Report, 
1959] should be followed by those interested in this 
subject. 
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Z. Measurements of Physical Quantities by 
Radio Techniques 


M. C. Thompson, Jr.* 


During the past few vears the use of radio 
techniques for precise distance measuring in land 
surveving has met with notable success. Although 
at this time only two commercial firms are known 
to be engaged in the manufacture of this type of 
equipment: [Microdist; Tellurometer] the enthusiasm 
with which it has been received in the field of geo- 
detics indicates clearly that it is an important 
scientific achievement. 

One of the limitations on the accuracy of electronic 
distance measuring is the fact that the basic measure- 
ments of transit time must be converted to equiva- 
lent distance. This requires a knowledge of the 
propagation velocity along the path being measured 
and this can practically only be estimated from 
measurements at discrete points. The errors can, 
thus, be divided into two general classes: first, the 
errors in approximating the space average of velocity 
(or refractive index) along a line several miles long 
based on a few point measurements; and second, 
the errors in calculating phase velocity. 


of electromagnetic waves in vacuum); (2) errors in 
determining the constants appearing in the psychro- 
metric equation [Smith and Weintraub, 1953] 
relating refractive index to measurements of pressure, 
temperature and water vapor content; and (3) the 
errors inherent in the measurement of these latter 
physical quantities. 

A number of experiments have been examined 
[Thompson and Janes, 1959; Thompson and 
Freethev, 1958] to determine the behavior of the 
error introduced by interpolating velocity corrections 
along paths of various lengths based on psychrometric 
observations under various geographical and seasonal 
conditions. This work shows that the corrected 
observations using psvychrometric methods have 
standard deviations of several parts per million. 
Unfor'unately, the experimental errors expected 
from ‘he atmospheric measurements (3 above) are 
estim: :ed to be of the same order so that the extent 
of the nterpolation error is probably obscured. 

In <ldition to the interpolation and correction 
Meas’ ements errors, the accuracy of electronic 
distar © measuring is limited by the accuracy of ¢ 
and « the coefficients relating phase velocity to 
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t The latter | 
include: (1) Uncertainty in the value of ¢, (velocity | 


longer. 





atmospheric composition. Although the value of ¢ 
recommended by URSI is apparently universally 
used, no one set of psychrometric coefficients has been 
adopted. Recommendations have been made, how- 
ever, to the International Association of Geodesy that 
values be selected for international use to simplify 
the problems of comparing research and results of 
different workers. (The discussion of advances in the 
determination of ¢ is to be found in other sections of 
this report.) 

The work described above suggests that the present 
practical limitation on the precision of electronic 
distance measuring is the error in estimating the 
proper correction for atmospheric properties. As an 
aid in resolving this error, the National Bureau of 
Standards, since 1958, has been working to develop 
a2 microwave refractometer having sufficient long- 
term calibration stability to justify absolute calibra- 
tion. By the use of such an instrument it should be 
possible to reduce the errors in electronic distance 
measuring to less than a part in a million. 

The instrument recently developed by “M. J. 
Vetter of the National Bureau of Standards operates 


| on a principle distinctly different from those used 


by Birnbaum and by Crain. By the use of feedback 
techniques, the new method eifectively removes 
electronic component (including klystron) char- 
acteristics from the performance. Preliminary tests 


| suggest that the electronic stability is of the order 


of a few parts in 10 million for periods of weeks or 
The residual errors are essentially a fune- 
tion of sampling cavity design and operating con- 
ditions (e.g. temperature compensation, cavity con- 
tamination and corrosion, ete. ). 
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described in Hedrich [1959]. The gain is fairly 
constant while the bandwidth is changed from 2 to 
30 c/s. While this instrument is not recommended 
for precise standards measurements, the principle 
is useful. 

In order to use a small bandwidth in IF amplifiers, 
following a first linear detector, it is either necessary 
that the frequency stability of the RF source and 
the local oscillator be sufficiently high or that the 
local oscillator frequency be directly derived from 
the frequency of the RF source by means of single 
side band modulation. This latter approach requires 
a higher level signal, synchronous with the test 
signal. In this type of frequency stabilization, 
great care must be taken with isolation. One 
method for achieving single side band modulation 
is by phase modulation of a traveling wave tube 
(serrodyne) [Linkner and Grimm 1958; Mathers, 
1957; Cumming, 1957]. These single sideband 
techniques are not in general use for precision 
standards measurements, but it is clear that the 
principle can be so applied. Mathers [1957] reports 
a dynamic range of 80 db, using an intermediate 
frequency of 1,000 e/s. Linkner & Grimm [1958] 
uses a 20,000/ cs intermediate frequency and a 
simultaneous amplitude modulation at 1,000 c/s, 
and an attenuation accuracy of +2 percent up to 
24 db is claimed. Mathers [1957] considers not 
only the attenuation, but also the relative phase. 
An accuracy of 1° in phase is claimed. 

A frequency offset can also be accomplished by 
mechanical means (rotating phase shifter) or by a 
ferrite phase modulator [O’Hara and Scharfman, 
1959]. 

2 frequency stabilization of RF sources 
or single sideband modulation makes feasible lower 
intermediate frequencies. The use of intermediate 
frequencies below 100,000 c/s permits the use of 
accurate wirewound resistor attenuators as standards 
instead of the piston attenuator. At lower fre- 
quencies mixer noise is generally thought to increase 
inversely with frequency, however. Greene and 
Lyons |1959] and Andrews and Bazydlo |1959] deal 
with the modern mixer crystals and show that the 
mixer noise above 100 ke/s is rather constant and 
that below 100 ke/s it increases about 12 db for 
each factor of 10 of frequency reduction. 

The method of measuring attenuation by RF sub- 
stitution does not require the detector response law 
to be known. Very wide ranges of measurements 
are possible by this method. To achieve these 
greater ranges, two or more previously calibrated 
attenuators are frequently cascade-connected or the 
calibrated and test attenuators are cascade-con- 
nected. Errors introduced by such cascading are 
analyzed in [Schafer and Rumfelt, 1959]. 

Another method of measuring attenuation [Engen 
and Beatty, 1960] utilizes certain bolometric power 
measurement and stabilization techniques |Engen, 
1957] and [Engen, 1958]. By means of these proce- 
dures a system stability and resolution of 0.0001 db 
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is achieved ‘and attenuations in the range 0.01 to 
50 db¥can be measured with accuracies of 0.0001 
to 0.06 db. 

Due to coaxial cable flexing effects at frequencies 
above 4,000 Me/s, it is necessary to use special jigs 
for alinement, so that measurements can be repeated. 
Rumfelt and Como [1959] describes a rapid insertion 
device for coaxial attenuators. 


4.3. Self-Calibrating Techniques 


NBS Tech. News Bulletin [1957] describes a “self- 
calibrating’ method of measuring insertion ratio. 
That is, it does not rely on any standard attenuator 
for comparison, as do the previously mentioned 
methods. 
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5. Noise Measurements and Standards 


B. M. Oliver* 


Because of the rapid development of low-noise 
devices such as masers and parametric amplifiers, 
both the theory of noise, and the technique of its 
measurement have been extended considerably over 
the last three years. 

Numerous papers have appeared [Pound, 1957; 
Weber, 1957; Weber, 1959; Senitzky, 1958; Senitzky, 
1959; Mueller, 1957; Strandberg, 1957; Shimoda, 
Takahasi and Townes, 1957; Jones, 1959; Strum, 
1958] giving quantum-mechanical analyses of the 
limiting noise performance to be expected from linear 
radiation ious (coherent amplifiers). There is 
now general agreement on this matter and, while 
the general quantum mechanical proofs are rather 
complex, the results are simply stated, as follows. 
All low-noise coherent amplifiers avoid dissipation 
at signal frequencies in their input circuits and 
obtain their amplifying action by induced emission of 
photons, i.e., by transitions of the system from higher 
to lower quantum states. Since transitions can also 
be induced from the lower to the higher state at the 
expense of signal power (absorption) the lower state 
must be kept relatively depopulated, and the upper 
state overpopulated by some sort of pumping action. 
Making use of the usual Boltzmann factor exp 
(—AE/kT) for the relative population of states in 
thermodynamic equilibrium, this overpopulation of 
the upper state with respect to the lower may be 
described as an effective negative temperature, 77, 
of the amplifying medium. As the relative popula- 
tion of the lower state approaches zero (complete 
pumping), 7, approaches zero (from the negative 
side). There is then no absorption of signal photons, 
only emission. Some of the emission will be stimu- 
lated (and therefore coherent) and represents signal 
amplification, but some will be spontaneous and 
represents added noise. The total noise power 
spectral density referred to the input is given by 


W(v) = {hv/[exp (hv/kT,) —1]} 
+ {hv/[1—exp(hv/kT,)]}. 


where v= frequency, 

h=Planck’s constant, 

k==Boltzmann’s constant, 

T;= Absolute temperature of source. 
The first term will be recognized as the ordinary 
expression for the thermal noise of a source at tem- 
perature 7, while the second term represents the 
spontaneous emission of the amplifier. The second 
term is reduced as 7,°—0, and approaches the 
limit hy. Thus for an ideal coherent detector: 


W(v)= {hv/[exp (hv/kT,) —1]} +h 


a(T42 it él. 
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The second term is an effective noise temperature 
of the detector: 


| ete (4.8X107-")p 


k 


For a receiver at X-band (10,000 Me/s), T'4,=0.48° K. 

Many experiments have been reported [Alsop 
et al., 1957; Gordon and White, 1957; 1958; Cohen, 
1960] confirming these low-noise capabilities of 
linear receivers. 

Using low-noise receivers, studies have been made 
of the effective temperature of the sky as a function 
of elevation angle [Ko, 1958; DeGrasse et al., 1959]. 
The measurements agree well with theory [Hogg, 
1959] based upon known absorption coefficients 
for atmospheric gases and water vapor and known 
temperature as a function of altitude. Galactic 
noise is found to be the dominating factor in sky 
temperature below about 500 Me/s at zero elevation, 
and below about 3 kMe/s at the zenith. The mini- 
mum sky temperature is near the zenith and galactic 
poles (normal to the plane of the milky way) and is 
about 3° K. Thus modern amplifiers of the maser 
type are reaching the limit of practical performance 
in communication and detection systems. 

Standard noise sources for measurement and 
calibration purposes have improved over the last 
3 years. For low-noise receivers, terminations at 
known temperature are quite satisfactory reference 
sources. For receivers with higher inherent noise 
shot noise diodes and gas discharge sources are cur- 
rently used. The latter have been developed to have 
greater stability and more accurately known noise 
during recent years [Zucher, Baskin, et al., 1958; 
Olson, 1958]. 

Commercial instruments have been developed 
which automatically, and in some cases continu- 
ously, monitor the noise figure of receivers. 

The theory of noise in linear twoports has been 
analyzed [Haas et al., 1960] and IRE standards for 
its measurement have been published [IRE standards 
on measuring noise in linear twoports, 1959]. 

The National Bureau of Standards has announced 
(Tech. News Bull. 1959] that its facilities for calibra- 
tion of noise standards are nearly complete so that 
soon convenient cross checking of standards will be 
possible. 
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6. Field Strength Measurements 


M. C. Selby* 


Progress was made in the development of the art 
of field-strength measurements by some commercial 
concerns, as evidenced by products placed on the 
market. At least 3 m were offered for field-strength 
and interference measurements at frequencies to 
about 10 kMe/s, input levels of 20 pv to several 
volts and internal accuracies (excluding antenna 
coefficients) of the order of 1 db. These meters 
were employing superheterodyne receivers, input 
attenuation up to 80 db, internal or external ew and 
impulse noise calibration, and they measured average, 
peak and quasi-peak values |Rosen, 1958; Borck, 
Rodriguez, 1959]. 

There were also at least two devices placed on the 
market to measure near fields for use as RF radia- 
tion hazard meters. The frequency and power 
density ranges in one case were 200 to 10,000 Me/s 
at 1 mw/cm? to 1 w/em? and in another 2,600 to 
10,000 Me/s at a fixed level of 10 mw/cm*. The 
claimed accuracy was of the order of 1 to 3 db. 
[Electronics, 1958]. 

Work was initiated at the National Bureau of 
Standards to develop primary and secondary na- 
tional standards of ew, field strength and antenna 
gain at frequencies above 300 Mc/s [NBS Research 
Highlights, 1958, 1959]. Immediate objectives were 
the improvement of the stability of an insertion loss 
measuring system to 0.01 db/hr, evaluation of 
a microwave absorbing enclosure and of effects of 
absorbing materials and selection of a waveguide 
horn as a national standard for frequencies up to 
12,400 Me/s. In line with these objectives a signal 
source level was stabilized to a son-tleinenliiee of a 
decibel and a phase-lock system of frequency control 
was developed which was capable of locking two free 
running reflex klystrons—all in noncontrolled eviron- 
ment. 

Intensive work was in progress in numerous labora- 
tories on many special problems involving incidental 
field measurements. These included problems on 
interference |Hubbard and Cateora, 1959; Albin and 
Pearleton, 1958; Morelli, 1958; Epstein and Schulz, 
1959; Chapin, 1959; White and Ball, 1960], propa- 

ation studies [Knudsen and Larsen, 1960; Agy and 
avin. 1959], antenna patterns |Morrow, et al, 1958; 
Kamen, 1959] and others. Instrumentation and 
technique in these cases were usually adapted to the 
particular requirements; however, occasionally one 
may find under these subjects information applicable 
to the problem of field measurements in general. 
Some references to these activities are therefore indi- 
cated. Work of iterest at 100 to 118 kMc/s was 
recently conducted as a study in propagation [Tol- 
bert and Straiton, 1959; Tolbert, Straiton and 
Douglas, 1958]. However, this activity was limited 
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to attenuation measurements and apparently did 
not attempt measurement of absolute field values. 
Considerable information on field theory and 
measurements at the low end of the frequency spec- 
trum, e.g., from 1 to 300 c/s may be found in papers 
presented at the 1960 Earth-CurrentCommunications 
Seminar [|J. Research, 1960; Wait, 1960]. An ex- 
perimental and theoretical study of fields at 18.6 
ke/s in a medium of fresh water to depths of 1,000 
ft using monopole and loop antennas and encouraging 
results are described [Saran and Held, 1960]. 

The continuous efforts of C.C.I.R. Study Group 
V on measurements of field strength [CCIR Report, 
1959] should be followed by those interested in this 
subject. 
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7. Measurements of Physical Quantities by 
Radio Techniques 


M. C. Thompson, Jr.* 


During the past few years the use of radio 
techniques for precise distance measuring in land 
surveying has met with notable success. Although 
at this time only two commercial firms are known 
to be engaged in the manufacture of this type of 
equipment: [Microdist ; Tellurometer] the enthusiasm 
with which it has been received in the field of geo- 
detics indicates clearly that it is an important 
scientific achievement. 

One of the limitations on the accuracy of electronic 
distance measuring is the fact that the basic measure- 
ments of transit time must be converted to equiva- 
lent distance. This requires a knowledge of the 
propagation velocity along the path being measured 
and this can practically only be estimated from 
measurements at discrete points. The errors can, 
thus, be divided into two general classes: first, the 
errors in approximating the space average of velocity 
(or refractive index) along a line several miles long 
based on a few point measurements; and second, 
the errors in calculating phase velocity. The latter 
include: (1) Uncertainty in the value of c, (velocity 
of electromagnetic waves in vacuum); (2) errors in 
determining the constants appearing in the psychro- 
metric equation [Smith and Weintraub, 1953] 
relating refractive index to measurements of pressure, 
temperature and water vapor content; and (3) the 
errors inherent in the measurement of these latter 
physical quantities. 

A number of experiments have been examined 
[Thompson and Janes, 1959; Thompson and 
Freethev, 1958] to determine the behavior of the 
error introduced by interpolating velocity corrections 
along paths of various lengths based on psychrometric 
observations under various geographical and seasonal 
conditions. This work shows that the corrected 
observations using psychrometric methods have 
standard deviations of several parts per million. 
Unfortunately, the experimental errors expected 
from the atmospheric measurements (3 above) are 
estimated to be of the same order so that the extent 
of the interpolation error is probably obscured. 

In addition to the interpolation and correction 
Measurements errors, the accuracy of electronic 
distance measuring is limited by the accuracy of ¢ 
and of the coefficients relating phase velocity to 
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atmospheric composition. Although the value of ¢ 
recommended by URSI is apparently universally 
used, no one set of psychrometric coefficients has been 
adopted. Recommendations have been made, how- 
ever, to the International Association of Geodesy that 
values be selected for international use to simplify 
the problems of comparing research and results of 
different workers. (The discussion of advances in the 
determination of ¢ is to be found in other sections of 
this report.) 

The work described above suggests that the present 
practical limitation on the precision of electronic 
distance measuring is the error in estimating the 
proper correction for atmospheric properties. As an 
aid in resolving this error, the National Bureau of 
Standards, since 1958, has been working to develop 
a’ microwave refractometer having sufficient long- 
term calibration stability to justify absolute calibra- 
tion. By the use of such an instrument it should be 
possible to reduce the errors in electronic distance 
measuring to less than a part in a million. 

The instrument recently developed by M. J. 
Vetter of the National Bureau of Standards operates 
on a principle distinctly different from those used 
by Birnbaum and by Crain. By the use of feedback 
techniques, the new method effectively removes 
electronic component (including klystron) char- 
acteristics from the performance. Preliminary tests 
suggest that the electronic stability is of the order 
of a few parts in 10 million for periods of weeks or 
longer. The residual errors are essentially a func- 
tion of sampling cavity design and operating con- 
ditions (e.g. temperature compensation, cavity con- 
tamination and corrosion, etc.). 
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1. Physical Characteristics 
of the Troposphere 


1.1. Synoptic Scale 


Studies on the synoptic scale [Bean, 1959 a, b] 
have shown that the radio refractive index, when 
referenced to sea level, is a sensitive indicator of 
departures from average of atmospheric structure 
due to tropospheric storms. Indeed, since this 
reduced-to-sea-level index combines temperature, 
pressure, and humidity into one term, it appears 
to have much to recommend it to the meteorologist 
as an aid in synoptic forecasting. Encouraging 
correlation has been found between standard weather 
map information and the variations with time of 
1,000 and 10,000 Mc/s beyond the horizon radio 
fields [Moler, 1958a]. 

This same reduced-to-sea-level index has facili- 
tated the preparation of world-wide contour maps 
of the refractive index near the earth’s surface by 
effectively removing altitude dependence [Bean, 
1959c]. These charts showing the annual cycle 
of the mean refractive index may be used to in- 
dicate not only climatic comparisons between 
various regions but also the stability or range of 
weather in different geographic areas. Studies of 
atmospheric refraction of radio waves [Anderson, 
1958; Bauer, 1958a; Bean, 1959d] have shown that 
an exponential decrease of refractive index with 
height is more representative of the true structure 
and yields more reliable estimates of refraction 
effects than the linear decrease assumed by the 
effective earth’s radius theory. The rate of exponen- 





tial decrease with height may be specified by surface 
conditions alone [Bean, 1959d]. Consideration 
of these results led the CCIR Plenary Assembly in 
Los Angeles in April 1959 to recommend the inter- 
national adoption of a basic reference atmosphere 
of exponential form. 

A bibliography on the physical properties of the 
atmosphere at radiofrequencies has been collected 
and published [Nupen, 1957]. 

Further studies of the refractive index structure 
of the atmosphere will be facilitated by two newly 
established national data centers. The Electrical 
Engineering Research Laboratory of the University 
of Texas has accumulated approximately 2,700 
airborne refractometer profiles from the North 
American, Mediterranean, and Hawaiian areas. The 
Central Radio Propagation Laboratory of the 
National Bureau of Standards has available ap- 
proximately 50,000 individual radiosonde ascents 
taken by military and civilian observations in 40 
different locations ranging from the arctic to the 
tropics. 

A large percentage of the earth’s atmosphere, 
and almost all of its water vapor, is contained in the 
troposphere. The atmospheric gases are more or 
less horizontally stratified over extended areas, and 
the gross effect is a gradual decrease in the dielectric 
constant with altitude. If this gradient of the 
average dielectric constant is independent of dis- 
tance and time then the radio propagation problem 
reduces to a simply stated boundary value problem 
which might be called mode theory with many 
tiers of sophistication. These range all the way 
from simple ray optics approximations to intricate 
superposition of a large number of modes [Carroll, 
1955]. To describe nonoptical fields, the first 
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suggestion embraced the idea of replacing the prob- 
lem of diffraction around the earth immersed in a 
nonhomogeneous atmosphere by diffraction around 
a sphere of different radius surrounded by a homo- 
geneous medium. In this way, the gradual down- 
ward refraction of the radio waves would be ac- 
counted for by a larger earth’s radius. This idea 
has been tested and it is found that the factor 
multiplying the earth’s radius is not a simple func- 
tion of the radiofrequency and the index of refraction 
profile. 

Schelkunoff has proposed an approximate analysis 
of guided propagation which has been quite useful 
in determining the cutoff frequency for a given 
index of refraction profile. This method only states 
that frequencies above a certain value will or will 
not be strongly guided, the attenuation rate is not 
determined. Some success has been obtained in 
the application of this analysis to microwave prop- 
agation in the oceanic duct. 

Airborne refractometer investigation [Ament, 
1959a] found that the tradewind inversion between 
the east coast of Florida and Nassau (about 500 km), 
was consistently at an elevation of 1.5 km with a 
50-N unit decrease across the inversion. The in- 
tensity of refractive index fluctuations within the 
layer were found to vary considerably with horizontal 
distance. Further work on refractive index structure 
of layers has been carried out by analysis of several 
thousand refractometer soundings over southwest 
Ohio and the west coast of Washington state [Moyer, 
1958]. Both regions showed a preference for layer 
occurrence at a height of 1.75 km with the average 
vertical gradient just necessary for ducting (160 N 
units/km). Although the average layer thickness was 
of the order of 150 ms in both cases, the Washington 
coast layers were more evenly distributed between 
thicknesses of 60 and 210 m. Refractometer investi- 
gations have resulted in additional knowledge of 
humidity structure within elevated layers and also 
have shown that such layers can satisfy Rayleigh’s 
criterion for smoothness for wavelengths perhaps as 
small as 1 m [Bauer, 1958b]. Further investigation 
utilizing airborne refractometers has revealed that 
the turbulent structure in converging air at 1.2 km is 
an order of magnitude greater than that found in 
diverging air within a high-pressure region [Wagner, 
1957]. Similar investigations have shown that the 
“simple” trade wind cumulus cloud is in fact of the 
most complicated structure from the viewpoint of 
the refractive index [Cunningham, 1958]. Details 
of the temperature, humidity and refractive index 
structure of the trade wind region have been studied 
with radiosondes [Gutnich, 1958], catalogued in 
climatological atlases [U.S. Navy, 1955, 1956, 1957, 
1958], and examined with airborne refractometers by 
the Naval Research Laboratories. 


1.2. Refractive Irregularities 


Progress in describing the radio refractive index 
structure of the atmosphere has been made on the 
micrometeorological scale by the use of airborne 





refractometers in the study of fundamental theories 


of turbulence. Two authors have attempted to 
calculate, using turbulent mixing theories, the spec- 
trum of refractive index variations to be expected in 
a turbulent region possessing a mean gradient of 
refractive index, such as the troposphere or iono- 
sphere. Wheelon [1957a, b, 1958a] has attempted 
to describe analytically the results expected from the 
gradient-mixing mechanism described earlier by 
Villars and Weisskopf. Bolgiano [1957, 1958a, bj, 
extending the concept of isotropic-mixing theory to 
account for the presence of a gradient, does not 
modify the isotropic-mixing results in a range of 
interest, in contradiction with the conclusion reached 
by Wheelon [1958b]. 

Techniques similar to those employed by Heisen- 
berg for velocity fields have been applied to an 
investigation of temperature fluctuations in a turbu- 
lent region (Ogura, 1958]. Also investigated theoreti- 
cally was the generalization of mixing by isotropic 
turbulence to include the effect of a simple chemical 
reaction on the concentration field [Corrsin, 1958]. 

A marked disagreement has been expressed 
[Kraichnan, 1957, 1959; Munch, 1958] as to the 
seriousness of the error introduced by the assumption 
that the fourth-order moments of the two-time 
velocity amplitude distribution are related to second- 
order moments as in a normal distribution. This 
quasi-normal approximation has been made in order 
to calculate the space-time correlation in stationary 
isotropic turbulence [Munch, 1958]. 

One theory [Kraichnan, 1958a, b] of unbounded 
turbulence, driven by Gaussian-distributed homo- 
geneous forces, was developed which gives a wave- 
number spectrum which is a function of the rms 
velocity, in contradiction to the Kolmogorov 
similarity hypothesis. 

Two articles extend Chandrasekhar’s results on the 
spectrum of turbulence, one [Blanch, 1959] giving 
improved numerical results and comments on the 
choice of equations for numerical evaluation and the 
other [Wentzel, 1958] working out the spectra for 
specific examples. 

A general power-spectrum equation, basically em- 
pirical, for stationary random gusts has been obtained 
[Saunders, 1958]. 

Booker continued a discussion of a previously pre- 
sented concept of a mechanism connected with 
ionospheric turbulence and meteor trails [Booker, 
1958]. 

Results based on the energy transfer mechanism 
suggested by Kovasznay have been used to calculate 
solutions for the energy spectrum and the transfer 
function in the initial period of decay [Reid, 1959]. 

Other theoretical investigations have been con- 
cerned with turbulent-flow equations [Squire, 1959] 
and with the relation between time symmetry and 
reflection symmetry [Meecham, 1958]. 

The concept of a “locally stationary random proc- 
ess” has been rigorously defined and discussed 
[Silverman, 1957a; Ogura, 1957; Dryden, 1957]. 

A possible influence of the mean stability and 
shear on the spectrum of turbulence, and indirectly 
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on the spectrum of refractive index fluctuations, has 
been discussed by Bolgiano [1960], who has sug- 
gested that this effect may account for the variable 
wavelength dependence of scatter propagation [Bol- 
giano, 1959]. However, Norton [1960] reanalyzed 
the data employed by Bolgiano, and concluded that 
they could not be interpreted as indicating a variable 
frequency dependence; he found that the fixed-fre- 
quency dependence 30 logifme;, of the basic trans- 
mission loss derived from the pK,(p) correlation 
model for the refractive index was in agreement with 
the data. Norton [1959a] has published an analysis 
of the agreement of the p,(p) model with three in- 
dependent kinds of experimental evidence: (a) Fre- 
quency spectra of refractivity; (b) frequency spectra 
of the phase variations on a line-of-sight path; and 
(c) the frequency dependence of tropospheric for- 
ward scattered power. He concludes that all of 
these data are in agreement, within experimental 
error, with this model. In a note at the end of the 
paper, he calls attention to the fact that the improved 
data recently published by Thompson and Janes 
{1959a] appear to indicate that it is not safe to as- 
sume that the variations in time of the refractive 
index at a fixed point may be described by the as- 
sumption that a frozen structure, described by a 
wavenumber spectrum, is moved past this point 
with the mean wind. 

Observations of smoke puffs (Gifford, 1957] and 
stack gases [Hilst, 1958] have been compared with 
diffusion theories. Other investigations compare 
spectra obtained from concurrent airplane and tower 
measurements [Lappe, 1959] and compare simulta- 
neous observations of space correlations and time 
correlations [Panofsky, 1958]. 

Velocity spectra have been deduced from the aver- 
age rate at which a radar signal crosses a given volt- 
age level [Fleisher, 1959]; the effects of wind speed, 
lapse rate, and altitude on the velocity spectrum at 
low altitudes has been studied [Henry, 1959]; the 
power spectrum of horizontal wind speed in the fre- 
quency range from 0.0007 to 900 c/hr have been 
measured [Van der Hoven, 1957]; and data obtained 
by flight test techniques have been analyzed to de- 
termine how well the velocity variations satisfy the 
conditions of a stationary Gaussian process and of 
isotropic turbulence [Press, 1957]. 

Turbulence measurements have been made for 
general clear-air conditions [Anderson, 1957; Clem, 
1957], near jet streams [Endlich, 1957], near [Acker- 
man, 1958] and in [Ackerman, 1959] clouds, and 
associated with a cold front (radar observations) 
{Ligda, 1958a]. 

Eddy sizes near the ground have been determined 
by measurements of temperature (Longley, 1959]. 


609 





1.3. Absorption in the Troposphere 


During recent years generators and components 
have been improved to the extent that absorption 
measurements of the actual atmosphere could be 
made in the millimeter wavelength region. Such 
measurements have been made by Crawford and 
Hogg [1956] in the 5- to 6-mm region and at 4.3 and 
3.55 mm, and by E. E. R. L. of the University of 
Texas [Tolbert, 1959a] in the range 1.2 to 1.7 em, at 
8.6, 4.3, 3.55, 2.15 mm, and at a number of wave- 
lengths in the range from 2.5 to 3 mm. The com- 
parisons of the measured losses with those calculated 
from the Van Vleck-Weisskopf equation are shown 
in figures 1 and 2. It is seen that the agreement 
between theory and experiment is good in the case 
of atmospheric oxygen using the value of 0.02 em7! 
for the 5-mm lines. In the case of atmospheric 
water vapor, however, the agreement is poor, no 
one line width fitting the entire data. Moreover, 
the line width of 0.1 em™ or 0.27 em~' does not give 
a completely satisfactory fit for the region around 
1.35 cm or the higher frequency region, respectively. 

The recent advances on the determination of the 
line width parameters may be summarized as follows. 
Benedict and Kaplan [1959], using the quantum 
theory of Anderson, find that the line widths in 
H,O-N, collisions vary from 0.111 to 0.032 em™! 
atm~'. Such values indicate that an often quoted 
average value of 0.1 cm™ atm™ may actually be on 
the high side. Laboratory measurements of the 
nonresonant absorption in pure oxygen by Maryott 
and Birnbaum [1955] give a value of 0.017 cm™! 
atm. The line width parameter they found 
necessary to fit the resonant absorption, namely 
0.05 em™ atm, is in agreement with the work of 
Artman [1954]. 

The discrepancy between theory and experiment 
in the case of water vapor absorption has long been 
the cause for examining the limits of applicability of 
the Van Vleck-Weisskopf theory. Gora [1956] has 
recently reviewed the situation and finds that no 
important modification of their equation is needed 
until the 1-mm region is reached. 

Recent measurements by Maryott, Wacker, and 
Birnbaum [1957] have revealed absorption by the 
nonpolar gas CO, due to collision-induced dipole 
moments. Although such absorption in atmospheric 
CO, is far too small to play a role, it suggests a 
direction in which one might look for an explanation 
of the absorption anomaly. In this connection, 
Birnbaum and Maryott have found that a large part 
of the absorption in the microwave wings of the 
infrared rotational lines of HCl and DCI can be 
accounted for by assuming the presence of pressure- 
induced absorption. 
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2. Tropospheric Propaga- 
tion (Theories) 
2.1. Ground Wave Propagation 


Renewed interest in the VLF band has prompted 
several investigations concerning the propagation 
characteristics of groundwaves. In the range below 
100 ke/s the groundwave may compete with and can 
often exceed the skywave. Furthermore, with the 
use of pulse type transmissions such as Cytac or 
Loran C, the groundwave and skywave may be 
observed separately [Frantz, 1957; Dean, 1957; 
Frank, 1957]. This is not possible, of course, in a 
CW system suchas Decca. It is also essential to take 
proper account of the groundwave in the analysis of 
sferics which are radio signals originating from 
distant lightning strokes. 

With the above motivation (if such is needed) 
several theoretical investigations of groundwave 
propagation have been carried out |Wait, 1958a]. 
Using the residue series representation as developed, 
graphs and tables of attenuation and phase for CW 
transmission have been prepared |Johler, 1956, 
1959a; Wait, 1956a]. The frequency range is from 
100 ¢/s to 500 ke/s and various ground constants and 
antenna heights where chosen. These curves are 
presented in terms of field strength and they are 
normalized for a dipole transmitter of fixed moment. 

Theoretical groundwave investigations have in- 
cluded studies of methods to include variations of the 
refractive index of the troposphere. As mentioned 
under the section of this report dealing with the 
synoptic scale variations of the physical character- 
istics of the troposphere, (sec. I, 1), the usual method 
of accounting for the gradual downward bending of 
radio waves is to replace the actual earth’s radius 
a by an effective earth’s radius a,. The ratio a,/a is 
usually taken to be about 4/3. It has been shown 
|Wait, 1958] that such a procedure is a mathe- 
matically adequate approximation for propagation 
in a standard type atmosphere if the antenna heights 
are not too high (i.e., less than 1 km) and if the 
frequency is not too low (i.e., greater than about 
50 ke/s). When either of these conditions is violated, 
it is necessary to consider the influence of nonlinearity 
in the lapse rate of the refractive index with height. 
Theoretical studies have been carried out which indi- 
cate that the diffraction theory for a 4/3 rds earth 
may be simply modified for an atmosphere whose 
refractive index varies with height in a smooth mono- 
tonic fashion |Wait, 1958b]. The essential conclu- 
sion is that the structure of the diffraction field near 
and beyond line-of-sight is similar to that for a homo- 
geneous atmosphere. Thus the available calculated 
results based on the 4/3 rds. earth may be simply 
adapted to the tapered model by simply shifting the 
horizon point which is calculable using geometrical 
or ray optics. Such a procedure had been used 
earlier by K. A. Norton [1958] which, at the time, 
was justified on physical grounds. 








All the “eigenvalue” or ‘‘proper value’”’ solutions 
suffer from some difficulties. The problem is cen- 
tered around the determination of the complex 
propagation constants associated with the dominant 
modes. These numbers are extremely sensitive to 
the detailed structure of the index of refraction 
profile. A given experimental refractive index 
profile can be represented by numerous smooth 
curves, each yielding a different mode sum for the 
radio field. 

In addition, the sensitivity depends upon the wave 
function accepted as a solution; for example, if the 
well-known WKB approximation is considered an 
appropriate wave abuse, continuous index of re- 
fraction profiles with continuous first order deriva- 
tives will yield no “proper values” since there is no 
way to couple the field of the up-going wave with 
the field of the down-going wave. 

The influence of a land sea boundary hes been 
given further study. A solution has been presented 
for a smooth earth for a mixed path with both two 
and three sections. Numerical results for amplitude 
and phase over a frequency range of 20 to 200 ke/s 
are also available |Wait, 1957a]. 

The propagation of electromagnetic pulses over a 
smooth homogeneous earth has been given consider- 
able attention from a theoretical point of view (Wait, 
1956b, 1957b, c, 1959a; Johler, 1957, 1958, 1959b; 
Levy, 1958]. For low frequencies the dispersion of 
the pulse is due mainly to the influence of earth 
curvature. The finite conductivity of the ground 
plays a relatively minor role. Some thought has also 
been given to the influence of a coast line on the 
shape of a groundwave pulse [Wait, 1957d]. 

It was pointed out that the presentation of ground- 
wave propagation data in terms of transmission loss 
requires that the input impedances of the antennas 
be considered [Wait, 1959b; Norton, 1958]. Various 
methods of calculating transmission loss of the 
groundwave are reviewed in a comprehensive paper 
{|Norton, 1959b]. 

The penetration of the groundwave into the earth 
or the sea has been considered in several recent 
papers [Wait, 1959c, d; Kraichman, 1960; Keilson, 
1960}. Both buried transmitting and receiving 
antennas have been considered. 

The influence of ground stratification has been 
given some attention [Wait, 1958c]. It is indicated 
that the attenuation of the groundwave may be quite 
low if the underlying stratum is highly conducting 
and located at an appropriate depth. The measure- 
ments are in accord with theory [Stanley, 1960]. 


2.2. Backscattering From Rough Surfaces 


Katzin [1957] has continued his theoretical de- 
velopment of backscattering from a sea surface. He 
has extended to high-depression angles the statistical 
treatment previously made for low angles. He finds 
that o) varies as \~” for frequencies in the region 
where the facets are small compared to a wavelength. 
As the frequency increases a region is reached where 
the facets are large compared with \; above this 
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region, oo is constant with further increase in fre- 
quency. He also finds o is inversely proportional to 
wind speed and that the depression angle dependence 
is exp(—cot?6/20’). 

Spetner and Katz [1960] have approached radar 
backscattering from a statistical point of view. They 
calculate the normalized radar cross section, oo, for 
two different terrain models. The first model is a 
distribution of independent scatterers. For this 
model oo is independent of depression angle, 6, but 
has a local wavelength dependence as \", where n 
can be —6, —4, or —2. The second model is a sur- 
face of specular points where the slope distribution 
is Gaussian. Here, for small A, o) varies as kA~? 
exp(—cot?6/20?). For large \ the relationship de- 
pends on the surface slope spectrum. For a flat 
spectrum, whose cutoff wave length is A2, 7 varies as 
k,d~® exp(—Acot?6/2d.02) ++k.A~® and for a spectrum 
with a single peak the oo relationship is kv~°. 

Moore [1957] has obtained the same angular de- 
pendence, using a model based on random distribu- 
tion of heights of facets: 


= 2ca 
me... ie = - —a’/4o°cot76. 
us 





i) 


Here a is the horizontal correlation distance of height 
and o is the standard deviation of height. The 
specular return is reduced by e~?(2re/\)? from the 
smooth surface value. 


2.3. Theory of Propagation Through a 
Stratified Atmosphere 


The earth-flattening approximation has been used 
widely in the theory of a stratified atmosphere to 
obtain approximate solutions for various types of 
refractive index distributions. In a refinement of 
the earth-flattening procedure, Koo and Katzin 
[1960] have shown that this procedure may be made 
exact, so that it may be applied for arbitrarily large 
heights and distances. Furthermore, it is found 
that existing solutions for the height-gain function 
obtained with the use of the previous earth-flattening 
approximation can be made to give the exact solu- 
tions for a slightly different refractive-index distri- 
bution. This method, which has been developed for 
spherical geometry, can be extended to other 
separable shapes. 

In an extension of this work, Katzin has shown 
that mathematical approximations introduced to 
facilitate the solution of propagation problems can 
be interpreted as a change in the physical problem 
which is being solved. Thus, in the normal mode 
solution for propagation through a homogeneous 
atmosphere around a spherical earth, the WKB 
(tangent) or Hankel approximations for the eigen- 
values are found to be the exact eigenvalues for a 
slightly inhomogeneous atmosphere, the inhomo- 
geneity being different for the two approximations. 
In general, the approximations introduced represent 
a change in the refractive index distribution, in the 
geometry, or in both. 





2.4. Line-of-Sight Scintillation 


The electromagnetic response of a wave to a 
statistically irregular refractive index structure, 


n(r,t)=n+An(r,t), 


is well approximated by the basic wave equation: 


{V?+k[no+ An(r,t)]?} E=0, (1) 
where k=2z/\ is the free space wavenumber and 


3 
E(r,t) the developing electric field. It still does not 
seem to be possible to solve eq (1) exactly, since 
An(r,t) is an a priori unknown stochastic function of 
position and time. Hence, we can conveniently 
group research according to the approximate methods 
which have been used to solve the basic wave 
equation. 

The ray theory or geometrical optics approxima- 
tion to the solution of eq (1) has proven valuable in 
studying phase fluctuations in the Fresnel scattering 
regime, but is generally not adequate to predict 
amplitude variations, time and space correlation of 
phase records; and the appropriate correction factors 
for finite data sample and aperture smoothing limi- 
tations have been derived [Wheelon, 1957c] for an 
arbitrary model (spectrum or correlation) of tropo- 
spheric irregularities which are statistically stationary 
and homogeneous. Explicit expressions for finite 
aperture smoothing corrections were reported [Levin, 
1959]. Corresponding results for angle-of-arrival 
variations are also given [Wheelon, 1957c]. A sum- 
mary of all explicit geometrical optics calculations 
is presented in table 2 of Wheelon, 1959. 

The single scattering or Born approximation has 
been widely used to study both phase and amplitude 
scintillations. Early calculations were based on 
particular models of the irregularities. However, a 
new approach was presented [Wheelon, 1957c] and 
further developed [Wheelon, 1959] which permits one 
to isolate the electromagnetic propagation calcula- 
tions from the spectrum or correlation function. 
A model choice can thus be delayed until all electro- 
magnetic calculations have been both completed. 
The relay-link and radio-star problems have been 
treated with this new method, and a technique has 
been devised [Wheelon, 1959] to study the compli- 
cated effects of ground reflections, aperture smooth- 
ing, and time and space correlations within the 
framework of a single scattering theory. Almost all 
of the previous calculations dealt exclusively with 
continuous wave transmissions, whereas Bugnolo 
[1959a] discusses the effect of the time variability of 
refractive irregularities on signal bandwidth and 
information capacity. Two investigations [Balser, 
1957; Stein, 1958] into scattering of a vector field 
clarified several questions about the validity of 
previous scalar treatments, and discussed the effect 
of certain small terms which were dropped in writing 
eq (1). 
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A novel approach to the problem of stochastic 
propagation based on earlier astrophysical work is 
given [Bellman, 1958]. The basic idea is to replace 
the linear second order differential eq (1) by a non- 
linear first order (Ricatti) differential equation, 
whose solution is identified with the reflection or 
transmission coefficient directly. This technique 
has not yet produced explicit answers of the type 

reviously derived with ray theory, and will bear 
urther research. 

Statistical properties of a constant vector plus a 
Rayleigh-distributed vector were investigated further. 
Such a combination is presumably a good represen- 
tation of the vector oe diagram of line-of-sight 
signals containing both the free space and scattered 
signal components. Previous papers [Wheelon, 1959] 
had discussed the distributions of phase and ampli- 
tude at a single time. The mean square phase and 
average phase of such a combination were computed 
explicitly [Johler, 1959c] as a function of the mean 
signal to rms amplitude ratio. Bremmer [1959] 
considers the distributions of amplitude and phase 
at two different times. 


2.5. Scatter Propagation 


a. Layers 


There has been no comprehensive treatment of 
the theory of beyond-the-horizon propagation via 
stratified layers in the atmosphere during the past 
two years in the United States. However, several 
papers have been published which provide evidence 
supporting reflections from layers as an important 
mechanism in the propagation. Airborne refractom- 
eter and meteorological measurements offer direct 
evidence of layers with sufficiently sharp gradients 
over sufficiently small intervals of height to provide 
reflection [Bauer, 1956] while [Bauer, 1958b] offers 
an explanation for the occurrence of layers. Sub- 
stantial propagation data (Crawford, 1959] have been 
interpreted in terms of the reflection theory [Friis, 
1957]. Correlation between signal characteristics 
and gross layer characteristics has been observed 
[Bauer, 1956; Barsis, 1957]. Time delay measure- 
ments [Chisholm, 1957a] airborne long distance 
measurements, and rapid antenna scanning [Ames, 
1959a] have produced results that are not inconsistent 
with layer reflection. 


b. Blobs 


Activity in the field of tropospheric scatter propa- 
gation has been less intense in the last two years than 
previously. This diminished endeavor probably re- 
flects the rather thorough exploitation of the turbu- 
lent scattering model which has been achieved in 
previous years. For example, it appears that almost 
nothing has been written about coherent partial 
reflection in the past several years, but several 
papers suggesting scattering by layers [Friis, 1957] or 
multiple scattering by blobs [Kay, 1958; Ament, 
1960] have appeared. It is worth mentioning that 
the formalism introduced by Staras [1955] for taking 








into account anisotropy in the blob-structure bridges 
the gap between the spherical blobs introduced by 
Booker and Gordon [1950, 1957] and the layers 
introduced by Friis, et al. [1957]. 

A summary on the theoretical progress in tropo- 
spheric scatter propagation has appeared recently 
[Staras, 1959a]. That summary restricted its con- 
sideration to single scattering. Diffraction and 
ducting effects are neglected in single scattering for 
lack of a tractable solution. The generally stratified 
average atmosphere [Misme, 1958] enters only 
through ray bending, allowing more or less favorably 
situated blobs to enter in the single-scattering phe- 
nomenon. The dominant parameter in a single- 
scattering theory is the autocorrelation function of 
the random irregularities which in turn is related to 
the spectrum of these very same irregularities. Thus, 
the characteristics of over-the-horizon propagation 
make contact with the various models of atmospheric 
turbulence [Wheelon, 1957a; Bolgiano, 1958a; Paul, 
1958; Silverman, 1957b]. This has already been dis- 
cussed previously [Staras, 1959a]. It should be 
emphasized though that the fundamental role of the 
spectrum of refractive-index irregularities as opposed 
to that of the correlation function has been clearly 
established. This is most important since attempts 
at empirical determination are at best estimates 
over a limited range of values; and limited knowledge 
of one member of the Fourier transform pair cannot 
yield positive identification of the other. In addi- 
tion, evidence both from radio investigations and 
meteorology indicate that atmospheric spectra vary 
not only in intensity, but also in shape. This em- 
phasizes the danger of assuming a unique form for the 
refractive-index spectrum as has been discussed by 
Bolgiano [1959] who suggested that the variable 
form for the refractive-index spectrum may account 
for the variable wavelength dependence of scatter 
propagation. However, in a recent analysis Norton 
[1960] states that the wave number refractivity 
spectrum pertinent to the forward scatter of radio 
waves cannot be directly measured when the medium 
is anisotropic. He proposes a scheme for a direct 
measurement of the refractivity characteristics of 
the atmosphere leading to an anisotropic correlation 
function which could then be transformed into the 
appropriate wave number spectrum. 

An aspect of single scatter theory which is receiving 
increased attention lately is angle diversity 
[Bolgiano, 1958c; Vogelman, 1959]. This is inti- 
mately related to the concept of antenna coupling 
loss developed earlier [Booker, 1955; Staras, 1957, 
1959b; Hartman, 1959]. Since antenna coupling 
loss is believed to arise from a failure to fully illumi- 
nate the effective scatter volume when the antenna 
becomes very large, some investigators have sug- 
gested that a multiplicity of feeds in a very large 
parabolic antenna could be used to illuminate the 
entire scattering volume and thereby cut down on 
the coupling loss. While this is undoubtedly true, 
it is indicated [Staras, 1960] that there may be 
easier and more standard ways of achieving the same 
result as would be accomplished by angle diversity. 
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In summary, it appears that the major develop- 
ment in transhorizon tropospheric propagation 
during the past several years in the growing body of 
evidence indicating that no single mechanism 
(scattering, reflection from layers, ducting, etc.) 
can account for all the experimental results. typical 
of this are Crawford, Hogg, and Kummer’s experi- 
ments [1959]. They appear to support a scatter 
model 60 to 70 percent of the time and a layer reflec- 
tion model much of the remainder. From Staras’ 
[1955] point of view, this experimental result would 
suggest that the anisotropy in scatter propagation 
is highly variable. Recent work on multiple scat- 
tering [Kay, 1958; Ament, 1960] and scattering by 
layers [Friis, 1957] should also prove to be useful for 
explaining some of these other mechanisms. 

However, for that part of the time when scattering 
is expected, single-scattering theory has been used 
with essentially no adjustable parameters to provide 
a satisfactory explanation of forward scatter data 
[Nortom, 1959b; Rice, 1959]. 


3. Experimental Results 
From Investigations of 
Tropospheric Propagation 

3.1. Attenuation With Distance 


Recent experimental data on beyond horizon 
tropospheric transmission have provided very useful 
information at distances up to 1,200 km. Most 
of the new results are in the frequency range below 
500 Me/s. These data together with earlier infor- 
mation clearly establish that the decrease in signal 
level at the greater distances follows an exponential 
law at a rate of about 0.075 db/km near the surface. 
Airborne measurements have corroborated that the 
path loss depends upon the “angular” distance 
between the two terminals, not upon the surface 
distance alone. 

Figure 3 shows observed median values of beyond 
horizon basic transmission loss plotted versus 
distance and coded by frequency groups for a large, 
heterogeneous sample of U.S. data, obtained in 
most cases with broad beam antennas. No normal- 
ization for the effects of frequency, antenna height, 
angular distance, path asymmetry, terrain, time 
of day or season, or climatic parameters is included. 
Most of the spread of the data, in addition to that 
caused by changes in frequency, appears to be due 
to the diversity of antenna heights and terrain 
represented by the actual propagation paths. Dif- 
ferences in atmospheric conditions appear to be the 
next most important consideration. 

Some experimental data, particularly for trans- 
mission over water, show a 5- to 10-db hump in the 
curve in the neighborhood of 300 to 500 km. This 
is not clearly understood, but it may be significant 
that the volume of the atmosphere visible from 





both transmitting and receiving antennas for this 
case is at elevations of 2 to 4 km where most of the 
visible clouds occur. 

Two sets of curves are compared with the data. 
One is based on the assumption that basic trans- 
mission loss varies as the second power of the fre- 
quency; these curves were approved by the CCIR 
in April 1959, for frequencies up to 600 Me/s and for 
antenna heights of 10 and 300 m. The other set of 
curves is calculated for a smooth earth of effective 
radius 9,000 km, for antenna heights each equal to 
10 m, and for various frequencies, assuming an ex- 
ponential decay of refractive index with height such 
that the refractive index is 1/e times the surface 
value at a height of 6.9 km. Frequency dependences 
are influenced by the nature of the terrain and atmos- 
phere and by whether antennas are high or low; 
these factors determine the dominance of various 
propagation mechanisms. The large influence of 
antenna height is illustrated in figure 4 which shows 
theoretical smooth earth curves for a frequency of 
500 Me/s with one antenna height fixed at 10 m and 
the other varying from 10 to 100,000 m. 

In temperate latitudes the seasonal variation of 
received signals shows a minimum during the winter, 
and the diurnal trend has its minimum in the after- 
noon. These minima are on the order of 10 db 
below the annual median value, except that diurnal 
trends are less pronounced at great distances. Since 
the signal level depends to some extent on atmos- 
pheric refraction, the median signal level in low 
latitudes is usually higher than in the high latitudes. 

Data from the following sources have been con- 
sidered in the preparation of this report and the 
accompanying chart: 

1. Federal Communications Commission Tech- 
nical Information Division Reports 2.4.6, May 1949; 
2.4.10, October 1950; 2.4.13, December 1954; 2.4.16, 
October 1956; and private communications. 

2. National Bureau of Standards Reports 1826, 
July 1952; 2494, May 1953; 2539, May 1953; 3536, 
March 1954; 3520, January 1955; 3568, February 
1956; 5067, December 1956; 5072, May 1957; 5524, 
October 1957; 5582, June 1958; 6019, November 
1958; and NBS Cire. 554, January 1955. 

3. Proc. IRE, Vol. 43, No. 10, October 1955, pp. 
1306-1316. Proc. IRE, Vol. 43, No. 10, October 
1955, pp. 1369-1373. Proc. IRE, Vol. 43, No. 10, 
October 1955, pp. 1488-1526. Proc. IRE, Vol. 46, 
No. 7, July 1958, pp. 1401-1410. 

4. IRE Summary of Technical Papers, 4th 
National Aero-Com Symposium, October, 1958. 

5. Bell System Technical Journal, September 
1959. 

6. International Telephone and Telegraph Cor- 
poration, Federal Telecommunication Labs., Tech- 
nical Memo 566, November 1955. 

7. Air Force Cambridge Research Center AFCRC 
February, 1958, private communication. Air Force 
Cambridge Research Center AFCRC-TR-55-115, 
June 1955 (see also Ames, 1959a). 

8. Massachusetts Institute of Technology, Lincoln 
Labs.,’ private communication. 
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Ficure 3. Beyond horizon transmission. 


9. Radio Corporation of America, RCA Review, 
September 1958. 

10. Page Engineers Interim Report P.C.E.—R- 
4378, May 1957. 

11. Syracuse University Technical Reports, EE 
312-5511P, Nov. 1955; EE312-5611T3, Nov. 1956; 
EEi2-5711T4, Nov. 1957; and EE312-5810F, 
October, 1958. 

12. Cornell University Research Reports EE229, 
1 December 1954 and EE260, 10 Sept. 1955. 

13. Additional unpublished data collected by 
CRPL. 


3.2. Effects of Rough Terrain 
a. Forward Scattering 


Nearly all radio services employ propagation 
paths in which the electromagnetic waves are 
transmitted along an irregular, inhomogeneous 
ground boundary for at least part, if not all, of the 
transmission path. The result of this influence 
is manifest in spatial variations in transmission loss. 





Electrical ground constants, reflection, diffraction, 
and absorption are all important in varying degrees. 
Conductivity plays the most important role in the 
lower frequency ranges below roughly 30 Me/s, 
while reflection, diffraction, and absorption become 
relatively more important at higher frequencies. In 
any given case the transmission loss at any instant 
of time is a result of several causes and effects 
which are exceedingly complex to predict. 

Since the XIIth General Assembly held in August 
and September 1957, most of the work in the U.S.A. 
involving irregular terrain propagation has dealt 
with the prediction of VHF and UHF broadcast 
service fields and the effect of large obstacles pro- 
ducing knife-edge diffraction on point-to-point 
propagation paths. 

The Television Allocations Study Organization 
carried out studies in 1957 to 1959 of all technical 

hases of television broadcasting [TASO, 1959]. A 
arge amount of propagation data was obtained 
representative of television signals transmitted over 
irregular terrain at both VHF and UHF. New 
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methods of specifying the coverage of a television 
station are discussed. These methods take the 
variability of the signal propagated over irregular 
terrain into account in terms of the statistical 
probability of receiving the signal throughout various 
areas surrounding the transmitter. 

LaGrone [1959] has developed a new method 
for predicting the median transmission loss as well 
as departures from the median expected over irregular 
terrain paths typical of television transmission 
paths. His method is largely empirical and _ is 
based on the data collected by TASO and on 
diffraction theory. 

Study Group 5 of CCIR [CCIR, 1959] adopted 
a report concerning the measurement and description 
of service fields for television broadcasting at the 
TXth Plenary Assembly held in Los Angeles in 
April 1959. This work gives a method for describing 
the coverage of broadcast services in terms of the 
probability of receiving service in the area sur- 
rounding the transmitting station. This paper also 
presents a statistically efficient method for measuring 
or estimating the coverage. 

Egli [1957] has analyzed irregular terrain propaga- 
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Theoretical smooth earth curves. 


tion data for various low- and high-transmitting 
and receiving-antenna heights. He has prepared 
curves and nomograms which should be useful in 
systems engineering for services affected by irregular 
terrain, such as land mobile and _ point-to-point 
services. 

The obstacle-gain phenomenon associated with 
knife-edge diffraction over a large obstacle has 
been under further study by both U.S.A. and 
Canadian investigators. Neugebauer and Bachynski 
[1958] of Canada have developed a relatively simple 
method for solving the special case of diffraction 
over a smooth cylindrical surface. This solution 
is based on the assumption that the radiating 
aperture is illuminated by both direct rays and by 
rays reflected from the illuminated side of the 
obstacle. The subsequent radiation is also reflected 
from the shadow side of the obstacle. Although 
their procedure is not rigorous, it does lead to 
results which are in good agreement with observa- 
tions. Wait and Conda [1959e] have developed 
a method for computing the fields diffracted by 
convex surfaces which is both rigorous and easy 


to apply. 
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A significant contribution to the problem of 
ground reflections has been made in the field of 
air-ground propagation. McGavin and Maloney 
[1959] made an experimental determination of the 
reflection coefficient over rough terrain using various 
terminal heights. They separated the specular 
from the random component and found a terminal 
height above which the specular component became 
insignificant. Beard and Katz [1957] found a 
qualitative relationship between the spectrum of 
the forward scattered total field and the apparent 
ocean roughness and the ocean wave spectrum. 
Wait [1959f] has extensively studied the reflection 
of electromagnetic waves from a perfectly conducting 
plane surface which has a uniform distribution 
of hemispherical bosses with arbitrary electrical 
constants. He also considers the effect of curvature 
and of two parallel rough surfaces. These models 
are expected to be useful in explaining certain 
experimental data on the terrestrial propagation of 
VLF radio waves. 

Trolese and Anderson [1958] describe an experi- 
mental study of the influence of the shape of fore- 
ground terrain profiles near terminals of UHF links 
on the received field. Shkarofsky, Neugebauer, and 
Bachynski [1958] extend the theory of propagation 
over mountains with smooth crests presented by 
Neugebauer and Bachynski [1958] and present the 
results in a form more suitable for practical 


applications. 


b. Backscattering 


Most of the experimental work on radar back- 
scattering has been achieved using airborne radar. 
Macdonald [1959] has reported on measurements of 
terrain reflectivity at 425, 1,250, 330, and 9,300 
Me/s with horizontal, vertical, and cross polariza- 
tion at depression angles of 10 to 90 deg. Measure- 
ments were obtained for forest, desert, city, and 
water surfaces. All targets except the city were 
found to be “homogeneous” radarwise and _ the 
amplitude data showed approximately a Rayleigh 
distribution at all depression angles. 

At the University of New Mexico [Edison, 1959] 
measurements at 415 and 3,800 Mc/s have been 
made at depression angles from 60 to 80 deg over 
farmland, forests, city areas, desert, water surfaces, 
and some areas with snow and ice cover. The radar 
return is interpreted as consisting of a scattered com- 
ponent and a specular component, the latter present 
only at normal incidence. Specular reflection is 
significant only for very smooth surfaces, such as 
water and sandy desert. Radar cross sections per 
unit area, oo, sometimes called the scattering coeffi- 
cient, range at vertical incidence from about 0.5 for 
forest to 18 for farmland and some city targets. 
They decrease rapidly with angle for smooth surfaces 
(for water oo>==50 at 415 Me/s, 200 at 3,800 Mc/s) and 
slowly for forests. If the ground were a lossless 


isotropic scatterer the radar cross section per unit 
area would be 2 at vertical incidence. 
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Measurements of return from highly uniform 
terrain such as grass, farm crops, concrete, and 
asphalt have been obtained at Ohio State University 
[Taylor, 1959] using 3, 1.2, and 0.86-cm radiation. 
The effects of polarization, surface roughness, rain, 
and snow on the results have been investigated. 

The spectra of backscattered energy from the sea 
surface have been investigated experimentally at 
the University of Illinois [Hicks, 1958] using an air- 
borne coherent 3-cm radar. The sea clutter spectra 
are found to be proportional to the probability dis- 
tributions of the scatterer velocities on the sea 
surface. Theoretical calculations indicate that less 
than one-half of the average width of the clutter 
spectrum can be attributed to the orbital particle 
velocity of the waves while, presumably, surface 
drift and white-cap velocities contribute the other 
one-half or more. Higher sea states produce asym- 
metric spectra and also an irregular downwind 
broadening of the spectrum. 


3.3. Angular Diversity 


Experiments in beyond-the-horizon propagation 
conducted since August 1957 have reemphasized 
angle of arrival experiments [Staras, 1958]. The 
basic experiment consists of probing the atmosphere 
with a single movable beam—the principal advances 
being the narrowness of the beam and in the speed 
with which it is scanned. The results of this 
research can be applied to multiple-feed diversity 
systems where multiple feeds are placed near the 
focal point of one large parabolic reflector. The 
multiple beams can be used simultaneously. Sig- 
nificant research along these lines is exemplified by 
the five programs summarized below. 

At the Bell Telephone Laboratories, Kummer con- 
ducted experiments at 4,110 Me/s and 460 Me/js, 
transmitting over a 171-mile path with relatively 
broad beams and receiving on various narrow 
beams—down to 0.3° at the higher frequency. By 
scanning the narrow beam, variations in angle of 
arrival were apparent, and an average beam broaden- 
ing was observed. In employing a double-feed and 
simple-switching diversity, the diversity improve- 
ment expected for nearly independent Rayleigh 
distributed signals was realized at 4,110 Me/s for 
both horizontal and vertical angular-beam separa- 
tion. At 460 0 this improvement was realized 
for vertically displaced beams, but for horizontal it 
varied with fading rate. 

At Stanford University, Waterman employed a 
phased array to receive signals from a 101-mile- 
distant broad-beam transmitter [Waterman, 1958a, 
1960; Miller, 1958]. Rapid control of the phasing 
permitted a 0.5° beam to be swung in azimuth 
through a 4-deg sector at the rate of ten times per 
second—faster than most atmospheric variations. 
This technique provided a detailed picture of 
instant-to-instant angle-of-arrival changes and 
structure. Significant results indicated a finite 
number of reflecting facets, as if from a rippling 








layer, that moved around rapidly, in marked con- 
trast to the random scattering anticipated from 
turbulence theory. The possibility of searching for 
or tracking a single arriving component was suggested 
as an alternative to a fixed-beam diversity system. 

The Avco Corp. [1958] performed rapid beam 
swinging experiments at 500 Me/s over a 50-mile 
path. A 10-deg beam was scanned electronically 
at 50-cycle rate. Rapid variations and occasional 
multiplicities in the angle of arrival were observed. 

At MIT-Lincoln Laboratory, the correlation was 
measured between two beams provided by a dual 
feed arrangement at a frequency of 2,290 Me/s and 
a path length of 188 miles (Chisholm, 1959]. Ob- 
served correlations well below unity indicated a 
substantial diversity improvement for appropriate 
beam separations. 

At Cornell University, Bolgiano, Bryant, and 
Gordon [1958c] investigated the improvements to be 
expected from angular diversity systems. Theo- 
retical models were compared with previously ob- 
tained Stanford data. 

At Rome Air Development Center, Vogelman, 
Ryerson, and Bickelhaupt [1959] made measure- 
ments over a 200-mile path at 8,000 Me/s of the 
correlation between 0.3° beams separated in azimuth 
and elevation. From the extremely low correlations 
obtained rather elaborate multiple-beam diversity 
systems were designed. 


3.4. Frequency Diversity 


The variation of the amplitude of a signal with 


frequency determines the bandwidth limitations 


imposed by the propagation mechanism. Experi- 
ments consisting of sweeping a frequency many 
times faster than the fading rate of the signal over 
a 20-Mc/s frequency band were performed to provide 
information concerning the “instantaneous band- 
width” of a tropospheric signal [Chisholm, 1958]. 
These measurements also inherently contained data 
applicable to frequency-diversity techniques. 

Earlier frequency-sweep measurements at 2,290 
Mc/s which were reported at the XIIth General 
Assembly in Boulder were continued [Chisholm, 
1959]. These measurements, made over a 188 mile 
path, provided data indicating the variation of 
amplitude simultaneously in both time and fre- 
quency. Analysis of the results indicated that the 
correlation of the envelope was 0.5 at 2 Mc/s separa- 
tion and less than 0.1 at 4 Me/s. The average 
instantaneous bandwidth was 3.2 Mc/s. 

Similar frequency-sweep measurements at 4,110 
Me/s over a 177-mile path and employing antennas 
ranging in diameter from 8’ to 60’ [Kummer, 1959] 
gave results which were in fair agreement with the 
2,290 Mc/s measurements. These measurements, 
however, showed no dependence of the instantaneous 
frequency variation on the size of the antenna 
employed. 

Preliminary results of reception of 900 Me/s 
{[Abraham, 1959] FM signals received on two sepa- 
rated sidebands over a 135-mile path were also 





reported. These measurements indicated the cor- 
relation was about 0.5 at 2-Mc/s separation, the 
experimental limit. 

A paper was also presented [Landauer, 1959] 
reporting a sweep experiment over a 500-Me/s band, 
from 3,100 to 3,600 Me/s. The results of these 
measurements are difficult to evaluate in the same 
terms as the other frequency-sweep experiment 
because of the resolution of the equipment and the 
slow-sweep rate. These measurements did indicate 
several peaks of amplitude across this 500-Me/s 
frequency band. 

The results of all these measured are applicable to 
modulation and to diversity techniques. 


3.5. Diversity Improvement 


The objective of any diversity system is to produce 
two or more channels for transmitting the same 
information so that the fading on the several channels 
is essentially uncorrelated. A comprehensive theo- 
retical treatment of the various methods for com- 
bining such signals to achieve a signal-to-noise- 
ratio improvement has been given by Brennan 
[1959]. He designates the three principal diversity 
systems as selection, maximal ratio, and equal gain, 
and shows that the third is the simplest and will 
generally yield performance essentially equivalent 
to the maximum obtainable. His principal results 
are the average SNR improvement and the dis- 
tribution curves for 2, 3, 4, 6, and 8 channels, with 
Rayleigh fading and equal SNR assumed for the 
individual channels. He shows that two signals 
may be considered uncorrelated when the cross- 
correlation coefficient p<0.3, and that significant- 
diversity improvement results even when p=0.8. 

The most commonly used method for achieving 
several channels with uncorrelated fading is hori- 
zontal space diversity. Recent experimental results 
with dual diversity, frequency modulation, and 
maximal-ratio, post-detection combining have been 
reported by Wright [1960]. The frequency was in 
the 1,000-Mc/srange. Results include fade-duration 
distribution without diversity and with dual diver- 
sity and comparison with theoretical analysis, as well 
as total fade duration as a function of depth of fade. 
The antenna spacing was sufficient to produce cross- 
correlation coefficients less than 0.3. These data 
have important applications in the prediction of 
error rates as a function of median signal level in 
data transmission. 

Recent trends toward the use of larger antennas 
and higher frequencies have led to the consideration 
of angular space diversity. With increasing aperture 
and frequency, the antenna beam becomes so narrow 
that the available scattering volume in the tropo- 
sphere is poorly utilized, and ‘“‘antenna-to-medium 
coupling loss’”” may become large. To offset this 
effect, multiple feeds may be mounted near the 
focus of a parabolic reflector so as to produce a 
multiplicity of beams, each of which illuminates a 
different portion of the scattering volume. In this 


619 








way, a number of channels is produced which have 
suitably low correlation coefficients. However, the 
median SNR’s are no longer the same for all chan- 
nels. The method leads to economy in the use of 
large reflectors and permits individual transmitters 
of moderate power to be connected to separate 
feeders if they operate on separate but closely 
spaced frequencies. 

A beam-swinging experiment, in which a broad 
transmitting beam and a narrow receiving beam 
were employed, has been reported by Stanford Uni- 
versity [Waterman, 1958b]. Experimental data and 
analysis of improvement obtained at UHF and higher 
frequencies have been reported by Bell Telephone 
Laboratories [Crawford, 1959] and Lincoln Labora- 
tory. Data and computations for a multiple-feed 
system have been described by the Rome Air De- 
velopment Center [Vogelman, 1959]. A theorectical 
analysis of problem has been made by Cornell 
University [Bolgiano, 1958c]. 

It is recognized that the uncorrelated channels 
required for diversity may also be obtained by the 
use of several frequencies sufficiently spaced from 
each other. This method seems best adapted for 
application at the higher frequencies, where spectrum 
space is currently not too critical. Offsetting ex- 
travagant use of spectrum is the fact that only a 
single feed is required and the several median SNR’s 
are essentially equal. 

Some information on the relation between channel 
spacing and cross-correlation coefficient is available 
as a result of swept-frequency experiments (Crawford, 
1959]. Lincoln Laboratory [Chisholm, 1959] reports 
a correlation coefficient of 0.1 to 0.2 with a frequency 
spacing of 4 Mc/s. Airborne Instruments Labora- 
tory reports an experiment in which the frequency 
was swept from 3,100 to 3,600 Me/s on a 190-mile 
path in France, and in which there were at times 
privileged frequencies on which the signal was 10 db 
above the median for the band. General Electric 
Research Laboratory reports analyses of propagation 
at 915 Me/s over 135-mile path showing a mean- 
correlation coefficient of 0.5 for a 2-Mc/s frequency 
spacing. 


3.6. Phase Stability 


The measurements of phase stability of radio 
signals propagated over line-of-sight tropospheric 
paths have been extended during the past three 
years. This work was originally undertaken to 
assist in evaluating the limitations imposed by at- 
mospheric turbulence on direction finding and guid- 
ance systems [Herbstreit, 1955]. It has subsequently 
been expanded to provide basic contributions to our 
knowledge of turbulence [Thompson, 1960a], in gen- 
eral, ak to include other engineering applications 
such as electronic distance measuring techniques 
[Thompson, 1958a, 1960b]. 

The original experiments conducted by the Na- 
tional Bureau of Standards in the Pike’s Peak area 








of Colorado (and later extended to the Maui, Hawaii 
area) were continued to include paths from about 600 
m to 16 km in length, near Boulder, Colo. Effects 
of antenna size, polarization, radiofrequency and 
ground reflection were investigated. Measurements 
were also made over 8- and 15-km paths in Florida 
on the Atlantic Coast. In all cases the antenna 
heights were from 1 to 15 m above ground. Sup- 
plementary measurements were made of temperature, 
humidity, barometric pressure, wind velocity, solar 
radiation, and radio refractive index. The index 
variations and the phase and amplitude variations of 
the radio signals were recorded from essentially 
de up to 10 c/s spectral components using a 12 chan- 
nel analog magnetic tape system. Most of the 
recordings were continuous over 40 hr periods and 
one was uninterrupted for about 120 hr. 

The terrain of the various paths included a very 
flat ground surface, irregular terrain, and paths over 
dense vegetation and water surfaces. Weather 
conditions included calm, clear weather, a cold 
front passage, snow and cold weather, high winds, 
heavy rainfall and fog. The experiments were 
conducted during all four seasons in Colorado and 
during late summer and fall in Florida [Thompson, 
1959a]. 

The data were analyzed for frequency spectral 
distribution and for correlation between phase and 
refractive index measurements. Correlations as 
high as 0.92 were obtained using a 30-min sampling 
period. The refractive index-frequency spectra were 
extended to 10~*c/s (<1 cycle per year) through the 
use of U.S. Weather Bureau data. In the region 
between about 2X 107-*c/s (~2 cycles per day) and 
5 ¢/s the refractive index and phase variations had 
slopes of —1.6 and —2.6, respectively, the former 
closely approximating the —5/3 value which has 
been found to describe the turbulence of horizontal 
wind velocities. 

The power spectra of phase and refractive index 
were observed to converge at about 10~°c/s (1 cycle 
per day). For components between this frequency 
and 3107’ c/s (1 cycle per year) the slope appears to 
be about 1.0. 

These results are interpreted to have the following 
significance : 


1. Phase fluctuations are significantly correlated 
with index variations on a time scale consistent with 
the path length. 

2. For many purposes, the variations of both 
phase and index can best be described by the slope 
and intensity of their frequency spectra. 

3. The most significant changes in these spectra 
with time appear to be in the intensity, the slopes 
remaining relatively unchanged. 

4. Sufficient data have been obtained at this time 
to permit reasonably accurate estimates of the 
phase stability of line-of-sight tropospheric paths 
from knowledge of their general terrain characteris- 
tics and meteorology. 
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4. Radio Meteorology 


4.1. Climatic Investigations 


Radio meteorological investigations on the climatic 
scale involve the physical structure of the atmos- 
phere and have been reported above under topic 1, 
Physical Characteristics of the Troposphere. 


4.2. Refractometer Investigations 


Efforts have continued since the XIIth General 
Assembly to expand our knowledge of the general 
refractive structure of the troposphere and lower 
stratosphere by means of direct observations with 
airborne microwave refractometers as reported under 
topic 1, 2. Additional refractometer radiomete- 
orological studies have included microscale refractive 
index measurements to altitudes of about 50,000 ft 
[Ament, 1957; Bauer, 1958b; Ringwalt, 1957], 
measurements of the horizontal and time variations 
in refractive index profiles over distances of 10 to 
200 miles and periods of 8 hr [Ament, 1959b], in- 
vestigations of medium fine scale (several feet) 
variations in the refractive structure of horizontally 
stratified layers [Ament, 1959a], correlations of 
refractive index fluctuations with temperature-lapse 
rates and wind shear, development of multiple 
sampling units for aircraft measurements using 
spaced resonators along orthogonal axes, develop- 
ment of expendable and light-weight refractometers 
suitable for balloon-borne profile measurements 
[Deam, 1958, 1959a]. A new type refractometer 
operating at 400 me/s and using the stabilized 
oscillator—beat-frequency principle has obtained 
profile data in initial balloon borne tests up to 30,000- 
ft altitude [Deam, 1959b, c], simultaneous measure- 
ments in the trade wind inversion of the Central 
Atlantic of refractive index, temperature, dew point, 
wind speed, and wind direction [Purves, 1959], 
extensive measurements of the refractive structure 
and other meteorological parameters of cumulus and 
other type clouds, miniaturization and refinement 
of airborne equipment [Thompson, 1958b], and the 
development of extremely stable cavity resonators 
[Crain, 1957a; Thompson, 1958c, 1959b]. 


4.3. Refraction 


Research in this area has followed two general 
patterns: (a) Calculation of refraction effects from 
diverse observed refractive index profiles and pre- 
diction of refraction effects from statistical consider- 
ation of the results [Fannin, 1957; Bean, 1957a]; or 
(b) assumption of various mathematical models of 
refractive index structure, calculation of refraction 
effects in these models and comparison of these 
effects with those evaluated from observed refractive 
index distributions [Anderson, 1958; Millman, 1958a, 
b; Wong, 1958; Bean, 1959d]. Significant results 
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are: (a) The tropospheric component of elevation 
angle error or the total tropospheric bending of 
radio rays may be predicted to a high degree of 
certainty from the initial or ground level value of the 
refractive index for initial +, anlar angles as small 
as 3 deg [Fannin, 1957; Bean, 1957a] and reasonably 
well for elevation angles down to zero with the 
additional knowledge of the initial refractive index 
gradient [Bean, 1959d]._ (b) The normal decrease of 
the refractive index with height in the troposphere 
is better described by an exponential function than 
by the linear decrease assumed by the effective 
earth’s radius theory and the exponential model 
atmospheres yield more reliabie estimates of refrac- 
tion effects [Anderson, 1958; Bean, 1959d]. (c) 
The rate of decrease of refractive index with height 
in the atmosphere varies with geographic location 
and season of the year and the tropospheric part of 
this variation may be specified reasonably well from 
knowledge of the ground level value of the refractive 
index alone [Anderson, 1958; Bean, 1959d]. (d) 
From consideration of the above, the Plenary 
Assembly of the CCIR (Los Angeles, April, 1959) 
recommended for international use a basic reference 
atmosphere based upon an exponential model of the 
refractive index. Further, these studies have reem- 
phasized the importance of the lowermost layers of 
the atmosphere since about one-third of the atmos- 
pheric bending of a ray leaving the earth tangentially, 
and passing completely through the troposphere and 
stratosphere, occurs in the first few hundred meters 
above the ground. 

An important experimental investigation of trop- 
ospheric refraction effects utilizing radars [Anderson, 
1959] indicates that refraction errors can be an order 
of magnitude greater than instrumental error for 
initial angles of 1 deg. Good agreement was 
obtained between observed and calculated elevation 
angles with the conclusion that the degree to which 
radar may be used with accuracy is directly depend- 
ent upon the availability of meteorological data. 

Simplified methods have been developed [Weis- 
brod, 1959] which allow one to readily determine 
from routine radiosonde and ionogram data ray 
bending and retardation, as well as elevation angle 
error, Faraday rotation, and Doppler error caused 
by both the troposphere and by ionospheric layers. 

Consideration of departures of atmospheric re- 
fractive index structure from the commonly assumed 
horizontally stratified condition indicates that such 
departures can significantly affect the refraction of 
radio rays [Wong, 1958; Bean, 1959e] but that 
significant departures do not commonly occur more 
than 20 percent of the time at most locations so 
that the majority of ray path calculation may be 
carried out under the normal assumption of hori- 
zontal stratification of the refractive index. 


4.4. Radar Meteorology 


The use of radar in weather analysis and fore- 
casting is now on an operational basis in many 








areas and new techniques are constantly being de- 
veloped for its employment as a research tool. 
Recent and quite comprehensive bibliographies have 
been published on radar meteorology [Thuronyi, 
1958] and on thunderstorm sferics [Thuronyi, 1959]. 

The largest outlets for the presentation of research 
in this field are the Weather Radar Conferences, 
the Proceedings of which have been published by 
the American Meteorological Society. Specific ref- 
erences to the Seventh Conference are included here. 
In a Conference on Hurricanes held at Miami Beach, 
the very complex radar instrumentation of hurricane 
reconnaissance aircraft was described [Hillary, 1958; 
Hurt, 1958]. Detailed studies of specific storms have 
shown that echoes can be obtained not only from 

recipitation bands but from sea and swell as well 
Trupi, 1958]. A comprehensive analysis of hurri- 
cane spiral bands by radar has resulted in new data 
concerning their origin and growth [Senn, 1958]. 

In the larger scale employment of radar, efforts 
have been made to combine visual and radar return 
from clouds with the existing synoptic pattern 
[Boucher, 1959; Wilk, 1958] and to demonstrate the 
successful forecasting technique of combining the 
returns from several radars to give echo patterns on 
a synoptic scale [Ligda, 1958b]. By associating pre- 
cipitation echoes with liquid water content, it has 
been shown that radar can be used effectively to 
study the distribution of three dimensional winds in 
the atmosphere [Kessler, 1958]. Some of the most 
striking applications of radar data can be found in 
analyses which have associated the detailed echo 
structure, growth and movement with the meso- and 
microscale pressure and wind patterns of hail produc- 
ing thunderstorms, tornadoes and squall lines [Don- 
aldson, 1958, 1959; Fujita, 1958a, b, 1959; Inman, 
1958; Tepper, 1959]. A new Doppler radar has been 
developed which can be used to study the rotation 
characteristics of tornadoes [Holmes, 1958]. 

Recent studies have been made which show the 
growth and development of precipitation cells within 
storm areas [Douglas, 1957; Wexler, 1959], which 
discriminate between condensation-coalescence and 
ice crystal produced precipitation [MacCready, 1958], 
and which show the relationship between drop size 
distributions and the types of precipitation layer 
echoes observed [Hunsucker, 1958]. Other applica- 
tions include analyses of the fluctuating nature of 
radar return to deduce properties of the field of tur- 
bulence within the illuminated atmosphere [Stack- 
pole, 1958] and the exploration of wok phenomena 
“ ~ ig lightning, and auroras [Atlas, 1958; Rumi, 
1957]. 

The controversy relating to the explanation of 
angel-type echoes continues unabated. The radar 
ornithologists have given strong documentation to 
their viewpoints [Harper, 1958; Richardson, 1958], 
but the fact remains that echoes have been observed 
from convective phenomena and frontal systems 
[Atlas, 1959; Ligda, 1958a] whose only reasonable 
explanation lies in their associated variations of re- 
fractive index. Laboratory tests, on the other hand, 
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have shown that gradients are probably not respon- 
sible for echoes at millimeter wavelengths [Tolbert, 


1958]. An excellent bibliography has been published 
[Plank, 1956]. 

Certain applications are being found for climatolog- 
ical aspects of radar return data, including area pre- 
cipitation averages [Beckwith, 1958] and model 
reflectivity-altitude contours [Atlas, 1957]. The use 
of radar echo patterns to obtain quantitative rainfall- 
area amounts is well established [Hiser, 1958]. 
Another technique now in operational use is that of 
the automatic production of constant altitude 
PPI(CAPPI) cross sections. These have been found 
to be extremely useful in short range forecasting and 
research (Boucher, 1958]. 
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Report of U.S. Commission 3, URSI 
IONOSPHERIC RADIO PROPAGATION 


Review of USA Activity in the Fields of Interest of URSI 
Commission 3 During the Triennium 1957 Through 1959 


Because of the IGY, there has been an unprecedented emphasis on the geophysical 
aspects of the ionosphere. Rockets, satellites, moon echoes, VLF propagation in the ‘‘whist- 
ler’? mode, and, most recently, incoherent scatter by the ionospheric electrons have enabled 
the observable ionosphere to be extended far beyond the former limit set by the maximum 
electron density at 300 to 500 kilometers. 

During the IGY there was a considerable shift in emphasis in ionospheric investigations 
toward the polar regions, both arctic and antarctic. In the antarctic conventional observing 
techniques were used; in the north, however, extensive programs of rocket and balloon ob- 
servations were brought to bear on the special effects of the auroral zone. Ground-launched 
rockets were fired at Ft. Churchill, Canada, and balloon-launched rockets (rockoons) were 
fired at various places. Balloon-borne radiation counters were also flown at various places 


in and near the auroral zone. 

In the URSI, Commission 4 currently has the responsibility for ionospheric propagation 
at VLF and LF, for whistlers and whistler mode propagation, for hydromagnetic waves in 
the ionosphere and the extra low frequency oscillations (micropulsations) of the geomagnetic 
field which are thought to be associated with them, and for certain aspects of the exosphere. 
The reader is therefore referred to the report of USA Commission 4 for reviews of activity 


in these topics. 
This review is confined to work published between January 1957 and December 1959. 


Also rather than cover the same ground in detail, reference is made to reviews of Upper 
Atmosphere Studies ‘under Meteorology and Atmospheric Physics), and work in Geomag- 
netism and Geoelectricity, Solar-Terrestrial Relationships, Ionosphere, Aurora, Airglow, 
Chemistry of the Outer Atmosphere, and Radiation Belts (under Geomagnetism and Aeron- 
omy), in the Triennial Report of the American Geophysical Union to the UGGI (Inter- 
national Union of Geodesy and Geophysics) [AGU, 1960]. Another important review paper 
[JTAC, 1960] on radio transmission by ionospheric scatter was prepared by the Joint Tech- 
nical Advisory Committee of the Institute of Radio Engineers and of the Radio and Tele- 
vision Manufacturers Association. 


l. Structure of the Upper Atmosphere 10 percent higher than the Rocket Panel values for 
33° N;* winter densities between 25 and 40 km were 
Model atmospheres based on rocket and satellite | 10 to 20 percent lower than the summer values (i.e., 
data were derived by Champion and Minzner [1959]. | 5 to 10 percent lower than the Rocket Panel values 
Kallmann [1959] and Harris and Jastrow [1959]. | for 33° N); daytime density at 200 km, both in 
Studies of atmospheric density based on satellite | summer and in winter, was higher than the summer 
orbits only were made by Schilling and Sterne [1959], | value at 33° N. Horowitz, LaGow, and Giuliani 
Schilling and Whitney [1959], and Siry [1959]. War- | [1959] reported measurements of fall-day atmospheric 
wick [1959] used spin decay deduced from the radio | structure at 59° N. Holmes and Johnson [1959] 
signals of Sputnik I to derive a density at 220 km. | reported measurements of relative concentrations of 
All agree that densities above about 200 km are | atomic and molecular ions in the arctic ionosphere. 
substantially higher than was previously thought, | The positive ions of O., NO, N2, H,O, O, and N were 
but there is still some disagreement in the interpreta- | identified. Of, NO*, and O* were by far the most 
tion of the rocket data for the lower altitudes (e.g., | abundant. NO* dominated in the region below 
90 km). Whipple [1959] reexamined the electron | 200 km at night, and below 180 km in daylight. 
temperature derived from Russian measurements | Of was only a minor constituent of the lower FE region 
with Sputnik IIT and concluded it should be about | at night. O* appeared above 130 km and was most 
8,000 °K instead of 15,000°K. Sterne [1958], dis- | abundant above 200 km day and night. Of in- 
cussing the reliabilities of rocket and satellite meas- | creased above 100 km to a maximum relative con- 
urements, indicated that there was substantial | centration between 150 and 200 km day and night, 
disagreement between measurements at the same | but decreased rapidly above 200 km. It was the 
altitudes. He concluded that the satellite measure- | most abundant between 85 and 90 km during a 
ments were more reliable. LaGow and Horowitz | daylight polar blackout. 
[1958] pointed out that there was no disagreement Stroud et al. [1959] reported extremely low arctic 
when allowance was mede for latitudinal variations. | summer temperatures at 80-km altitude in striking 
LaGow, Horowitz, and Ainsworth [1959] dis- | contrast to relatively high temperatures at this 
cussed the arctic atmospheric structure based on | altitude in winter. Indications of atmospheric tides 
rocket measurements at 59° N latitude. Summer 
densities between 30- and 70-km altitude were 5 to * Average of all values obtained at White Sands, New Mexico, before 1952. 
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in satellite motions were discussed by Parkyn and 
Groves [1959]. Dessler [1959] proposed that upper 
atmosphere density variations due to hydromagnetic 
heating could account for irregular orbital accelera- 
tions of satellites, as well as the sudden disappearance 
of trapped radiation from the Argus nuclear explo- 
sion. The theory of disturbances induced in the 
ionospheric plasma by satellites was discussed by 
Kraus and Watson [1958]. Kellogg [1959] reviewed 
the results of rocket and satellite measurements 

resented at the 1958 meeting of the CSAGI in 
Moscow. 


2. Ionizing Radiations 


Considerable progress was made in the investiga- 
tion and understanding of the fluxes of radiations 
(photons and corpuscles) which produce the iono- 
spheric layers and cause the associated phenomena 
of geomagnetic and ionospheric storms, aurora, 
radio wave absorption, and so forth. Both rockets 
and balloons were used to detect soft X-rays and 
low-energy protons in the auroral regions, and the 
flux and spectrum of solar ultraviolet radiation. 
Peterson and Winckler [1959] reported a solar 
pteeeey burst detected during a balloon flight. 

he gamma-ray burst was coincident with a solar 
flare and associated radio noise bursts, SID, earth- 
current disturbance, and magnetic crochet. Refer- 
ences to other papers are given in the AGU Trien- 
nial Report [1960], together with discussion of the 
implications and interrelations of these phenomena. 


3. Electron Densities 


Kelso [1957] developed a method for converting 
vertical incidence records of virtual pulse-echo 
height versus frequency (h’-f records, also called 
ionograms) into profiles of electron density versus 
height, which is a compromise between the original 
method of Kelso coefficients and the later method 


due to Budden. Kay [1959] discussed the relation- 
ship of the precision of virtual height measurement 
to the pulse length and gave a precise experimental 
definition of group time delay. Wright [1959] gave 
the results of a true-height analysis of ionograms 
from stations along the 75th meridian in the form of 
contours of electron density representing a vertical 
cross-section of the ionosphere for this meridian. 

Jackson and Seddon [1959] reported rocket meas- 
urements through an aurora. Severe electron density 
gradients were encountered. There was evidence of 
electron densities greater than 10°/cm* in the region 
90 to 130 km, and indications of “filaments” with 
densities greater than 10’/em*. Jackson and Kane 
[1959] indicated a new method of measuring local 
electron density using an rf probe technique. Hay- 
cock, Swigart, and Baker [1959] gave a detailed 
development of the theory involved in the determi- 
nation of electron densities from the group retarda- 
tion of 6 Mc/s pulses transmitted from rocket to 








ground, and discussed the results of 3 rockets fired 
at White Sands to a height of 137 km. 

Bauer and Daniels [1959] measured the total elec- 
tron content in a vertical column of the ionosphere 
by means of the Faraday rotation of radio waves 
reflected from the moon. They found that the ratio 
of the number of electrons above the level of maxi- 
mum density to the number below was 4 to 5 during 
three nights in June before sunrise, dropping to 
about 3 after sunrise. On two days in November 
the ratio was about 3 both before and after sunrise. 
Prenatt [1959] reported that Faraday rotation 
measurements by rocket to 235 km agreed with 
measurements by an older technique on the same 
rocket flight. 

Gordon [1958] predicted that incoherent scattering 
by ionospheric electrons could be detected and would 
enable electron densities to be measured throughout 
the ionosphere. Bowles [1958] obtained the first 
echoes, using a high power pulse transmitter at 41 
Me/s and a special high gain antenna beamed 
vertically, 


4. Satellite Beacon Studies 


Bowhill [1958] discussed the theory of the rate of 
Faraday rotation of the plane of polarization for a 
satellite signal. Daniels and Bauer [1959] developed 
the theory of the rotation more generally and dis- 
cussed the application of its measurement to iono- 
spheric studies using either moon echoes or satellite 
beacons. Arendt [1959] reported some observations 
of the rotation of satellite signals and discussed their 
interpretation on the assumption that the ionosphere 
had no appreciable horizontal variations in electron 
density. Parthasarathy and Reid [1959] reported 
values of the integrated electron density for four 
passes of Sputnik III near 600 km over College, 
Alaska, based on the rate of Faraday rotation. 
With spaced antennas receiving Sputnik IIT, Partha- 
sarathy, Balser, and DeWitt [1959] used the times 
of abrupt weakening of the signal to deduce the 
height (104 km) of a discrete absorbing region during 
an auroral display. 

Hutchinson [1959] discussed ionospheric effects on 
the measurement of the slant range at nearest 
approach. Arendt and Hutchinson [1959] discussed 
the problem of disentangling spin and Faraday rota- 
tion. Wells [1958] and Garriott and Villard [1958] 
reported signal enhancements when the satellite 
was near the antipode, and Dewan [1959] discussed 
some unusual effects in the propagation of satellite 
signals. 


5. Ionospheric Processes 


Mitra [1959] gave a theoretical discussion of the 
electron loss coefficient in the daytime processes in 
the ionosphere from 60 to 600 km at intermediate 
latitudes. Dalgarno [1958] pointed out the dilemma 
posed by rocket measurements of neutral particle 
density in the F2 region, which would indicate too 
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rapid diffusion if the usual values of the diffusion 
coefficient are taken, and offers some evidence that 
the value of the diffusion coefficient may be about 
¥% the value usually assumed. Farley (1959] dis- 
cussed theory of the effects of electrostatic fields in 
an ionosphere with a vertical magnetic field with a 
view toward elucidating the phenomena of spread F 
and radio star scintillation. Hoffman [1959] called 
attention to a possible mechanism for radiation and 
reflection from ionized gas clouds. 


6. Ionospheric Disturbances 


A study of the storm-time variations of the F2 
layer critical frequency was carried out for 38 stations 
between 60° N and 60° S geomagnetic latitude by 
Matsushita [1959]. Tandberg-Hanssen [1958] found 
that in general the height of the E layer remained 
unchanged during magnetic storms, while the F1 
layer tended to rise. Warwick and Hansen [1959] 
found a definite tendency for geomagnetic disturb- 
ance to follow the largest solar flares near sunspot 
maximum, but not near sunspot minimum. Their 
results indicated that the area of the flare was a 
more reliable index than its “importance”. Maxwell, 
Thompson, and Garmire [1959] found that slow-drift 
type II solar radio bursts were 45 percent associated 
with subsequent aurora and magnetic storms. The 
mean delay was 33 hr, in good agreement with the 
speed of 1,000 km/sec deduced from the radio data. 
The geomagnetic effects were enhanced if the bursts 
occurred near an equinox and were accompanied by 
a flare of importance 2 or 3, or by continuous (type 
IV) radiation. 

Bauer [1957, 1958a] described an apparent corre- 
lation between the variations of the critical frequency 
and virtual height of the F2 layer with frontal 
passages in the troposphere, and Bauer [1958b], and 
Mook [1958] discussed an apparent ionospheric re- 
sponse to the passage of hurricanes. 


7. Sporadic E and Spread F 


Smith [1957] published a survey of the geographic 
and temporal occurrence of sporadic EF. Thomas 
and Smith [1959] brought Smith’s survey up-to-date. 
Matsushita [1958] studied the association of the 
occurrence of blanketing Es and slant Hs with mag- 
netic bays. Penndorf and Coroniti [1958] analyzed 
the occurrence of sporadic E in the polar regions and 
proposed designation of two types: the Thule type 
which occurs primarily over the polar cap, and the 
auroral type. Davis, Smith, and Ellyett [1959] ana- 
lyzed the occurrence of sporadic E as observed at 28 
and 50 Mc/s over a 1,243-km path. Gerson [1959] 
used reports of 50 Mc/s contacts by radio amateurs 
to determine the annual distribution of sporadic 
in North America. Knecht [1959] reported a lunar 
influence on the time of first appearance of equatorial 
sporadic E in the morning at Huancayo. 

Renau [1959] proposed a theory of spread F' based 
upon specular reflection from magnetic field-alined 





irregularities near the level of reflection in the F2 
layer. Reber [1958] discussed the behavior of spread 
F over Hawaii since the last sunspot minimum. 


8. Studies of the Lower Ionosphere 


Warwick and Zirin [1957] measured the diurnal 
variation of the absorption of cosmic noise at 18 
Me/s, and used the results in a theoretical discussion 
of the distribution of electron density, and the re- 
lated processes in the D-region of the ionosphere. 
Houston [1958] derived an electron distribution for 
the D and E regions of the ionosphere based on 
recent theories and information concerning the at- 
mospheric constituents, ionizing radiations, and the 
reactions. The results compared favorably with 
experimental measurements. Seddon [1958] reported 
a rocket measurement of the difference in the absorp- 
tion of the ordinary and extraordinary wave com- 
ponents at 7.75 Mc/s as a function of altitude to 96 
km at White Sands, N. Mex., at noon on a summer 
day. The absorption was inappreciable below 88 
km, small from 88 to 94 km, but increased rapidly 
beyond 94 km. 

Phelps and Pack [1959] made laboratory measure- 
ments of the collision frequency of thermal electrons 
in nitrogen. Under the assumption that the cross 
section for collision with a molecule of oxygen is no 
greater, the result agrees with Kane’s [1959] deter- 
mination of the collision frequency in the lower iono- 
sphere. Chapman and Davies [1958] suggested that 
the approximate daytime constancy of the absorp- 
tion of VLF radio waves would be accounted for if 
electrons were liberated by photodetachment from 
negative ions. Bourdeau, Whipple, and Clark 
[1959] studied the conductivity of the atmosphere 
between the stratosphere and the ionosphere, and 
Rumi [1957] found evidence of radar echoes from 
this region. 

Gibbons and Rao [1957] developed formulas for 
the calculation of group refractive indices and group 
heights for frequencies less than the gyrofrequency, 
taking account of electron collisions. Watts [1958] 
called attention to a peculiarity of the group refrac- 
tive index at frequencies below the gyrofrequency 
which results in retardation of the extraordinary 
wave at the critical frequencies of the ordinary wave, 
thus giving additional information about the electron 
density distribution. Bowhill [1957] applied diffrac- 
tion theory to the analysis of the fading of low fre- 
quency waves reflected at vertical incidence from 
the ionosphere to deduce properties of its irregulari- 
ties. 

Waynick [1957], and Gibbons and Waynick [1959] 
reviewed the state of knowledge of the lower iono- 
sphere. Ellyett and Watts [1959] reviewed the evi- 
dence for stratification in the lower ionosphere. 


9. Radar Studies of Auroral Ionization 


Echoes from irregularities in the auroral ionosphere 
were obtained at frequencies from HF (ionosonde 
frequencies) to UHF (780 Mc/s). Such echoes have 
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a strong tendency to be aspect sensitive relative to 
the earth’s magnetic field, indicating that the irreg- 
ularities are field-alined. At the higher frequencies, 
the echo heights are confined to about 90 to 130 km 
(Fricker et al., 1957; Leadabrand, Dolphin and 
Peterson, 1959; Presnell et al., 1959). At the lowest 
frequencies, however, Bates [1959] showed that the 
heights may extend above 400 km. Stein [1958b] 
proposed that long-range echoes observed at HF, 
such as those described by Leadabrand and Peterson 
[1958], could be explained in terms of echoes at F- 
region heights resulting from propagation via a tilted 
F layer; but observations at 106 Mc/s by Schlobohm 
et al. [1959] from a geomagnetic latitude of 43° 
indicate that the long-range echoes at the lower 
frequencies may indeed have come from F-region 
heights. 

Doppler shifts in echoes obtained with 400 Mc/s 
radar by Leadabrand, Presnell, Berg, and Dyce 
[1959] indicated that irregularities tended to drift 
from the east toward the west with a velocity of 
about 500 m/s, and that there was no appreciable 
variation with time of day or with respect to mag- 
netic midnight. The relationship of the irregu- 
larities observed with radar techniques to magnetic 
disturbances was discussed by Nichols [1959]. 


10. Refraction in the Ionosphere 


Marcou, Pfister, and Ulwick [1958] described a 
ray-tracing technique, taking full account of the 
earth’s magnetic field, suitable for use with high- 
speed computers. Millman [1958] and Weisbrod and 
Anderson [1959] discussed refractive effects on radio 
waves traversing the troposphere and the ionosphere, 
and Weisbrod and Colin [1959] called attention to the 
fact that ionospheric bending has a maximum a few 
degrees above the horizon. Toman [1959] showed 
the effects of the spherical geometry on the absorp- 
tion as well as the bending of a wave as a function of 
the elevation angle near the horizon. Brysk [1958a] 
discussed the effect of the ionosphere on signals 
scattered from the surface of the moon. 


11. Ionospheric Propagation Studies— 
General 


Villard, Stein, and Yeh [1957] reported observa- 
tions of exceptionally long-delayed echoes with a HF 
backscatter sounder beamed across the equator 
which they interpreted as ground backscatter 
propagated by two or more successive reflections 
from the F-region of the ionosphere without inter- 
mediate ground reflection, caused by tilts of the 
reflecting layer. It is shown that tilt-supported 
propagation can take place at frequencies con- 
siderably above the MUF predicted in the usual way. 
Stein [1958a] gave a more general discussion of the 
effects of tilts. 

Silberstein [1958a], comparing backscatter echoes 
with point-to-point pulse transmission over a 
2,370-km path and ionograms taken at the midpoint 
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of the path, concluded that with suitable care the 
sweep-frequency backscatter technique can provide 
accurate information about the MUF. Silberstein 
[1958b] also reported the results of measuring relative 
pulse time delays over a 7,647-km path at 20.1 
Me/s. Greatly differing modes of propagation were 
observed from one day to the next indicating that 
the long path is very sensitive to ionospheric condi- 
tions. Agy and Davies [1959] summarized the 
present state of oblique incidence investigations of 
the ionosphere, using the sweep-frequency. pulse 
technique, with special reference to the work of the 
CRPL. 


12. Ionospheric Scatter Transmission 


This subject was treated in detail in a recent 
review [JTAC, 1960]. Some additional references 
are Wheelon [1957a, 1957b], Leighton [1957], Bol- 
giano [1957a, 1957b], and Heritage et al. [1959]. 


13. Radio Reflection from Meteor Ionization 


Increasing attention has been given to studies of 
meteor ionization, both as a propagation medium 
and as a means for observing ionospheric motions. 
A review paper was given by Manning and Eshleman 
[1959]. The work can be grouped into several 
categories. 


13.1. The Reflection Properties of Individual Trails 


The length of the ionized column produced by a 
meteor was computed by Eshleman [1957a] as a func- 
tion of the characteristics of the meteor; this result 
was then extended to determine the distributions of 
trail lengths to be expected for shower and sporadic 
meteors. The length distribution for shower meteors 
was compared with experimental results and good 
agreement as found. The theory of trail formation 
was extended by Manning [1958] to include the 
effects of the high initial velocity of the particles 
in the trail. In a typical case, it was found that the 
trail would expand to a radius of about 14 mean- 
free-paths in about 4 msec and from then on diffuse 
in the normal maaner. Further considerations of 
the effects of normal diffusion by Flood [1957] and by 
Hawkins and Winter [1957] indicated that at UHF 
the effective scattering length of a trail may be 
greatly reduced and consequently the aspect sensi- 
tivity common at VHF will not be present. The 
analysis of oblique scattering from under-dense trails 
was extended by Brysk [1958b] to include the effects 
of the rapid initial diffusion of the trail, and the ray 
solution for oblique scattering from over-dense trails 
was obtained by Manning [1959a]. 


13.2. Computation and Measurement of the Gross 
—* Characteristics of Ensembles of 
rai 


The discovery that meteor ionization could provide 
a transmission medium for point-to-point communi- 
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cations at VHF stimulated a number of studies 
of the characteristics of meteor-burst propagation. 
These include general experimental studies by 
Vincent et al. [1957a], by Casey and Holladay [1957], 
and by Wirth and Keary [1958], analyses of the direc- 
tional properties of this propagation by Meeks and 
James [1957, 1959] and Eshleman and Mlodnosky 
[1957], and examinations of its wavelength depend- 
ence by Eshleman [1957b] and by Meeks and James 
[1958]. The relations between meteor-burst propa- 
gation characteristics and the design of communica- 
tion systems were discussed by Vincent et al. [1957b, 
c], Montgomery and Sugar [1957], Bliss et al. [1959], 
and Carpenter and Ochs [1959]. 


13.3. The Study of Ionospheric Motions Through the 
Use of Meteor Trails as Indicators 


The earlier proposal, by Booker and Cohen, that 
small-scale turbulence in the lower ionosphere ac- 
counted for the observed decays of long-enduring 
meteor trails received considerable attention by 
Manning and Eshleman [1957, 1958] and by Booker 
[1958]. An alternative proposal that large-scale 
turbulence plays a dominant role in the decay of 
long-enduring trails was advanced by Manning 
[1959b] and substantiated by experimental results. 
This theory was also applied by Manning [1959c] to 
determine the detailed wind structure at meteoric 
heights. The general problems of motions in the 
lower ionosphere, as deduced from meteor obser- 
vations, were a major topic of an International 
Symposium on Fluid Mechanics in the Ionosphere 
and are discussed in the published transactions 
[Bolgiano, 1959]. 


14. Ionospheric Propagation Research with 
Communication Systems Applications 


Ionospheric research specifically directed towards 
more efficient utilization of ionospheric propagation 
for communications continued during the Triennium. 
Papers were published which reflect progress in 
understanding the mechanism, or at least the char- 
acteristics of signal distortion imposed by the 
medium. 


14.1. Multipath Effects 


Bailey [1958] analyzed the effect of echo on the 
operation of HF communication circuits. Two 
distinct kinds of echo are recognized. One kind of 
echo is observed when the great-circle path coincides 
with the twilight zone encircling the earth; the 
second kind, common only on fairly long communica- 
tion paths, is most severe when the short path is 
intensely illuminated. While little can be done to 
obviate echo of the first kind, proper choice of oper- 
ating frequency and mode of operation can minimize 
the echo interference of the second kind. In another 
paper [1959] Bailey considered the relationship of 
multipath delay times to the path length and the 
ratio of the operating frequency to the MUF. 
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The term ‘multipath reduction factor” (MRF) is 
introduced to specify operating frequencies for given 
multipath protection, path lengths, and ionospheric 
conditions. Investigation of multipath occurring 
within a millisecond pulse was carried out by Lutz 
et al. [1959] with specific attention to phase changes 
due to multipath occurring within separated 1-msec 
pulses. 

Hulst [1959], suggested the use of a linear network, 
called an “inverse ionosphere,”’ which would be auto- 
matically adjusted, under the control of a “probe 
pulse’’, to provide a delay function for message sig- 
nals inverse to that imposed by the ionosphere. <A 
new communication technique designed to take ad- 
vantage of multipath propagation was described by 
Price and Green [1958]. This rather complicated 
system performs a continuous detailed measurement 
of the multipath characteristics, and then adds the 
various multipath components of the message sig- 
nals algebraically after appropriate time delays are 
inserted. 


14.2. Fading 


Using pulses to separate the modes, Hedlund and 
Edwards [1958] measured the correlation of fading 
of horizontally and vertically polarized components 
of a received wave. As negative correlation was 
obtained most of the time, the fading was attributed 
to interference between the oppositely rotating 
magneto-ionic components. Yeh and Villard [1958], 
reporting on the occurrence of a HF component 
(near 20 c/s) of fading superimposed on the normal 
slow fading, surmised that the signal arrived by two 
entirely different modes, with the Doppler shift of 
one mode being much greater than that of the other. 
One mode was thought to be a normal two-hop 
transmission, and the second a long one-hop iono- 
sphere-tilt-supported mode. Koch [1959] described 
a study of the fading of signals from pairs of trans- 
mitters, locked in phase, with antennas separated by 
1,540 ft for one set of tests, and by 65 miles for 
another set of tests. In both cases the received car- 
rier envelope fading was approximately Rayleigh 
distributed, and fading speed was not significantly 
different for the diversity transmissions. No “di- 
versity gain’? was apparent from these tests. Price 
and Green [1957] reported on some short-term phase 
perturbation observations of fading waves. Brennan 
et al. [1958], in a study of the effects of selective fad- 
ing and signal-to-noise ratios on the performance of 
phase-keying (Kineplex) and FSK communication 
systems found that the advantage of the phase-key- 
ing system with respect to the FSK system under 
low signal-to-noise conditions is reduced when selec- 
tive fading is rather severe. 


14.3. Arctic Propagation 


Coroniti and Penndorf [1959] and Penndorf and 
Coroniti [1959] analyzed a large number of iono- 
spheric records to determine the geographic dis- 
tribution and diurnal variations of auroral effects and 








sporadic E occurrence. The inference is made that, 
by proper choice of operating paths for a particular 
time of day, reliability of Arctic communications 
can be improved. Leadabrand and Yabroff [1958] 
gave methods for calculating the probability of com- 
munication by means of reflections from ionized 
auroral columns. 


14.4. General 


Silberstein [1957] conducted tests to determine the 
effective horizontal radiation pattern of an antenna 
at a great distance (3,650 km) for ionosphere-prop- 
agated signals. The long distance pattern agreed 
very closely with that obtained by local meas- 
urements. K. Davies [1959] pointed out the error 
involved in the application of standard transmission 
curves, which neglect the earth’s magnetic field, to 
ionograms in which the virtual height is increased 
by the presence of the field. The effect is to under- 
estimate the MUF. Millman [1959] gave a method 
for calculating the angle of the magnetic field with 
the direction of propagation for any location and for 
transmission directed at any azimuth and elevation. 
Pucillo [1957] described a condensed nomographic 
procedure for determination of high-frequency sky- 
wave absorption. 
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The scope of Commission IV has expanded extensively since the XIIth 
This has largely resulted from the increased 
interest in the portion of the spectrum below 30 ke/s and the fact that the 
electromagnetic energy released by lightning discharges provides a very useful 
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tool for investigating various modes of radio propagation. 


The purpose of this report is to summarize significant research in this field 
that has been carried out in the United States during the past three years. 
Bibliographies have also been included. The topics covered are as follows: 
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1. Radiofrequency Radiation From Lightning Discharges 


A. Glenn Jean* 


A number of complex discharge processes which 
take place in lightning strokes are responsible for the 
emission of radiofrequency energy. The amplitude 
spectrum of such emissions extends from a few cycles 
per second to hundreds of megacycles per second, 
usually attaining a peak within the VLF region. 
The energy radiated from a cloud-to-ground stroke 
is of the order of 250,000 joules and can cause serious 
interference to radio communications systems. These 
emissions have been widely used as a source of signals 
in radio propagation research, in locating active 
thunderstorms, in identifying and tracking storms, 
and in basic investigations of the discharge mechan- 
isms themselves. The radio engineer, the mete- 
orologist and the physicist are concerned with the 
discharge processes and the nature of the resulting 
electromagnetic radiation. 

It is the main purpose of this note to summarize 
recent research pertaining to the radiofrequency 
radiation from lightning discharges. 

The most common type of lightning discharge 
occurs within the cloud between the two principle 
areas of opposite charge [Pierce, 1957]. The break- 
down process involves the advance of a pilot leader 
through air that has not been ionized; and there is 
evidence that there is no return stroke as encountered 
in cloud-to-ground discharges. The pilot leader 
may advance in steps [Schonland, 1953], as in the 
case of the discharge to earth, and it is likely that the 
steps are mainly responsible for any induction and 
radiation fields produced. Radiation from the rapid 
field changes, such as the step referred to, has been 
observed at very high radiofrequencies. Atlas 
[1958], using a 2800 Me/s radar, reported receiving 
atmospherics, having durations less than 1 msec and 
amplitudes of about 30 vv/m (in a 600 ke/s bandpass) 
from discharges which occurred within the upper 
regions of a thundercloud. It was postulated that 
these atmospherics resulted from stepped-leader 
type discharges in the ice crystal region of the cloud. 
Following the reception of these atmospherics, radar 
echoes lasting from 0.1 to 0.5 sec were obtained from 
ionized regions up to 27,000 ft tall with horizontal 
base diameters of 30,000 ft. It is thought that the 
radar signals were reflected from the ionization 
created by the discharges rather than from dielectric 
discontinuities associated with heated columns of air. 
There is evidence that the ionization is propagated 
up toward the cloud top after the discharge. Atlas 
[1958] estimated that partial or “soft’’ reflections 
were obtained from regions having electron densities 
between 10° and 10° electrons/em*. (A density of 
10" electrons/cm® is required for a unity reflection 
coefficient from a sharp boundary at 2800 Mc/s.) 
There is also evidence resulting from 3-cm radar 
observations that many of the discharges might have 


*National Bureau of Standards, Boulder, Colo. 
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extended through the ice crystal anvil into clear air 
as reported on occasions by others [Ward, 1951; 
Bays, 1926]. The simultaneous observations of at- 
mospherics and radar reflections from ionization 
created by the discharge constitute a powerful tech- 
nique in exploring the mechanism of cloud discharges. 

Cloud discharges which occurred in tornadoes 
were described by Jones [1958]. On three occasions, 
rapidly recurring light patches were observed which 
appeared to come from discharges within the cloud. 
Simultaneous observations of atmospherics indicated 
a noticeable absence of return-stroke discharges from 
cloud-to-earth and an unusually high rate of occur- 
rence of atmospheric components at 150 ke/s. The 
150 ke/s observations were made using crossed-loop 
direction-finding equipment. The direction-finder 
responses were observed to be straight lines rather 
than ellipses, from which it was inferred that the 
cloud discharges were vertical. Jones [1958] reported 
receiving approximately 45 atmospheric components 
per second at 150 ke/s from a severe storm at a 25- 
mile range in 1957. During this interval, 10 ke/s 
components were not observed. These atmospherics 
are reported to be related to “flare type” discharges 
which were visually sighted as streamers which pro- 
— over the leading edge of the anvil top of the 
cloud. 

It would be of interest to compare observations of 
150 ke/s atmospheric components observed by Jones 
[1958] during tornadoes with emissions at similar 
frequencies which might result from severe Pacific 
storms [Kimpara, 1958]. 

Most of the radiofrequency energy emitted in the 
VLF region from lightning discharges occurs from the 
return stroke. Since multiple return strokes play 
an important part in establishing the ambient noise 
level at VLF, it is of value to determine the radiation 
properties of individual strokes and the statistics 
regarding the occurrence of successive discharges. 

Tepley [1959] observed two classes of ELF wave- 
forms in Hawaii. The first class consisted of a 
single large half-cycle sometimes followed by a 
second half-cycle of substantially lower amplitude 
and of longer duration. This type of waveform 
may be obtained theoretically from a Dirac current 
source. The other class of waveform consists of 
two half-cycles of comparable amplitude, the second 
of which is longer than the first. A possible third 
half-cycle is sometimes observed. The first two 
half-cycles are explicable in terms of a unidirectional 
source current of longer duration than the current 
responsible for the first type of waveform. Pierce 
[1955] found that over 90 percent of all ground- 
return strokes are of positive polarity, corresponding 
to the lowering of a negative charge-to-ground. 
Brook [1957] reported one ground-return stroke in 
700 produced a negative field change. Hence, it 
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appears that the positive-to-negative polarity ratio 
of the ground-return stroke should be much greater 
than unity. On the contrary, Tepley [1959] found 
that slow-tails are negative by a ratio of more than 
3:1. The possibility that most of the negative 
slow-tails do not originate in ground-return strokes 
is considered. Pierce found that the ratio of slow- 
negative to slow-positive field changes is about 2:1 
for heat storms and about 7:1 for frontal storms. 
Tepley’s observations are in reasonable agreement 
with these ratios. 

Wait [1960a] pointed out that lightning discharges 
from cloud-to-ground and cloud-to-cloud are seldom 
vertical or horizontal. The modification of the 
pulse shape of the ELF waveform, as a result of the 
inclination of the current channel, would appear to 
be an important factor in interpreting observed data. 
In particular, pulses with both positive and negative 
polarities of the first half-cycles strongly suggest (as 
mentioned by Tepley) that the horizontal compo- 
nent of the source current isimportant. An observed 
pulse having a second half-cycle can only be rec- 
onciled with an inclined source. For certain small 
values of horizontal source component a third half- 
cycle of relatively small amplitude is also produced. 
In view of the small dimensions of the discharge 
paths in terms of a wavelength, Wait replaced the 
source channel by superimposed vertical and hori- 
zontal electric dipoles and calculated the resultant 
responses of the radiation field by superposition. 
Various ELF waveforms were given corresponding 
to different horizontal and vertical electric field com- 
ponents at the source. These waveforms agree 
remarkably well with observed waveforms. | 

A great number of experimental and theoretical 
investigations have been carried out to determine the 
nature of the atmospheric waveform near the source. 
Wait [1956b] presented calculations showing the 
nature of the transient response of an idealized 
lightning discharge at short ranges where the iono- 
spherically reflected wave can be neglected or 
separately accounted for. An expression was derived 
for the instantaneous product of the dipole current 
and vertical height applicable to the return-stroke 
discharge. Solutions were given for moments hav- 
ing a buildup time of about 10 usec and a pulse 
width of about 50 usec which is representative of 
observed return-stroke discharges. Solutions are 
given in graphical form for the field response with 
time, parametric in distance, for a perfectly conduct- 
ing earth. The effect of the earth conductivity 
upon the pulse shape at 100 km was demonstrated 
and the effect of the earth curvature considered. 
Additional terms can be used in the expansion of 
the dipole moment to include a sustained return 
current. 

Wait [1958d] calculated the response of the wave- 
guide to an impulsive current source for different 
ranges. The pulses have the appearance of damped 
sinusoids as the result of the modal characteristics 
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of the propagation medium. The length of the first 
half-cycle becomes ge gpa A shortened with in- 


creasing range while the oscillatory nature of the 
pulse is becoming enhanced. It is also shown that 
different exponential source functions produce wave- 
forms having different quasi half-periods at a fixed 
distance. Thus, the quasi half-cycle of atmospherics 
is determined by the source pulse as well as by the 
propagation medium. The results of these calcula- 
tions compare favorably with quasi half-periods of 
atmospherics observed by Hepburn [1957]. 

Watt [1957a] calculated a representative radiation 
spectrum of return-stroke discharges using wave- 
forms recorded at short ranges. He then synthe- 
sized a radiation spectrum combining the radiation 
from the return-stroke discharge with radiation 
from stepped-leader discharges as observed by 
Norinder [1954]. The resultant spectrum was sub- 
sequently used in estimating ambient noise levels 
at distances between 1,000 and 4,000 km from thun- 
derstorms. The predicted levels of noise, which 
extended over a frequency range from 1 to 100 ke/s, 
compared favorably with observed noise levels. 

Hill [1957] formulated a theory for the generation 
of low-frequency radiation in the return stroke of the 
cloud-to-ground lightning flash. The radiated pulse 
is a single cycle with a field variation which varies 
linearly with time. The spectrum of the radiated 
energy is centered at 11 ke/s and the energy radiated 
is about 220,000 j. 

Hefley et al. [1960] reported the development of 
equipment capable of automatically recording the 
directions of arrival and spectral components of 
atmospherics. Results of observations made at 
10.5, 40, and 100 ke/s in the Northwestern part of the 
United States reveal the directions of arrival and the 
rates of reception of atmospheric components ex- 
ceeding fixed amplitude levels. 

Recently, observations of the radiation spectra 
of return-stroke lightning discharges were reported 
by Taylor and Jean [1959]. In this work, atmos- 
pheric waveforms were recorded at distances ranging 
from about 150 to 600 km. The locations of the 
individual lightning flashes were determined using a 
direction-finding network. At these ranges, it was 
possible to separately identify the ground and sky- 
wave components. The precautions taken in se- 
lecting atmospherics radiated from return-stroke 
discharges and in utilizing the ground-wave pulse 
are described. The atmospherics resulted from dis- 
charges over high terrain at altitudes of 5,000 ft or 
more in the Rocky Mountain area. Values of total 
energy were reported to be about 30,000 j compared 
with approximately 300,000 j reported by Lady et al. 
[1940] and as derived in other experiments from 
discharges which occurred over land of lower eleva- 
tions. These results indicate the desirability to 
perform similar atmospheric observations at lower 
land elevations and over sea water. 














2. Properties of Atmospheric Noise at Various 
Receiving Locations 


William Q. Crichlow* 


The properties of sferics from individual lightning 
flashes are dealt with in other sections of this report. 
On the other hand, the composite effects at the re- 
ceiver resulting from simultaneous thunderstorm 
activity throughout the world are discussed in this 
section. Although extensive investigations of these 
phenomena have been made in the past by several 
agencies and predictions of worldwide atmospheric 
noise levels have been published [RPU Tech. Rpt .5, 
1949; NBS Cire. 462, 1948; Crichlow et al., 1955; 
C.C.L.R. Rpt. 65, 1957], most of the recent studies 
in this country of worldwide noise levels and charac- 
teristics have been made by the Central Radio 
Propagation Laboratory of the National Bureau of 
Standards. 

During the International Geophysical Year, a 
worldwide network of 16 radio noise recording stations 
was established by CRPL [Crichlow, 1957] at the 
following locations: 











| | 
Station | Latitude | Longitude 
j | 
| ‘erage: 
Balboa, Canal Zone_---___.-------- 9.0N | 79. 5W 
PN S38 Ss a oe | 43.2N |} 105.2W 
Boulder, Colo____- RESO eae | 40.1N | 105. 1W 
Han, Agterctica.. ee | 80.0S | 122.0W 
Ce SER so 30. 6S 130. 4E 
Pew sree, ingins 2 ee, | 28.8N | 77. 3E 
Enkoping, Sweden-___-_------------- | 59.5N | 17. 3E 
rans MEI Ws oo sd 38. 8N | 78. 2W 
Seema FOOTER. es 7.4N | 3. 9E 
Kekaha, Kauai, Hawaii-_--_--------- | 220N ] 159.7W 
ee, ween os es lc ee +) 
Pretoria, Union of South Africa ____-- | 25.88 | 28. 3E 
AN: MINN ois Fo eS | 33.9N | 6. 8W 
Sao José dos Campos, Brazil.._..___| 23.38 | 45. 8W 
Singapore, Malaya... .___._.--.-.-- 1.3N | 103. 8E 
Thine, Greeniand o.oo 22 Se) = 76 6N I 68. 7W 





Five of these stations are operated by CRPL, two by 
the Signal Corps Radio Propagation Agency, and 
the remaining nine by foreign governments. 
Standardized recording equipment, which was 
designed and furnished by CRPL, provides measure- 
ments on eight frequencies from 13 ke/s to 20 Me/s. 


*National Bureau of Standards, Boulder, Colo. 
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The mean received power in a 200 c/s bandwidth, 
averaged over a period of several minutes, is the 
basic parameter recorded. It is expressed as an 
effective antenna noise figure, which is defined as 
the noise power available from an equivalent lossless 
antenna in decibels above kth, where k= Boltzman’s 
constant (1.38 10~*4j/°), t=absolute room tempera- 
ture (taken as 288 ° K), and b=bandwidth in cycles 
per second. 

In order to obtain additional information on the 
character of the noise, two other statistical moments, 
the average ride. voltage and the average 
logarithm of the envelope voltage are recorded at 10 
of the stations. All data from the network are 
processed at the NBS, Boulder Laboratories and are 
published quarterly [Crichlow, 1959a; Crichlow, 
1959b]. 

The amplitude-probability distribution (APD) of 
the instantaneous IF envelope voltage provides a use- 
ful means of expressing the detailed characteristics of 
atmospheric noise. The first measurements of the 
APD by U.S. experimenters were made at the Uni- 
versity of Florida [Hoff, 1952; Sullivan et al., 1955; 
Sullivan, no date; George, 1957] and subsequently in 
Colorado, Alaska, and Panama by NBS personnel. 
From the NBS [Watt et al., 1957b] measurements, 
it was found that the noise envelope at the low- 
amplitude levels is Rayleigh distributed, while that 
at the higher levels approaches a distribution having 
a much greater change in level for a given change in 
probability. The dynamic range between the value 
exceeded 0.0001 percent of the time and the value 
exceeded 90 percent of the time varied from 59 to 
102 db at 22 ke/s in a bandwidth of 1 ke/s. As the 
bandwidth is reduced, the dynamic range approaches 
21.18 db, the value expected for the Raylcigh dis- 
tributed envelope of thermal noise. This occurs at 
a bandwidth of approximately 0.2 c/s for atmos- 
pherics at 22 ke/s. This study of the characteristics 
of atmospheric noise was extended to cover the 
frequency range from 1 to 100 ke/s [Watt et al., 
1957]. The variation of level and dynamic range 
with frequency was examined both theoretically and 
experimentally. 

The value of the APD in determining the per- 
formance of radio systems in the presence of atmos- 
pheric noise has been demonstrated by additional 
studies at NBS [Watt et al., 1958]. The expected 
error rates, both with manual telegraphy and FSK 
systems, have been calculated from the noise APD 
and confirmed experimentally. 











Direct measurements of the APD at a large 
number of locations and over a wide frequency range 
are prohibitive, both in equipment and personnel 
requirements. Since data on the statistical moments 
measured by the NBS noise recorder are available 
from the worldwide network over a wide frequency 
range, an investigation was made of methods for 
deriving the complete distribution from these 
moments [Crichlow et al., 1960a]. It was found 


that the distribution, when plotted on Rayleigh 
graph paper, had a characteristic shape that could 
be described graphically by three independent param- 
eters. This characteristic shape was confirmed by 
measurements in Colorado [Watt et al., 1957b; 
Crichlow et al., 1960a], Alaska [Watt et al., 1957b], 





Panama [Watt et al., 1957b], Florida [Sullivan et al., 
1955; Sullivan, no date; George, 1957], England 
[Horner, 1956], and Japan [Yuhara, 1956]. Using 
numerical integration methods on typical distribu- 
tions, a relationship was found between the three 
moments measured by the NBS noise recorder and 
the three graphical parameters, thus providing the 
complete distribution from the three measured 
moments. Families of distribution curves in terms 
of the moments will be published in an NBS Mono- 
graph [Crichlow et al., 1960b] for ease in evaluation. 

The effects of bandwidth on the APD have been 
published [Fulton, 1957] and further studies are in 
progress at NBS to determine the effect of band- 
width on the statistical moments. 














3. Summary of Research on Whistlers and 
Related Phenomena 


3.1. Stanford University 
R. A. Helliwell* 


The following is a synopsis of research on whistlers 
and related phenomena carried out at Stanford Uni- 
versity since the XIIth General Assembly of URSI. 
Many results are presented here for the first time, 
and will be elaborated in reports and papers in prepa- 
ration. Support for this work was obtained from 
several agencies including the National Science 
Foundation, the Air Force Office of Scientific Re- 
search, the Office of Naval Research, and the Na- 
tional Aeronautics and Space Administration. 


a. Methods of Whistler Analysis 


Techniques for spectrographic analysis of whistlers 
have been developed [Carpenter, 1960]. Included are 
methods for identifying the causative sferic asso- 
ciated with whistlers. In many cases, three sona- 
grams from a single two-minute run will provide 
unambiguous identification of the sources of both 
long and short whistlers. Simultaneous data from 
other stations are often needed to resolve ambiguities. 
Methods for quantitative description of whistlers are 
described. 


b. IGY-IGC Synoptic Whistler Results 


Some tentative results from the 10-station whistler- 
west program are summarized in the following para- 
graphs. The cooperation of the several persons and 
groups associated with the whistlers-west program is 
gratefully acknowledged. Results of pre-IGY experi- 
ments and details of the synoptic program have been 
published elsewhere [Helliwell and Morgan, 1959; 
Smith et al., 1958; Helliwell, 1958c]. At the time of 
writing this report, about 10,000 sonagrams of whis- 
tlers and VLF emissions had been produced. Some 
1,500 whistlers had been analyzed, and the causative 
atmospherics for roughly 1,000 of these had been 
identified. 

The statistical results obtained from the aural data 
are subject to some uncertainty because of differences 
in the training and ability of the listeners. For this 
reason, many of the indicated trends of the data can 
not be accepted without reservation. For example, 
VLF hiss is sometimes mistaken for background 
noise. However, the following results appear to be 
demonstrated by the data which have been examined. 

More whistlers are heard at night than during the 
day, probably because D-region absorption increases 
the daytime attenuation from source to the input end 
of the whistler path and from the output end to the 
receiver. 


*Stanford University, Stanford, Calif. 
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Seasonal variations of whistler activity are com- 
plicated. Stations at geomagnetic latitudes lower 
than roughly 52° and greater than 62° show a winter- 
time maximum in occurrence, whereas stations 
between 52° and 62° geomagnetic latitude show a sum- 
mertime maximum. This curious effect may possibly 
be related to differences in the behavior of long and 
short whistlers. Theoretically, wintertime should be 
more favorable for the observation of whistlers, since 
the local noise level is low and the sources of short 
whistlers are relatively numerous. However, at 
locations where long whistlers are known to occur 
frequently (principally middle latitudes), strong sum- 
mer thunderstorm activity could easily produce a 
whistler rate exceeding that in winter. At high and 
low latitudes long whistlers are seldom heard, and so 
the wintertime peak above 62° and below 52° can be 
understood. The over-all whistler rate reaches a 
maximum at approximately 50° geomagnetic latitude. 

Comparison of daily whistler rate with daily 
average magnetic index shows little correlation. 
However, any effect may be masked by the large 
day-to-day variation in whistler rate, which is 
probably correlated with variations in thunderstorm 
occurrence. 

Comparison of daily whistler rates between sta- 
tions indicates that for station spacings of 1,000 km 
or more, the occurrence rates tend to be independent. 
This conclusion includes stations of similar latitude. 
It is interpreted to mean that either the paths of 
propagation are highly localized in both latitude and 
longitude, or that the number of whistlers is highly 
sensitive to thunderstorm activity in the immediate 
vicinity of the ends of the path of propagation. 

Chorus and hiss show a peak in occurrence at 
about 56° to 58° geomagnetic latitude, the distribu- 
tion being skewed toward the high-latitude side. 
It was discovered that the latitude distribution of 
chorus is sensitive to magnetic index. For days of 
average K,<1.5, chorus peaks at 64°, while for days 
of average K, >4, the chorus peaks at 58°. Thus, it 
appears that location of chorus generation, like the 
aurorae, moves toward the equator during the 
disturbed periods. 

Chorus and hiss occur more frequently on days of 
low-background noise than on days of high noise. 
The effect is apparently not due to increased detecta- 
bility on days of low noise, since whistler rates do 
not show the correlation. This conclusion is based 
on one year of data from six stations. On the 
average, there was twice as much chorus and hiss on 
days of low noise as on days of high noise. The 
reduction in background noise is believed to have 
been caused mainly by increased absorption of 
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atmospherics of relatively distant origin. This 
interesting and apparently significant result is 
interpreted to mean that the VLF absorption is 
correlated with the occurrence of chorus and hiss. 

The effective area of discrete VLF emissions is 
found to be comparable with that for whistlers (i.e., 
about 1,000 km across), suggesting that the paths of 
propagation for emissions and whistlers may be the 
same. No cases of the same VLF emission forms 
occurring at conjugate stations have been found, 
indicating that the generation mechanism is highly 
asymmetrical with respect to the geomagnetic 
equator. 

Whistler dispersion data show an interesting and 
unexpected annual variation for several stations. 
The dispersion was determined from time delay 
measurements at 5 ke/s [Carpenter, 1960]. Dis- 
persion is minimum at the June solstice and maxi- 
mum at the December solstice, and shows the same 
variation in both hemispheres. The explanation of 
this remarkable circumstance is not clear, but may 
be related to the eccentricity of the earth’s orbit 
about the sun or to the seasonal asymmetry in the 
relation between the sun-earth line and the geo- 
magnetic equator. 

A comprehensive study of nose whistler dispersions 
using data from both hemispheres support the annual 
variation of dispersion found for ordinary whistlers. 
Furthermore, it is deduced that the annual variation 
in dispersion indicated by the nose whistlers must be 
caused mainly by actual electron density changes in 
the outer ionosphere rather than path changes. 


c. Whistler Sources 


The spectra and locations of whistler sources are 
being studied. Although final results of this work 
are not yet available, some tentative conclusions 
were reached in cooperation with the Boulder 
Laboratories of the National Bureau of Standards 
(Helliwell et al., 1958b]. It was found that often the 
spectrum of the source peaks at roughly 5 ke/s, 
whereas most lightning discharges peak at higher 
frequencies, near 10 ke/s. A tendency was found for 
whistler-producing discharges to occur more often 
over sea than over land. It was further shown in 
this investigation that the predicted time of origin 
using the Eckersley law of dispersion was often in 
error by as much as 0.4 sec. This discrepancy is 
readily explained in terms of the theory of noise 
whistlers. 


d. Association Between Auroras and VLF Hiss 
Observed at Byrd {Station, Antarctica [Martin 
et al., 1960] 


At Byrd Station, Antarctica (70.5° S Geomag- 
netic) detailed and remarkably interesting records 
of hiss, chorus and whistlers have been obtained. 
Various bands of hiss have been identified ranging 
from the lower frequency limit of the recorder (150 
c/s) to the upper frequency limit (16,000 c/s). The 
hiss above about 4 kc/s shows a close association 
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with visual aurora observed at the same station. 
The center frequency of this hiss 1s about 8 ke/s 
and shows variations which may be related to the 
particular type of aurora; in particular, a center 
frequency of 9.6 ke/s appears to be associated with 
“red” aurora. The average intensity of the auroral 
hiss ranges from 1 to 3 mv/m. 


e. Duct Theory 


Multiple path whistlers are explained in terms of 
discrete paths of propagation in the outer iono- 
sphere. It is postulated that such paths are created 
by columns of enhanced ionization alined with the 
earth’s magnetic field. These ‘ducts’ of ionization 
act much like ordinary wave guides. Experimental 
evidence supporting this hypothesis has been ob- 
tained from “hybrid” whistlers. A hybrid whistler 
consists of both long and short components excited 
by the same source. The delay of the short compo- 
nent is exactly one-half the delay of the long com- 
ponent. It is concluded, therefore, that the dis- 
persion of a whistler is independent of the location 
of its source and depends only on the properties of 
the ionosphere. Further evidence in support of 
the duct theory is found in whistler echo trains, in 
which the echo delays are always multiples of some 
particular component in the initial whistler. Other 
evidence is found in the integral relation between 
the delays of simultaneous long and short whistlers 
excited by different sources in opposite hemispheres. 


f. Ray-Path Calculations 


The guiding of whistlers was treated using ray 
path consepts [Smith, 1960b]. The maximum al- 
lowable half-angle of the ray path cone was found 
to decrease from 19°29’ at zero frequency (deduced 
first by Storey) to 11° at f=0.19/,, then increase to 
90° at t=fa. 

Calculations based on the ray-path equation de- 
rived by Hazelgrove were made for various fre- 

uencies, geomagnetic latitudes, initial wave normal 
Sadetiann and models of the ionosphere [Yabroff, 
1959]. Generally speaking, the ray paths donot 
follow the earth’s magnetic field when a smooth 
distribution is assumed, The final latitude may be 
either greater or less than the initial latitude depend- 
ing on conditions. Under some conditions, there 
is spatial focusing of the energy for certain initial 
latitudes. There can also be time delay focusing 
in which wave packets entering the ionosphere over 
a range of latitudes arrives in the opposite hemi- 
sphere with the same total delay. 

Ray theory concepts were applied to the problem 
of whistler propagation in ducts [Smith et al., 1960a]. 
It was found that total trapping of the whistler 
energy will occur whenever the electron density at 
the center of the column exceeds the background 
level by a certain amount. Under certain condi- 
tions the energy can be trapped in a minimum of 
ionization. For middle latitudes, enhancements of 








the order of only 10 percent are required to com- 
pletely trap the whistler. The theory explains the 
marked decrease in whistler occurrence with decreasing 
latitude. 


g. Electron Density of the Outer Ionosphere 


Nose whistlers from stations in both hemispheres 
have shown a consistent relationship between nose 
frequency and nose time delay. Nose frequencies 
vary from 3.0 to 32 ke/s. Theoretical analysis of the 
dispersion of nose whistlers has led to a new method 
for calculating the electron density of the outer 
ionosphere. It is found that the shape of the nose 
whistler trace is insensitive to the shape of allowable 
electron density models. Application of this theory 
to the data gives a model of the outer ionosphere 
out to five earth radii. The average distribution 
of electron plasma frequency in cps can be given 
approximately by 

fo=1,200 fur? 


where fy is the electron gyrofrequency in cycles 
per second. 


h. Theory of VLF Emissions 


A theory of the origin of the VLF emissions was 
developed jointly by Gallet and Helliwell [1959a]. 
It accounts, in a general way, for VLF emissions 
and very long trains of whistler echoes. 

The required magnitude of traveling wave gain 
was assumed in developing the theory. Further 
theoretical work has led to a quantitative solution 
for the gain along a low density stream flowing 
through a plasma [Bell and Helliwell, 1959]. For 
a particular simplified case thought to be typical 
of the conditions related to VLF emissions, a gain 
of approximately 2 db per wavelength in the medium 
was obtained. 


i. Controlled Whistler-Mode Experiments 


Observations at Cape Horn, South America, of 
pulses from Station NSS on 15.5 kes, Annapolis, 
Md. demonstrated that the whistler-mode is open 
a large fraction of the time at night, but that the 
paths of propagation vary widely from night to 
night [Helliwell et al., 1958a]. Time delays from 
the man-made signals were in close agreement 
with those obtained from whistlers. Simultaneous 
recordings at Byrd Station (70.5° Geomagnetic) 
and Greenbank, W. Va. (50° Geomagnetic) showed 
that the Northern Hemisphere echo delays are not 
twice those from the Southern Hemisphere. Quanti- 
tative comparison of these results with Cape Horn 
NSS data and whistler data support the interpreta- 
tion that the measured echo dey depends on the 
strongest component which in turn depends on the 
location of transmitter and receiver. 


j. Satellite Measurements 


Signal strength measurements of Station NSS 
and background noise were made at 15.5 ke/s in 
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Explorer VI. Data are currently being analyzed. 
Clear signals from NSS were picked up by the 
satellite receiver from the launching point up to 
the D-region. Above 70 km NSS disappeared into 
the background noise, presumably because of D- 
region absorption. No unusual sources of natural 
noise were discovered within the ionosphere. How- 
ever, the sensitivity of the receiver was limited by 
interference thought to have been generated by 
power converters within the satellite. It appears 
that for frequencies below the gyrofrequency the 
outer ionosphere is relatively quiet, being shielded 
from both extra-terrestrial noise and terrestrial at- 
mospherics. 


k. Geocyclotron 


A new mechanism for accelerating charged particles 
in the outer ionosphere is proposed [Helliwell et 
al., 1960]. It is based on the properties of whistler- 
mode propagation, and the device for performing 
experiments is called the “geocyclotron”. A cir- 
cularly polarized swept-frequency VLF transmitter 
located on the ground or in a satellite accelerates 
relativistic electrons trapped by the earth’s magnetic 
field. Energy from a ground-based transmitter 
reaches the interaction region by propagating in 
the whistler mode. The frequency of the radiation 
is adjusted so as to equal the gyrofrequency of 
relativistic electrons circling the lines of force of 
the earth’s field in the plane of the geomagnetic 
equator. The frequency is decreased with time in 
such a way as to impart energy to the relativistic 
electrons. The mechanism is roughly analagous 
to that which takes place in a syncrocyclotron. 
The presence of the artificially accelerated particles, 
which should form a shell about the earth, could be 
detected with radiation counters carried in a satellite 
or probe. 

The geocyclotron could be used in various ways 
to study dynamic processes in the outer ionosphere 
as well as whistler-mode propagation. 


3.2. Dartmouth College 
M. G. Morgan* 
a. Whistlers-East 


A meridional chain of observing stations, nominally 
along W75° was set up to make synoptic observa- 
tions during the IGY from Thule to Florida, at 
Huancayo, and from Cape Horn to Antarctica. 
Fifteen stations were involved, each a story unto 
itself. Cooperating, in order of latitude, were 
Danes, Canadians, Americans, Bermudians, Peru- 
vians, Argentines, and Britons. Some results have 
been published by independent cooperating workers 
as for example the Godhavn, Greenland, results 
by Ungstrup [1959], and the Washington results 


*Dartmouth College, Hanover, N.H. 
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by Dinger [1960]. Geographically comprehensive 
studies have been made at Dartmouth and will 
soon be presented for publication. The following 
conclusions are based on the subjective reduction 
of the magnetic tapes and subsequent statistical 
analysis. (Latitudes given are geomagnetic.) 

(1) Whistlers. In the Northern Hemisphere, in 
the longitude under study, very nearly all whistlers 
observed are found to be “ong”’, and in the Southern 
Hemisphere, very nearly all to be “short”. There 
is a pronounced seasonal variation in activity with 
a large maximum in July and August and a smaller 
maximum in January and February. These maxima 
are found in the data from both hemispheres. In 
the northern winter months, the northern stations 
report more activity in long whistlers than do the 
the southern stations in short whistlers. 

The northern stations, Knob Lake (66°), Mont 
Joli (60°), and Dartmouth (55°), exhibit similar 
and consistent patterns of whistler activity, whereas, 
for reasons unknown, Washington (50°) and Bermuda 
(44°) are notably different. (A point to consider is 
that these two stations used long-wire antennas, 
whereas all others used loops.) 

In the Northern Hemisphere, whistler activity 
reaches a peak at about 55° and falls off rapidly 
above and below that latitude. In the Southern 
Hemisphere, it can be said that activity at Port 
Lockroy (53.0°) is significantly greater than at 
Ellsworth (67°) or at Ushuaia (43.3°). 

Generally speaking, there is a broad diurnal 
maximum of activity at each station during the night- 
time hours, and a distinct minimum just before local 
noon. The ratio of maximum activity to minimum 
varies widely from station to station and seasonally. 

At Battle Creek, 13° west of Dartmouth and 2° 
south, the pattern of behavior has been found to be 
similar to that at Dartmouth but at a much lower 
level. 

At Huancayo on the geomagnetic equator, no 
whistlers were reported, though the station was well 
run throughout 1958 and all of the tapes carefully 
monitored. Taking a time of very high whistler 
activity at Dartmouth and listening to the cor- 
responding recordings from Huancayo, it appears 
that very, very faint whistlers can occasionally be 
heard. They would never be detected without con- 
centrating attention on a particular moment as 
directed by observations from higher latitudes. The 
noise level at Huancayo is, of course, uniformly high. 

At Knob Lake (66°) only weak, long whistlers have 
been heard. At Frobisher Bay (75°), they are also 
heard but less often and even more weakly. They 
have not been heard at Godhavn (80°). Short 
whistlerlike signals having D=40 to 60 and a high 
minimum frequency have been heard at Frobisher 
Bay and Godhavn, but it is an unanswered question 
whether these are ordinary whistlers or some other 
form of emission. 

A study has been made of meteorological conditions 
at 06 h Z for 1957 October, November, and Decem- 
ber in an effort to discern a geographical pattern of 
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storms associated with long whistlers observed at 
Dartmouth. Of the 92 days involved, whistlers 
were observed at Dartmouth on 66 and none on 26. 
Storms with electrical discharges reported were 
located in the general area of eastern United States 
and the North Atlantic on 89 days. It is interesting 
to note that on the three days when no storms were 
reported, long whistlers were observed. 

The incidence of whistler echoes has been studied. 
Although it shows a large and smooth diurnal 
variation, very closely repeated from 1 yr to the next, 
ranging from 5 periods/month at 01h Z to 0.3/month 
at 14 h Z (respectively, 20 h and 09 h W 75° time); 
the diurnal variation of the probability that echoes 
will occur when whistlers are present, is only about 
2:1. The maximum and minimum of the probability 
curve occur at approximately the same time as those 
of the echo curves themselves. 

(2) Lonospherics. During the IGY, naturally 
occurring VLF phenomena other than whistlers, were 
grouped into three ill-defined categories: “chorus”, 
“hiss”, and “other”. Together these were called 
“VLF emissions”. We have now adopted the term 
“Sonospherics”’ for these, as contrasted with “tropo- 
spherics” (lightning). As defined for the IGY, 
“‘hiss’’ was taken to mean a broad band of noise of no 
special bandwidth or ferquency; phenomena which 
occurred as isolated events or ‘‘unusual’’ sounds were 
called “other’’; and most everything else, “chorus.”’ 
On the basis of these definitions, the following facts 
have been determined concerning chorus. 

In the Northern Hemisphere, stations at 55° to 60° 
show the most activity. The activity has a sharp 
maximum in April and May and a minimum in 
November and December. 

In the Southern Hemisphere, Ellsworth (67°) 
shows consistently greater activity than Port 
Lockroy (53.4°), and, remarkably, both show a 
pattern largely independent of the time of year. 
Chorus is rarely heard at Ushuaia (43.3°). At 
Ellsworth it is present about 40 percent of the time. 

The diurnal variation oi chorus activity is sharply 
defined at 11 h Z (6 h W 75° time), at Mont Joli 
(N 60°), and at Dartmouth (N 55°), whereas at 
Washington (N 50°) and Bermuda (N 44°), there is 
a maximum near 08 h Z (03 h W 75° time). Ells- 
worth (S 67°) and Mont Joli (N 60°) show almost 
identical activity but Port Lockroy (S 53.4°) shows 
hardly any notable diurnal variation. 

The diurnal variation seems to differ but slightly 
with the season. At Dartmouth, the station for 
which most data are available, activity for May— 
July and for August—October have about the same 
diurnal variation with a peak at 10h Z. The diurnal 
variations of the activity in the periods February— 
April and November—June are similar to each other 
but have a broad maximum at 09 to 12h Z. The 
level of activity for the spring months is about twice 
that for the winter months. 

As with whistlers, the pattern of chorus activity 
at Battle Creek has been found to be very similar to 
that at Dartmouth, but the level much lower. 











No ionospherics were reported from Huancayo, 
but chorus is heard up to the very highest latitudes, 
including Thule (N 88°). 

Very little analysis of “‘hiss’”’ and ‘‘other” has been 
carried out so far. It can be said that more hiss has 
been observed at Dartmouth than at any other 
station. 


b. E 4° (Geomagnetic) Stations: Successor to 
Whistlers-East 


Recognizing that the three southern hemisphere 
points, Ushuaia, Port Lockroy, and Ellsworth are 
about the best that can be had for the foreseeable 
future, and that the northern conjugate positions of 
these stations line up along W 65° (E 4° geomag- 
netic), attention has been concentrated along that 
line in the Northern Hemisphere. Frobisher Bay 
(75°) and Knob Lake (66°) lie close to that line. 
Mont Joli (60°) is being moved 150 miles northeast- 
ward to Moisie (61.7°) 15 miles east of Sept Isles on 
the north shore of the St. Lawrence Gulf, and a 
station is being established in southernmost Nova 
Scotia. The Bermuda station has been moved to a 
vastly improved location. Washington and Gaines- 
ville, Fla., have been discontinued, and Huancayo 
has been discontinued. 


c. Post-IGY Results 


Commencing with all data taken after 1959 July 1, 
the classification of ionospherics has been greatly 
refined and this is producing interesting new results. 
For example, the chorus data from Mont Joli (60°) 
and Dartmouth (55°), when restricted to rising 
tones only, recurring faster than 2/sec, and going 
above 2 ke/s, have a maximum occurrence at the 
same local time rather than 1.5 to 3 hr later at the 
higher latitude when all forms of chorus are lumped 
together. 














d. E 94° (Geomagnetic) Stations 


At the instigation of Dartmouth workers, stations 
have been set up on Saltholmen Island in the strait 
between Denmark and Sweden at Copenhagen, and 
at Marion Island 1,400 miles southeast of Cape 
Town. Although in geomagnetic latitudes N 55° 
and § 49°, respectively, these stations are very close 
to conjugate positions. A station has also been set 
up at Naples which is close to the northern conjugate 
of Durban, South Africa. These stations are in 
geomagnetic latitudes N 42° and S 32°, respectively. 
The two pairs of stations lie close to the E 94° 
geomagnetic meridian and are, therefore, exactly 90° 
east of the E 4° stations. In addition to whistler 
observations, the 16 ke/s whistler-mode signals from 
GBR in Rugby will be observed at Marion Island, 
which is less than 400 miles from Rugby’s conjugate 
position. 

The cooperating institutions are the Royal Tech- 
nical University of Denmark, the University of 
Naples, the University of Natal, and Dartmouth 
College. A graduate student from the University of 
Natal is spending a year at Marion Island. 


e. Angle of Arrival Measurements 


An experiment to measure the angle of arrival of 
whistlers and ionospherics by comparing the time of 
arrival at three stations mutually 100 km apart is in 
progress and results will be available for reporting to 
the XIIIth Assembly. 
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4. A Summary of VLF and ELF Propagation Research 


James R. Wait* 


4.1. Introduction 


The renewed interest in the VLF and ELF portions 
of the radio spectrum has been very evident in the 
3 yr since the previous General Assembly of URSI. 
Applications of VLF and ELF to long-distance 
communication, worldwide frequency standards, 
navigational aids, and detection of storms, are 
providing continuous motivation for further re- 
search in this field. ** 

It is the purpose of this report to summarize 
research activity in VLF and ELF propagation 
carried out in the USA since January 1, 1957. 
Attention is confined to published papers relating 
to terrestrial propagation, and thus reference to 
solar and exospheric phenomena is excluded. Closely 
related work carried out in other countries is also 
briefly mentioned. 


4.2. Theoretical Studies 


For certain applications at VLF, particularly at 
short ranges, it is permissible to neglect the presence 
of the ionosphere. In fact, at frequencies of the 
order of 100 ke/s the groundwave may dominate 
the skywave for ranges as great as 500 km. Further- 
more, with the use of pulse-type transmissions, 
such as used in the Cytac or Loran C navigation 
systems, the groundwave may be distinguished 
from the skywave for distances as great as 2,000 
km [Frantz, 1957; Dean, 1957; Frank, 1957]. With 
this motivation, a number of theoretical papers on 

roundwave bye em have poner in the 

iterature dealing specifically with: (a) Amplitude 
and phase versus distance curves [Johler et al., 1956; 
Wait et al., 1956a; Johler et al., 1959a]; (b) land-sea 
boundary effects [Wait, 1958b; Wait et al., 1957c]; 
and (c) propagation of electromagnetic pulses over 
the surface of homogeneous and inhomogeneous 
aba [Wait, 1956c; Johler, 1957; Wait, 1957h; 

ait, 1957a; Levy et al., 1958; Johler, 1958; Johler 
et al., 1959b; Wait et al., 1959b; Wait, 1957d]. 
The penetration of groundwave fields into the 
earth or sea has also been considered in some detail 
[Wait, 1959c; Wait, 1959d; Kraichman, 1960; 
Keilson, 1959] and the influence of earth stratifica- 
tion on the attenuation rate of the groundwave 
has been given further attention [Stanley, 1960; 
Wait, 1958e]. ° 

Unfortunately, in ew systems and at distances as 
small as 100 km from the source, the sky wave may 
often interfere with the groundwave. Thus, the 
total field may be considered as the resultant of a 
groundwave and a number of ionospherically re- 
flected waves in the VLF band at moderate ranges 





*National Bureau of Standards, Boulder, Colo. 
**The VLF band is here defined as the decade 3 to 30 ke/s and the ELF band 
covers the range 1.0 ¢/s to 3 ke/s. 
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(i.e., less than 1,000 km or so)[Wait et al., 1957b; 
Wait et al., 1957f; Johler et al., 1960; Pfister, 1953; 
Poeverlein, 1958a; Poeverlein, 1958b]. However, it 
appears to be more convenient to represent the total 
field as a sum of waveguide type modes for VLF at 
great distances and, for ELF, at nearly all distances. 
In fact, for many applications only one or two 
modes need be retained, since the higher modes are 
either ‘cutoff’ or have severe attenuation. A num- 
ber of papers on mode theory were presented at the 
VLF Symposium held in Boulder, Colo. January 
1957 [Liebermann, 1956b; Budden, 1957; Wait, 1957¢; 
Wait, 1957e]. In these, the ionosphere was repre- 
sented by a sharply bounded and homogeneous ion- 
ized medium, and the influence of the earth’s mag- 
netic field was neglected. Also, since the frequency 
could be assumed to be much less than the effective 
collision frequency, the ionosphere was equivalent to 
an isotropic conductor. More recent investigations 
of mode theory have removed some of the earlier 
restrictions. For example, the influence of stratifi- 
cation in the D and E regions was accounted for by 
using layered and exponential models [Shmoys, 1956; 
Wait, 1958a; Wait, 1960b; Bremmer, 1959]. 

It is interesting to observe that Al’pert in the 
USSR has also pursued the mode theory of VLF 
a 5. pe [Al’pert, 1956]. In his work he also 
neglects the earth’s magnetic field and, in his initial 
formulation, the ionosphere is sharply bounded. He 
treats the effect of ionospheric stratification by using 
an Epstein model which is strictly valid only for 
horizontal polarization. In much of the work on 
this topic, the effect of earth curvature is neglected 
for purposes of computing the attenuation of the 
modes. Some time earlier, Budden [1952} had ob- 
tained a first-order correction for earth curvature by 
using an earth-flattening type of approximation, and 
more recently Wait [1958f] had used a similar modi- 
fication in some published curves of VLF transmis- 
sion loss. From this work, it appears that earth 
curvature has a negligible effect on the modes for 
frequencies less than about 15 ke/s. 

Actually, for frequencies at the upper end of the 
VLF band (i.e., 15 to 30 ke/s), it is necessary to 
abandon first-order curvature corrections and to in- 
troduce higher-order approximations for the spheri- 
cal-wave functions which occur in the rigorous formu- 
lation. This aspect of the problem is discussed at 
length by Wait in a recent paper which includes an 
extensive discussion of related theoretical work 
[Wait, 1960c]. 

The influence of the earth’s magnetic field on the 
attenuation and phase of the modes is a difficult 
subject. However, if expressions for the plane-wave 
reflection coefficients for an anisotropic ionosphere 
can be derived, it is not too difficult to extend these 
to the computation of the modes [Budden, 1952; 
Wait, 1960c]. Thus, the results of Bremmer [1949], 















et al., 1957f; Johler et al., 1960] may be adapted for 
mode propagation between the curved earth and a 
doubly refracting ionosphere [Wait, 1960c]. Using 
such an approach, Crombie [1960] has adapted the 
plane-wave reflection coefficients for a transverse mag- 
netic field to the case of mode propagation around 
the magnetic equator. The latter example clearly 
demonstrates nonreciprocity in VLF propagation. 

While the mode theory would seem to be particu- 
larly appropriate at ELF, certain assumptions which 
are usually made become questionable. These 
longer wavelengths penetrate further into the iono- 
sphere so that the sharply bounded model must be 
modified [Bremmer, 1959]. Another approach is to 
postulate an effective increase in the ionospheric 
height as the frequency decreases [Pierce, in press]. 
Even more important at ELF is the fact that dis- 
tance from source to observer is usually comparable 
with the wavelength. Thus, the numerical treat- 
ment of the mode series has been considered by 
Wait [1960a] for unrestricted distances. 

Again using the concept of modes, the propagation 
of both VLF and ELF pulses has also received con- 
siderable attention [Liebermann, 1956b; Wait, 1960a; 
Wait, 1958c]. Of some importance is the manner in 
which the quasi-half periods of the oscillatory wave- 
form of the pulse vary with range and time [Wait, 


1958c]. 


4.3. Experimental Studies 


Since the observed characteristics of VLF and 
ELF propagation depend on so many factors, one 
mal be careful in placing undue emphasis on any 
single experiment. In particular, the validity of a 
particular theoretical model cannot be established 
on a basis of experimental data obtained in a single 
geographical area and for restricted intervals of 
time. Nevertheless, certain experiments are crucial 
in the sense that they confirm the concept of the 
model. For example, if the measured dependence of 
VLF field strengths on distance and frequency are in 
general accord with theoretical predictions, one can 
say that, at least for those ionospheric conditions, 
the model is perhaps adequate in a phenomenologi- 
cal sense. 

A crucial test of the waveguide mode concept of 
VLF propagation was provided by Heritage, Weis- 
brod, and Bickel [1957] in a series of airborne meas- 
urements of field strengths in the Pacific Ocean. 
They utilized transmissions in the frequency range 
of 16 to 20 ke/s from the United States, Hawaii, 
and Japan. The daytime experimental data were 
in good agreement with the mode theory as indicated 
by Wait [1957g]; however, the nighttime data were 
highly variable and certain nonreciprocal effects 
were in evidence. 

The U.S. Navy is also conducting a Jong-range 
study of VLF propagation characteristics by means 
of measurements made over several paths selected 
to show the effects of various geophysical conditions 


Yabroff, [1957], and others [Wait et al., 1957b; Wait | encountered (private communications from H. E. 
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Dinger, Naval Research Laboratory). 
Phase variations of the 16 ke/s carrier signal of 
station GBR in England have been measured by 
Pierce (J. A.) [1955; 1957] in Cambridge, Massa- 
chusetts. The diurnal variation of the change of 
the phase has been interpreted by Wait [1959a] in 
terms of mode theory in a satisfactory manner. 


4.4. Recent Applications of VLF Propagation 


Research in VLF propagation has been prompted 
by many important applications. In particular, the 
low attenuation and high-phase stability of VLF 
signals make it feasible to set up a worldwide fre- 
quency standard employing only one transmitter. 
A careful study of this problem by Watt and col- 
leagues [Watt et al., 1959] indicates that a minimum 
radiated power of 10 to 100 kw for frequencies of 
20 ke/s would be required. Minimum observation 
times of 15 to 30 min would be needed to obtain a 
precision of frequency of 1 part in 10°. Another 
application is to long-range navigational systems such 
as the Radux-Omega in which the phase difference 
between two widely separated transmitting stations 
is measured. Frequencies used in this system are in 
the range 10 to 18 ke/s with typical phase stabilities 
on a path of 8,000 km of 4 secs in day and 5y sees 
at night [Casselman et al., 1959]. 

By application of highly precise quartz oscillators 
coupled with the use dt sidttie frequency standards, 
it has become possible for the U.S. Navy to stabilize 
its existing VLF transmitters so as to provide ex- 
tremely accurate frequency and time information 
tO naval units on a worldwide basis. The Naval Radio 
Station (NBA) at Balboa in the Canal Zone, Pana- 
ma, has been equipped by the Naval Research 
Laboratory for this service and is now transmitting 
precise time and constant frequency. The Pearl 
Harbor, San Francisco, Culter, and Annapolis 
stations will be controlled by constant frequency as 
soon as equipment becomes available. Thus, no 
additional VLF spectrum will be required to provide 
the entire Navy with complete synchronization 
of time and frequency. These transmissions should 
also provide an excellent tool for propagation studies 
at VLF (private communication from H. F. Hastings, 
Naval Research Laboratory). 

Many studies of VLF propagation have been 
made using lightning strokes as a source of energy. 
For example, Watt and Maxwell [1957a] showed that 
the propagation modified the spectral content of 
atmospheric radio noise in a manner which again 
was quite compatible with mode theory. In par- 
ticular, the predicted absorption band [Wait, 1957e] 
at frequencies around 3 ke/s was confirmed. Atten- 
uation rates at VLF have been deduced from the 
spectral analyses of atmospheric waveforms observed 
simultaneously at widely separated stations [Taylor 
et al., 1959a; Taylor, 1960]. Asimilar technique has 
been developed for deducing phase characteristics of 
VLF propagation in a frequency range from 1 to 30 
ke/s [Jean et al., 1960]. 
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Experimental studies at ELF have been primarily 
devoted to the recording of the ELF or “slow tail’ 
portion of the atmospheric waveforms (Liebermann, 
1956a; Holzer et al., 1957 ; Tepleu, 1959]. In many 
cases, it appears that this ELF part of the waveform 
is a highly damped pulse with seldom more than two 
half-cycles with periods of the order of several 
milliseconds. The relation of ELF wave shapes to 
the orientation of the lightning stroke has been 
recently analyzed [Wait, 1960a]. 

In presenting propagation data at VLF and ELF 
care should be used in properly separating the losses 
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due to propagation and those due to the antenna 
systems. It is important that the change 
of impedance of the antennas due to the ground 
plane be accounted for. To retain the basic idea of 
power transfer introduced by Norton [1953], yet 
Separate out the influence of the antenna environ- 


| ment, the concept of “propagation loss” was proposed 


[Wait, 1959e]. It forms one component of the 
system loss [Norton, 1959] which is the decibel ratio 
of the power into the terminals of the transmitting 
antenna to the power available at the terminals of 
the receiving antenna. 











The hypothesis that hydromagnetic waves [Alfvén, 
1942; Lundquist, 1949] occur in the ionosphere has 
been pursued theoretically, observationally and 
experimentally in the United States. 

The theoretical investigations have usually taken 
the form of arguments for the existence of these 
waves, since the conditions for their propagation 
exist in the region [Dessler, 1958]. The theories of 
the consequences of the waves have then been 
extended to explain certain geophysical phenomena, 
such as the sudden commencements of magnetic 
storms [Francis etal., 1959; Dessler et al., 1959a] and 
auroras [Warwick, 1959], ionospheric heating [Dessler, 
1959b], ionospheric tides [White, 1960a; 1960b], and 
the motion of ionized gas near the earth [Gold, 1959]. 

A review of the observations of geomagnetic oscilla- 
tions suggests that they may be explained by waves of 
the Alfvén type [Maple, 1959] excited by solar dis- 
turbances since 27-day solar dependence and cor- 
relations with magnetic and ionospheric F-layer 
disturbances were evident [Campbell, 1959; Berthold 
et al., 1960; Campbell, 1960]. 
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5. Hydromagnetic Waves and ELF Oscillations 
in the Ionosphere 


Watts* 


However, hydromagnetic oscillations do not seem 
to explain other classes of electromagnetic disturb- 
ances [Watts, 1957; Gallet, 1959b] whose frequencies 
are principally well above those characteristics of 
geomagnetic micropulsations. Therefore, emphasis 
has been placed on the the theory of traveling wave 
amplification to explain those phenomena [Gallet et 
al., 1959a; Bell et al., 1959]. 

During the triennium 1957 to 1960 controlled ex- 
periments have become feasible, using rockets, arti- 
ficial earth satellites, and nuclear explosives. It 
has been possible to create hydromagnetic waves in 
the ionosphere by explosions and observe them by 
rockets and satellites [Nat. Acad. Sci., 1959; Kel- 
logg et al., 1959]. That the magnitude of these 
effects is comparable with the magnitudes of nat- 
ural occurrences is evidenced by the records of 
conventional magnetometers and by the sighting of 
auroras [Matsushita, 1959; Steiger et al., 1960]. 

A rocket alone has shown evidence of instability 
in the distant geomagnetic field. Measurement of 
the magnetic field intensity vector at large distances 
from the earth indicated a complex behavior, including 
nearly periodic oscillations which may have been 
due to hydromagnetic waves [Sonett et al., 1959]. 
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6. The Exosphere 


James M. Watts* 


6.1. Introduction 


The lower boundary of the exosphere may be above 
defined variously as the ionospheric level just about 
the entire F' region, as the critical level above which 
particles encounter no collisions and are, therefore, 
in free flight, or as the level above which hydrogen 
is the predominant constituent. If the outer 
boundary is taken to be 6 to 8 earth radii, including 
most of the gas within the region of influence by the 
earth’s magnetic and gravitational fields, the exo- 
sphere includes the entire region in which whistlers 
are greatly dispersed, in which VLF emissions may 
originate, in which geomagnetic micropulsations are 
supposed to originate, and in which the earth’s 
trapped radiation lingers. 

Therefore, significant understanding of the exo- 
sphere has been achieved by observing those phe- 
nomena. The reader is referred to the USA report 
on whistlers for the extensive observations of whis- 
tlers and VLF emissions during the IGY, and to the 
report on hydromagnetic waves and ELF oscillations 
for references giving the USA work in that region. 


6.2. Theories of the Exosphere 


a. Magnetic Storm Effects 


During 1956, the hypothesis was developed that 
solar corpuscular radiation can be injected into the 
earth’s magnetic field and trapped there [Singer, 
1956]. The particles were considered to create an 
electric current which was held responsible for the 
main phase of magnetic storms [Singer, 1957]. 
Later, a mechanism based on Fermi accelerations 
for increasing the energy of some of the particles 
sufficiently to produce some of the auroral effects 
was proposed [Singer, 1958a; 1958b]. It seemed 
very possible that the electrons thus accelerated 
can be identified with the outer radiation belt while 
the protons injected directly from the sun are re- 
moved after a very short time by charge exchange 
with neutral hydrogen in the earth’s exosphere, 
thus bringing the magnetic storm to a decline {after 
1 or 2 days [Singer et al., 1960]. 


b. Radiation Belt Theory 


Some work on properties of geomagnetically 
trapped particles was done prior to their discovery, 
for example: their penetration into the auroral 
ionosphere [Rhodes, 1959], the behavior of trapped 
cosmic ray albedo [Griem et al., 1955], and an experi- 
ment for their detection was discussed [Singer, 
1958d]. 

Following the discovery of trapped radiation in 
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Explorer I in May 1958, the neutron albedo theory 
was developed as a means of explaining the presence 
of hard radiation and calculated its approximate 
altitude distribution, noting the probable existence 
of a maximum close to the earth [Singer, 1958e; 
1958f]. Following this, the existence of two belts 
was predicted explicitly, one an inner belt close to 
the earth’s equator produced by cosmic ray neutron 
albedo, and another an outer belt of solar origin and 
connected with the aurora [Singer, 1958a]. These 
features were roughly verified by the Pioneer and 
Lunik probes. 

In detail, calculations were made of the lifetime 
of trapped particles both for protons and for electrons 
[Wentworth et al., 1959]. The distribution in 
energy and in space of trapped protons was in- 
vestigated [Singer, 1959c]. 


c. Composition of the Exosphere 


The distribution of neutral particles in an exo- 
sphere, taking into account ballistic and escape 
orbits, was calculated [Opik, et al., 1959]. 

Some theoretical work based on knowledge of 
general features of the ionosphere have led to extrap- 
olation of these features into the exosphere, in 
order to predict the composition [Singer, 19596] and 
densities (Johnson, 1960; Wright, 1960] above the 
F-layer maximum. From the latter work it appears 
that the region of the exosphere nearest the F-layer 
is expected to have a profile resembling a Chapman 
layer with a scale height of 100 km. 


6.3. Experiments in the Exosphere 


Experimentally, the region has been explored in 
several different ways. Rockets for the first time 
penetrated the region [Van Allen, 1957; Harris et al., 
1959] and were the forerunners of the well-known 
artificial satellite experiments which have delineated 
the high-intensity radiation belts in the exosphere 
[Van Allen, 1959b; Van Allen et al., 1959a; Van 
Allen et al., 1958a and 1958b; Stuart, 1959]. High- 
altitude explosion of nuclear devices has shown that 
the radiation belts can be modified artificially and 
the resulting decay studied to verify that the theory 
of radiation trapping provides the correct way of 
interpreting the natural radiation [Singer, 1959a; 
Nat. Acad. Sci., 1959b]. 

Experiments not involving satellites and rockets, 
however, are relatively inexpensive and are well 
adapted to measuring the electronic content of the 
exosphere. 

The moon radar measurements of Faraday rota- 
tion [Bauer et al., 1958] have given an excellent 
picture of the total electron content of the ionosphere 
plus exosphere and its variation with time. 











An entirely new technique for vertical incidence 
sounding of the ionosphere [Bowles, 1958] has the 
advantage that blanketing reflections do not obscure 
details above the maxima of layers, since all reflec- 
tions are partial for the frequencies used. This use 
of extra high power and sensitivity in a sounder 
enables true heights and electron densities to be 
measured directly and should be a powerful means 
of studying the nearer regions of the exosphere. 
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Report of U.S. Commission 5 URSI, 
RADIO ASTRONOMY 


Review of Developments Occurring Within the United 
States of America in the Field of Radio Astronomy 


1. University of Alabama 


Measurements of radiation from the sun and moon 
at millimeter wavelengths have been continued. 
The effective temperature of the sun, averaged over 
the entire disk, is found to be 6,500 °K at 8.6 mm. 
This temperature is in agreement with the trend 
shown by earlier measurements in this laboratory, 
which indicated temperatures of 4,500 °K at 6 mm 
and 5,600 °K at 7.5 mm. In these figures, the an- 
tenna efficiency and the effects of atmospheric 
attenuation and radiation have been taken into 
account. 

Earlier experiments on lunar radiation between 7 
and 8 mm have been repeated with better precision 
using a 60-in. paraboloidal antenna. A variation 
of lunar temperature with phase has been noted. 
There is evidence that the temperature varies with 
phase in a rather complex manner. The maximum 
temperature, averaged over the entire disk, is about 
175 °K, and it occurs some 4 days after full moon. 
The minimum temperature, about 125 °K, occurs 
near new moon. 

Work in progress includes the development of a 
model for radio emission from the lunar surface, and 
a program to determine the utility of a crystal audio 
radiometer for solar and lunar measurements in the 
wavelength range between 3 and 8 mm. 

Bibliography: Mitchell, Whitehurst, Weaver (1957); 
Mitchell, Whitehurst (1958); Tyler, Whitehurst, 
ion (1958); and Weaver, Mitchell, Whitehurst 
1958). 


2. Air Force Cambridge Research Center 
Sagamore Hill Radio Astronomy Observ- 
atory 


During the period 1957-1960, radio astronomy 
techniques were used on a number of occasions to 
make measurements of atmospheric absorption, re- 
fraction, and scintillation with both solar and stellar 
radiation as the source of rf energy. 

In July 1957, a comparison-type radiometer was 
used to make such measurements at C band (4,700 
Mc/s) [Castelli, Aarons, Ferioli and Casey, 1959] with 
the sun as a source. Previous measurements by this 
group [Aarons, Barron, and Castelli 1958] had been 
made at 3.2 cm, 8.7 mm, and 218 Mc/s. The mean 
absorption, based on average solar temperatures at 
the various elevations for the period, was 0.00348 
db/km. Average refractive errors were approxi- 
mately the same as in the optical region although 
deviations from the mean‘during any day,were large. 





At C band, atmospheric scintillations for periods 
ranging from 0.5 to 90 sec. were recorded. At low 
angles, the scintillation amplitudes ranged from 2 to 
20 percent of antenna signal temperature; at high- 
elevation angles, they rarely reached 10 percent and 
were generally less than 1 percent. Although the 
low-angle scintillations are probably of atmospheric 
origin, correlation between them and many meteoro- 
logical parameters at ground level was unsuccessful. 

Further light was shed on these phenomena by 
measurements made at three different frequencies 
(224, 1,300, and 3,000 Me/s) during the solar eclipse 
of October 2, 1959 and during a control period 
bracketing this date [Aarons, Castelli, Straka, and 
Kidd, 1960: Aarons and Castelli, 1960]. Average 
refraction corrections were worked out during the 
control period to permit accurate antenna pointing 
and tracking of the sun. Interferometric solar maps 
for this period, taken by Bracewell at 3,300 Me/s 
and by Christiansen at 1,420 Me/s, indicated the 
presence of plage areas on both the east and west 
limbs of the sun: maps at 169 Mc/s by Denisse and 
Simon indicated no point sources of solar activity 
at this frequency range. A study of the signals 
received at the various frequencies revealed that 
scintillations of the signal were recorded for those 
frequencies (1,300 and 3,000 Me/s) for which con- 
stant point sources of energy existed on the sun. 
During the early part of the eclipse, when the larger 
part of the solar disk was eclipsed and only the 
point sources were uncovered, scintillations of very 
Jarge amplitude were evident. The periods ranged 
from 25 to 140 secs and large scintillations were 
recorded mainly for observations made below 4° 
of elevation. 

Throughout the period studied, scintillations at 
the 1,300- and 3,000-Mc/s frequencies were re- 
markably well correlated in detail despite the fact 
that the frequencies had a ratio of 2.3 to 1, the 
apertures of the two antennas on which the data 
were received were quite different (84 and 8 ft.), 
and the two antennas were separated by 80 ft. 
Therefore, it has been concluded that, for this 
frequency range, the shadow patterns generated by 
the radiofrequency active areas on the sun are not 
frequency dependent: and that, within the distance 
between the centers of the two antennas, a single 
shadow pattern exists. 

In cooperation with Stanford University, further 
analysis of the 3,000 Mc/s eclipse measurements 
was made, [Straka, Swarup, 1960] by comparing 
them with a 3,300 Mce/s two-dimensional solar 
brightness distribution map experimentally obtained 
at Stanford University jby means of their inter- 

















ferometric cross 14 hr. before the eclipse. When 
the difference between the time at which the map 
vras made and the time of the eclipse was taken 
into account, the curve obtained by artificially 
eclipsing the 3,300-Mc/s solar map was found to 
agree fairly well with the experimentally obtained 
eclipse measurements modified to compensate for 
absorption. In addition, the slope of the modified 
eclipse curve as a function of time was calculated 
at l-min. intervals and averaged over a 2-min. 
period to smooth out scintillation effects. Reasonable 
agreement was obtained between increases in these 
slope measurements and the uncovering of spot 
regions on the interferometric map during the 
course of the eclipse. 

During the lunar eclipse of March 13, 1960, a 
series of measurements of lunar temperatures at 
1,300 and 3,000 Mc/s were made. Drift curves 
were taken of the moon with the 84-ft. Sagamore 
Hill Radio Telescope. Short-time constants were 
used and an accuracy of +2 percent resulted. For 
these frequencies, lunar temperatures were constant 
throughout the period of the eclipse. Additional 
measurements and analyses are being made at these 
same frequencies in order to determine tempera- 
tures over a lunation. 


3. U.S. Army Signal Research and De- 
velopment Laboratory 


A program was established for observing the 
neutral hydrogen emission in the Andromeda nebula 
with the 60-ft. dish at the Evans area of USASRDL. 
However, shortly after the program began, the dish 
was requisitioned for Project Tiros. The dish should 
be released from this project in a few months. There 
is a possibility that radio astronomy research will 
be resumed either with this dish or with an 85-ft. 
dish in the Deal area, construction of which is 
scheduled to begin in 3 months. 

After the change in project for the 60-ft dish, the 
21-cm receiver was loaned to the Yale University 
Observatory with the understanding that it would 
be available part-time to Signal Corps personnel for 
research. In September 1959, by mutual agreement, 
the receiver was transferred to the Agassiz Station 
of the Harvard College Observatory. 

External: Contracts with Cornell University and 
Dr. H. G. Booker entitled “Studies on Propagation 
in the Ionosphere”’ continued throughout this period. 
Papers under this contract have been presented at 
each URSI meeting. A new contract with the 
University of Virginia and Dr. E. C. Stevenson 
entitled ‘Research in Stellar Scintillations’ is 
presently being negotiated. 


4. California Institute of Technology 
Owens Valley Radio Observatory 


_ One of the 90-ft telescopes commenced operation 
in April 1959 on a frequency of 960 Mc/s and was 





656 








used principally for a “finding” program on radio 
stars and a survey of the Galaxy. The principal 
results from this unit up to January 1, 1960 were: 

(1) The discovery of a band of decimeter radiation 
from Jupiter—following a lead provided by NRL; 

(2) the finding of an extensive two-jet structure 
in NGC 5,128/Centaurus-A which is an almost 
perfect model for Cygnus-A; 

(3) the result that the nonthermal radio stars have 
a very small spread in spectral index; and 

(4) a survey of the galactic plane listing 110 
galactic sources together with angular sizes and 
probable spectra. About half the sources can be 
identified with supernova remnants or emission 
nebulae. 

The second 90-ft telescope began operation in 
September 1959 with a 21-cm line receiver. Absorp- 
tion lines have been found in five additional galactic 
sources. Narrow-band self-absorption effects in a 
region near the anticenter suggests the presence of 
a considerable amount of hydrogen in dense cool 
clouds. 

The two telescopes commenced operation as an 
interferometer at 960 Me/s on January 15th. Using 
a spacing of 200 wavelengths, i.e. a fringe separation 
of 20 mins of arc, the minimum detectable signal 
(defined as having an amplitude equal to peak-to- 
peak noise fluctuations) is 4 10~” watts m~?(¢/s)~}. 

Observations to date include: 

(1) Intensity measurements of 600 radio stars for 
the purposes of comparison with LF measurements 
in order to determine spectra. 

(2) Angular size measurements of 220 radio stars 
including observations so far at five different base- 
lines. About 100, mainly galactic objects have been 
resolved. This program is continuing. 

(3) Precise position measurements on 70 radio 
stars. The results have now made certain the 
identification of at least 18 galaxies or multiple 
galaxies as radio emitters. One position has led to 
the discovery of the most distant cluster of galaxies 
oe a red shift of at least c/2 and perhaps 
2¢/3. 

(4) The radiation from the planet Jupiter at 960 
Me/s is 40 percent linearly polarized with the plane 
of polarization parallel to the equator. 

Negative results have been obtained from obser- 
vations of Mercury and Venus (upper limits are 
close to black body expectations) and on a number 
of planetary nebulae. For the latter it appears that 
earlier observations by Drake are in error. 


5. Carnegie Institution of Washington De- 
partment of Terrestrial Magnetism 


Since early 1957, a 340 Me/s, 30 element Chris- 
tiansen array giving 4.8’ resolution on the sun has 
been in nearly continuous operation. The quiet 
sun, the slowly varying component, and active 
bursts have been extensively studied. In 1959 this 
was supplemented by a north-south array of 16 
elements. A 16-element, 87-Mc/s array has also 
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been constructed and used to study radiation from 
the active sun. 
Two corner reflectors each 600 ft long were con- 


structed for use at 400 Mc/s. Used separately they 
give a resolution of 12’ and as an interferometer 
4’ fringes are obtained. The arrays have been used 
to measure accurate radio source positions and 
brightness distributions of extended sources. We 
have demonstrated that these arrays give an abso- 
lute accuracy of 1’ and a relative accuracy of 0.1’ 
in measuring right ascension of strong sources. 

With small arrays the flux intensities of the 
brighter sources have been measured from 18.5 to 
207 Mess. 

The 54-channel hydrogen radiometer began regu- 
lar operation in 1958. The first project was a map 
of high latitude galactic hydrogen. This has been 
followed by a survey of the galactic circle between 
latitudes +20 deg. These surveys covering the 
entire sky visible from Washington, D.C. are now 
virtually complete. The equipment is now being 
transferred to a larger (60-ft) paraboloid. 


6. Cornell University 


IGY activities. A 200 Me/s solar noise patrol 
and an ionospheric-radio-disturbance flare patrol 
were maintained. Data were sent regularly to the 
IGY data centers, and to the editor of the Quar- 
terly Bulletin of Solar Activity. These patrols 
were maintained continuously from the beginning 
of the period through December 31, 1958. 

Solar burst polarization studies. Polarization of 
radiation from the active sun was measured using 
a narrow band 200 Me/s polarimeter [Cohen, 1958a, 
1958b]. Early measurements showed that a few 
percent of Type IIT bursts were weakly linearly 
— [Cohen, Fokker, 1959; Cohen, 1959}. 

easurements made during the Spring and Sum- 
mer of 1959 showed that a larger group of Type 
III bursts was weakly Jinearly or elliptically polar- 
ized, and that the degree of polarization decreases 
with the analyzing bandwidth. These results are 
interpreted in terms of Faraday rotations in the 
corona, an amount 10‘ radians or more [Akabane, 
Cohen, in press]. 

Radio wave propagation in the corona. Theoret- 
ical studies are being made of magneto-ionic mode 
coupling by means of magnetic field gradients in 
the corona [Cohen, in press]. ‘“Transition’’ frequen- 
cies have been computed; for a given geometry 
these are at the transition between weak coupling 
(low frequencies) and strong coupling (high frequen- 
cies). The theory explains the observation that the 
wide-band microwave bursts commonly have oppo- 
site rotation directions at 1,000 and 10,000 Me/s. 


7. Collins Radio Company 


Research conducted by the Radio ong ager 
Group of the Collins Radio Company since the 12t 
General Assembly has been largely devoted to 8.7 mm 





and 1.9-cm solar and lunar observations, atmospheric 
emission, attenuation, and refraction investigations, 
and to the achievement of precise, all-weather navi- 
gation systems utilizing solar and lunar radio emis- 
sion. Associated activities have included extensive 
radiometric instrumentation and structural design 
to achieve precision determination of solar and lunar 
positions, absolute antenna temperature calibration, 
and combined radiometric and phase-locked tracking 
ability for deep-space research. 


The use of a combined radio sextant-radio tele- 
scope for simultaneous measurement of angle of 
arrival and received power has been found to be of 
great value in the study of atmospheric attenuation 
and refraction [Iliff, Marner, 1960]. It has been 
possible to determine atmospheric attenuation con- 
stant as a function of height above the earth at 
8.7 mm [Marner, 1956] and 1.9 cm [Marner, 1958a] 
and to determine atmospheric refraction as a func- 
tion of altitude angle and surface meteorological 
conditions [Marner and Iliff, 1958]. New high- 
precision Measurements are in process. 


Emission from the atmosphere at these wave- 
lengths has also been observed as a function of 
altitude angle and weather conditions, and it ap- 
pears possible to account for the observed power 
levels by the use of the same model atmospheres as 
used in the attenuation case [Marner, 1958b]. The 
absence of good absolute calibration facilities left 
some question as to whether any galactic radiation 
is detectable, and new efforts are being made to 
achieve excellent calibration relative to absolute 
zero. Substantial improvement in the atmospheric 
emission data is also anticipated. 


Interesting fluctuation properties have been ob- 
served in all of these processes, and new high figure 
of merit receivers and combined analog-digital re- 
corders are being placed in operation to study these 
atmospheric characteristics. Several daily radio- 
sonde observations will be used in conjunction with 
the emission, attenuation, and refraction observa- 
tions. 


An extensive study has been made of the effect of 
atmospheric phenomena upon precise determination 
of the position of the sun, the moon, and the discrete 
sources [Bellville, Holt, and Iliff, 1958]. The at- 
tenuation and emission gradients with respect to 
altitude angle, as well as the refraction, cause ap- 
parent displacements of the celestial source position 
which, in some circumstances, can be of substantial 
significance. The general principles have been 
worked out, and numerical examples computed for 
the microwave region by use of the atmospheric data 
cited above. By employing special instrumentation 
techniques intended to reduce bore-sighting errors, 
direct observations of these effects while tracking 
the moon have produced experimental verification 
of the theory. 

The same tracking equipment is currently being 
used to study the location of the radio symmetry 
center of the sun and moon. Extensive data reduc- 
tion programs are now in process. 
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The use of the combined radio-sextant radio tele- 
scope allows excellent attenuation corrections and 
the new equipments will be used to make careful 
studies of solar and lunar temperatures as a function 
of time and wavelength. Extensive solar activity 
observations are currently being reduced. 

The radio astronomy techniques have been applied 
to the achievement of precise all-weather marine 
navigation systems [Marner, 1959, 1960a]. It has 
been found practical to achieve such navigation by 
the use of solar and lunar radiation. 

The past period has experienced the advent of a 
new class of celestial object—the man-made satellites 
and space probes. An extensive amount of work has 
been done relative to the radio observation of these 
sources. Major tracking facilities were constructed 
for the Jet Propulsion Laboratory at Goldstone, 
California, Cape Canaveral, Florida, and Puerto 
Rico [Brockman, et al, 1960]. These employ phase- 
locked receivers [Jaffe and Rechtin, 1954; Hamilton, 
1959] to accomplish angle tracking and telemetering 
functions for space probe research. Successful data 
reception was experienced with the Pioneer IV lunar 
probe until battery exhaustion at 407,000 miles 
range. The 0.2-w transmitter would otherwise have 
maintained contact to a range of 1.1510° miles. A 
worldwide network of receiving stations is currently 
being installed for an extension of such space re- 
search. 

The use of artificial satellites for communication 
has been studied and extensive observing facilities 
are being erected for radio scattering research in this 
connection. Research in the use of satellites for 
navigation has also been under way [Marner and 
McCoy, 1959; Marner, 1960], and planning is being 
conducted for balloon and _ satellite-borne radio 
astronomy research. A considerable expansion of 
these areas of research is anticipated during the next 
period. 


8. University of Colorado High-Altitude 
Observatory 


The most important development in our radio 
astronomy program since the last General Assembly 
is a radio spectrograph covering the range 15 to 60 
Me/s. This spectrograph sweeps this range once per 
second, at a bandwidth of the order of 20 ke/s. It is 
a phase-switch interferometer in order to make pos- 
sible the detection of radio stars, and to measure 
changes in the position of radio sources. The receiver 
has a detector operating on the minimum detection 
principle, which permits the output recorder to omit 
the strong pips that would be produced on the record 
by interfering stations, atmospherics, and other types 
of undesirable noise, most troublesome in this LF 
range. 

This receiver, in operation since July 1959, has 
built up a considerable amount of observational 
material on solar and Jupiter emission, and radio 
star scintillations. The observations of solar emis- 
sion have been partially reported in the Astrophysical 














Journal,’ Vol. 131, No. 1, January 1960, pp. 61-67. 
The remaining observations are as yet unpublished. 

One of the principle objectives of our work has 
been in the study of ionospheric effects on discrete 


sources, in the low frequency range. To provide a 
stable means of routinely observing the larger 
sources, we have constructed a pair of scaled inter- 
ferometers’operating at 18 and 36 Mc/s, respectively. 
These interferometers regularly observe the meridian 
transits of Cassiopeia A, Cygnus A, and Taurus A. 
As a byproduct of these records, we have been able 
to estimate the sources in the LF range, where con- 
siderable discrepancies in the reported flux densities 
appear in the literature. Furthermore, it has been 
possible to observe Taurus A fairly close to the time 
of its occultation by the solar corona, near the middle 
of June. Our observations here cover only one 
occultation, that of June 1959, during which the sun 
was quite active. There is doubt about the precise 
time of ingress andfegress from\the corona, although 
with some reliability we can state that we have 
observed the source as early as 1 July, 1959, within 
2 weeks offoccultation. 

These interferometers also provide a stable system 
for measures of the fluctuations in position of solar 
emission sources. From day to day, there are often 
striking changes in position which seem much too 
large to be accounted for by ionospheric effects such 
as scintillations or traveling disturbances. In this 
work we have been aided considerably by our swept- 
frequency interferometer. 

The strong period of solar emission during the 
last week of August 1959 produced a splendid set of 
records, both with the spectrograph and with the 
fixed-frequency interferometers. The observations 
that are reported by NERA and the Fraunhofer 
Institute in the Information Bulletin of Solar Radio 
Observatories in Europe are confirmed by our 
records. Especially, we have detailed positional and 
intensity spectra, to our lowest limit at 15 Mc/s, of 
the enormous fluctuations in the apparent intensity 
of the solar noise during 23, 24, and 25 August. We 
also confirm the important sunset effects and their 
probable origin in ionospheric scintillations. Study 
of these records is still proceeding, and it is pre- 
mature for us to identify which component of the 
fluctuations of the radiation during this event is 
produced locally and which may be produced in inter- 
planetary space as suggested by Fokker. If such a 
separation is possible, however, our records, which 
show larger changes in these fluctuations, as a 
function of frequency, should provide strong observa- 
tional tests for theories of their origin. 

The final important material that has become 
available since the last Assembly is observations of 
the spectrum of Jupiter radio emission from 15 to 
35 Mc/s. The striking feature of this emission on 
two of its strongest occasions is that the gross center 
of gravity of the emission appears first at the low 
end of the frequency range, and moves slowly 
towards higher frequencies, at 1 octave per hour. 
Interpretation of these records is still in progress. 
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However, there seems to be some possibility of 
connecting the emission to the presence of a mag- 
netic field in Jupiter’s atmosphere, and of identifying 
the mechanism with the synchrotron effect. Much 
remains to be done, especially in studies of the 
spectrum of the polarization of Jupiter bursts, of the 
time variations in the decimetric radiation, and 
between the decimetric radiation and the decametric 
radiation. 


9. Harvard University Radio Astronomy 
Station 


The research program at the Harvard Radio 
Astronomy Station, Fort Davis, Tex., has been 
devoted mainly to solar radio astronomy. The sta- 
tion has sweep frequency equipment covering the 
band 25 to 580 and 2,000 to 4,000 Mc/s, that is 
nearly 6 octaves of the electromagnetic spectrum 
[Maxwell, Swarup, Thompson, 1958; Maxwell, 1958; 
Maxwell, 1959]. Considerable efforts have been 
made to ensure continuity of the observations, and 
the Station has now accumulated and analyzed in 
detail some 3 years’ records covering the maximum 
of the solar cycle. The characteristics of the various 
solar radio bursts and the statistics of their occur- 
rence have been examined [Maxwell, Howard, 
Garmire, 1959; Goldstein, 1959], as well as their 
association with flares and prominences [Swarup, 
Stone, and Maxwell, 1960]. It has been shown that 
most slow drift bursts (Type IJ) and large continuum 
outbursts (Type IV) are generally associated with 
flares of large area and intensity, and that the fast 
drift bursts (Type IIT) are often associated with 
flares of lower importance. 

The slow drift bursts, which are believed to be 
caused by a primary disturbance moving outwards 
through the solar atmosphere with a velocity of 
about 1,000 km/sec, are about 45 percent associated 
with the subsequent occurrence of terrestrial geo- 
magnetic storms. The geomagnetic effects are en- 
hanced if the bursts occur near the equinoxes, and 
if they are accompanied by a flare of importance 2 
or 3, or by continuum radiation [Maxwell, Thompson, 
Garmire, 1959]. It has also been shown that the 
continuum bursts frequently precede the bombard- 
ment of the upper atmosphere by solar protons with 
energies up to about 300 MeV (low energy solar 
cosmic rays). The minimum time delay between 
the onset of the radio burst and the arrival at the 
earth of solar protons is the order of 45 min [Thomp- 
son, Maxwell, 1960a, b]. 


10. Hayden Planetarium 


_ The Hayden Planetarium has a phase switching 
interferometer operating approximately at 20 m. 
Each array consists of eight inline dipoles oriented 
north-south, the arrays spaced 590 ft east-west. 
The dipoles are soon to be turned 90°. The equip- 
ment is still in the development stage. Radio 


frequency interference is a serious factor near Hun- 
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tington, Long Island, and the sky can be seen only 
when the ionosphere is very transparent, e.g., during 
the recent communications blackout imposed by 


the sun. At that time, when WWV was barely 
detectable the sun itself provided a beautiful record 
each day during the week of March 28 to April 4, 
1960, although it was in a sidelobe of the array. 
Another sidelobe sees Cygnus A, but weakly. Ju- 
piter has not yet been detected. ' 

A computing program will start soon at the Watson 
Labs at Columbia. This will involve R. E. Wilson’s 
radial velocity catalogue. The coordinates will be 
changed to the Lund Pole, 1900.0, and the velocities 
to the local standard of rest, so that the stellar 
velocities may be compared directly with the 21-cm 
hydrogen velocities. 


> 


11. University of Illinois 


Support has been secured from the Office of Naval 
Research for the construction of a large parabolic- 
cylindrical radio telescope at the University of 
Illinois. Engineering plans have been completed 
by the project staff and Hanson, Collins, and Rice, 
consulting structural engineers. Construction com- 
menced in October 1959, and is expected to be com- 
pleted by June 1960. Extensive investigation has 
produced a suitable design for the line-feed system 
for the instrument. A noise survey of the site in- 
dicates that it is suitable from this standpoint. 

The University has purchased a little over 200 
acres of land about 5 miles southeast of Danville, 
Ill., and has appropriated funds for a building, access 
road, and power line. 

The characteristics of the instrument are as follows: 
width (E—-W), 400 ft; length (N-S), 600 ft; aperture- 
to-vertex depth, 60 ft; focal length, 160 ft; length of 
feed system, 425 ft; proposed frequency of operation, 
approximately 600 Mce/s; expected beam width, 
approximately 15 min of arc; beam steerable in 
declination by phasing of feed elements, within 30 
deg of the zenith; beam shape circular at maximum 
zenith angle, slightly elliptical at the zenith. The 
purpose of this instrument is to conduct a survey of 
discrete sources. 

Theoretical cosmological investigations have in- 
cluded an interpretation of the meaning of a uniform 
distribution in space of extra-galactic radio sources 
[MecVittie, 1960a, b]. The assumption was made 
that these sources were galaxies and so shared in the 
redshift phenomenon and also that they were all of 
the same intrinsic power output. Distances can then 
be calculated for various limits of observed flux 
density. The conventional ‘‘minus-three-halves” 
law for the number of sources versus limiting flux- 
density was shown to imply that extra-galactic radio 
sources were more numerous per unit volume in the 
past than they are now. Another type of investi- 
gation [McVittie, Wyatt, 1959] concerned the back- 
ground radiation, at radio and at optical wavelengths, 
received from all unresolved sources in the universe. 





The calculations were performed for Milne’s model 





of an expanding universe and led to estimates of the 
number-density of radio sources responsible for the 
background radiation. 

Studies have been made of the scintillation of 
trans-ionospheric radio signals [Keh, Swenson, 1959]. 
Twenty- and forty-megacycle signals from earth 
satellites have been used, in an effort to determine 
diurnal, seasonal, and geographic variations in the 
incidence of scintillations. It is believed that 
nighttime scintillation arises mainly at heights below 
about 220 km, and that they occur north of geo- 
graphic latitude 40 deg at our longitude. Daytime 
scintillations arise lower in the ionosphere and occur 
sporadically at many latitudes. 


12. U.S. Naval Research Laboratory Radio 
Astronomy Branch 


12.1. Planets 
Venus 


Radiation from Venus at 3.15-cem wavelength 
was first detected on May 2,1956. Further detailed 
observations were made using the 50-ft reflector at 
the U.S. Naval Research Laboratory on 34 days 





spread over the period May 5, 1956 to June 23, | 
1956, a period just prior to and including inferior | 


conjunction [Mayer, McCullough, Sloanaker, 1958a, 
b]. About 600 measurements of the antenna tem- 
perature due to Venus at 3.15 cm were obtained. 
The measured values were characteristic of steady 
radiation with no apparent linearly polarized com- 
ponent. The measured flux density approximated 
the inverse-square-law variation as the distance 
between Venus and the earth decreased but suggested 
a slight decrease in the radiation level during the 
period. The apparent blackbody temperature of 
Venus deduced from the measurements was about 
620 +55 °K p.e. near the beginning of the period 
and about 560 +45 °K p.e. near the end of the 
period. 

In 1956 an attempt was made to put rough limits 
on the spectrum of the radio radiation from Venus 
by making observations with the 50-ft reflector at 
9.4 cm wavelength [Mayer, McCullough, Sloanaker, 
1958a, b]. A total of 11 measurements were made 
on June 25, 1956 and July 27, 1956. The average 
of the 9.4-cm measurements of the blackbody tem- 
perature of Venus was 580 +160 °K estimated p.e. 
which compared closely with the result at 3.15-cm 
wavelength. Although the accuracy of the 9.4-cm 
results was poor, these measurements suggested 
that no great percentage of the radio radiation from 
Venus at centimeter wavelengths has a spectrum 
very different from that of thermal radiation. 

Beginning about 2 weeks after the inferior con- 
junction of 1958 observations of Venus at 3.4 cm 
were made using the 50-ft reflector on 9 days during 
the period February 12 to March 5, 1958 [Mayer, 
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McCullough, Sloanaker, 1958c]. The measured 
equivalent blackbody disk temperature deduced 
from these measurements was 575 +60 °K p.e. 
This value agrees closely with the results determined 
in 1956 at 3.15 cm. 

Later, about 80 days after the 1958 conjunction, 
Venus was again observed with the 50-ft reflector at 
3.37-cm wavelength using a solid-state maser, de- 
signed and built at Columbia University [Alsop, 
Giordmaine, Mayer, Townes, 1958, 1959]. These 
observations, made on April 18 and 19, 1958, gave an 
apparent blackbody temperature based on the diam- 
eter of the visible disk of Venus of 575 +58 °K p.e. 

In order to obtain more reliable measurements 


| near 10-cm wavelength, observations of Venus were 


made following the inferior conjunction of September 
1, 1959 at 10.2-cm wavelength using the 84-ft 
reflector at the Maryland Point Observatory of 
the U.S. Naval Research Laboratory [Mayer, 
McCullough, Sloanaker, 1959]. Measurements were 
made on 11 days over the period September 17 to 
October 10, 1959. The measured blackbody tem- 
perature at 10.2 cm changed from about 535 °K 
16 days after inferior conjunction to about 675 
°K 39 days after conjunction. The mean apparent 
blackbody temperature over the entire period was 
600+65 °K estimated p.e. 

In summary, the observations near 3- and 10-cm 
wavelength indicate that Venus emits centimeter 
wavelength radiation with a spectrum of a blackbody 
at a temperature of about 580 °K. The most 
obvious interpretation of the results is that the 
centimeter wavelength radiation is emitted thermally 
at some level deep in the atmosphere, perhaps at 
the solid surface where the temperature is much 
higher than that which is inferred from infrared 
observations. However, in order to account for 
a temperature as high as 580 °K it is necessary to 
assume almost complete trapping of the absorbed 
solar radiation, or else some other source of heat. 
It is perhaps possible that the observed radiation 
is a combination of thermal and nonthermal com- 
ponents which by coincidence combine to give 
a blackbody spectrum, but a nonthermal mechanism 
with an appropriate spectrum has not been found. 
There has been no evidence of variability in the 
received radiation other than suggestions of possible 
phase effects. However, the present observations 
are not sufficiently accurate or complete to define 
a dependence of the radio emission on the phase 
or rotation of Venus. It is important to make 
further observations to establish whether such a 
dependence exists, both to obtain this basic informa- 
tion and to allow a better understanding of the 
origin of the radio emission. 

Measurements at 8.6 mm at inferior conjunction 
in January 1958 [Gibson and McEwan, 1959] 
yielded a brightness temperature of 410 °K with 
a large uncertainty, and more recent observations 
in September 1959 support this or a somewhat 
smaller value for this wavelength. 
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Jupiter 


The steady radio emission of Jupiter has been 
observed at wavelengths near 3, 10, and 21 cm. 

During May 1956 a limited number of observations 
of Jupiter were made at 3.15-cm wavelength using 
the 50-ft reflector [Mayer, McCullough, Sloanaker, 
1958b, d]. The measurements gave a blackbody 
temperature for Jupiter of 140+38 °K p.e. 

A second series of observations of Jupiter with 
improved accuracy was made on seven days between 
March 23 and April 1, 1957 at 3.15 em using the 
50-ft reflector [Mayer, McCullough, Sloanaker, 
1958b, d]. The measurements gave an equivalent 
blackbody temperature of 145+18 °K p.e. based 
on the mean diameter of the visible disk of Jupiter. 

Another series of observations of Jupiter was 
made with the Columbia University maser and the 
50-ft reflector. The measurements extended over 
the period from April 16, 1958 to February 7, 1959 
and covered a range of wavelengths from 3.03 to 
3.36 cm, [Giordmaine, Alsop, Townes, Mayer, 
1959a, b]. The measurements gave equivalent 
blackbody disk temperatures of 171 +20 °K p.e. at 
3.03 em (August 22 to September 4, 1958); 173 +20 
°K p.e. at 3.17 cm (May 24 to July 29, 1958; January 
31 to February 7, 1959); and 189 +20 °K pe. at 
3.36 cm (April 16 to May 8, 1958). 

The apparent blackbody disk temperatures near 
3-cm wavelength measured in 1958 and 1959 were 
higher than those measured in 1956 and 1957 by 
about 114 times the probable error, and the apparent 
increase must be considered as a possible change in 
the emission of Jupiter. There was also some 
evidence that an anomolously high disk temperature 
of about 268 °K was observed on April 30 to May 1, 
1958. No changes in the emission at wavelengths 
near 3 cm were noted which could be correlated with 
the rotation of Jupiter. 

Thirty-three measurements of the apparent black- 
body temperature of Jupiter were made between 
June 10 and August 20, 1958 at wavelengths of 10.2 
and 10.3 cm using the 84-ft reflector [Sloanaker, 1959; 
McClain and Sloanaker, 1959]. The mean apparent 
blackbody temperature was 640 +85 °K p.e. based 
on the mean diameter of the visible disk. The 10-cm 
measurements gave a roughly normal distribution of 
apparent blackbody temperature with a standard 
deviation of 190 °K. On the basis of the estimated 
measurement errors, the expected standard deviation 
was about 145 °K which was in reasonably good 
agreement with the observed scatter, but did not 
preclude the possibility of a variable component in 
the intensity of the radiation. The measured 
blackbody temperatures at 10 cm showed no longtime 
trends over the 71-day observation interval, but did 
show a suggestion of a cyclical variation of about 30 
percent correlated with a rotation rate between 40 
sec and 2 min longer than the rotation period of 
System IT. 

A series of measurements of the radiation from 
Jupiter at a wavelength of 20.96 cm was made on 28 
days during a 1-month period from May 14 to June 
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18, 1959 using the 84-ft reflector [McClain, 1959]. 
The mean blackbody temperature for all of the 20.96- 
cm data was 2,496 °K with a standard deviation of 
450 °K. The measured blackbody temperatures 
were highly suggestive of a cyclical variation with 
time, and an attempt was made to correlate the data 
with the System I and System II rotation periods. 
No significant correlation was observed for the 
System I period, but in the case of System IT elevated 
temperatures corresponding to an enhancement of 
about 30 percent were observed at longitudes between 
175 and 225°. While rather significant when 
subjected to a statistical test, this correlation with 
rotation is considered to be tentative because of the 
limited amount of data. An attempt was made to 
correlate the measured temperatures with solar flares 
[suggested by Drake, 1959 and Drake and Hvatum, 
1959]. No strong correlation of this sort was noted 
in the measurements; however, there was a slight 
suggestion of elevated temperatures following an 
important 3+ flare on May 10 and the intense 
aurora of May 11 and 12, 1959. 

To summarize, the emission of Jupiter at wave- 
lengths near 3 cm can probably be accounted for as 
thermal radiation but the radio spectrum is not that 
of a blackbody at a constant temperature, and some 
other source of emission is necessary to account for 
the radiation at longer wavelengths. 

Observations of Jupiter during 1959 yield a 
brightness temperature less than 200 °K at 8.6-mm 
wavelength. 

Mars 


The radio emission of Mars has been observed at 
two different times. Observations made using the 
50-ft reflector at the favorable opposition of Septem- 
ber 1956 at 3.15-cm wavelength [Mayer, McCullough 
and Sloanaker, 1958b, d] were sensitivity limited and 
it was necessary to average about 70 observations to 
obtain a measurement of reasonable accuracy. The 
result of thismeasurement corresponds to an apparent 
eT disk temperature for Mars of 218 +51 
°K p.e. 

Mars was again observed about 6 weeks past the 
opposition of November 1958 using the Columbia 
University maser with the 50-ft reflector at 3.14-cm 
wavelength [Giordmaine, Alsop, Townes and Mayer, 
1959a]. This measurement gave an apparent black- 
body-disk temperature for Mars of 211 +28 °K p.e. 
The apparent blackbody-disk temperature derived 
from the radio observations is about 40° smaller than 
that derived from the infrared observations, and is 
about 15° smaller than the estimated mean annual 
disk temperature. Considering the uncertainties in 
the observations and in the emissivities at both the 
radio and infrared wavelengths, the observed radio 
emission is consistent with the thermal radiation 
which would be expected on the basis of previous 
knowledge. 


12.2. Cosmic Radio Sources 


The radio sources Cygnus-A and Virgo-A were 
observed in 1958 at wavelengths near 3 cm using the 














Columbia University maser with the 50-ft reflector 
[Alsop, Giordmaine, Mayer and Townes, 1959; 
Giordmaine, Alsop, Mayer and Townes, 1959b]. 
For the source Cygnus-A the measured antenna 
temperature was 4.6 °K at a wavelength of 3.2 cm 
which corresponds to a point source flux density of 
1.2410-*% w m-*(c/s)"'. The measured antenna 
temperature for the source Virgo-A was 1.25 °K at 
3.37-cm wavelength which would correspond to a 
point source flux density of 3.4 10-* w m~ (e/s)~. 

The positions, intensities, and sizes of eight bright 
discrete sources were measured during January 1959 
at a wavelength of 10.2 cm using the 84-ft reflector 
[Sloanaker and Nichols, 1960]. For six of the sources 
for which accurate optical positions are available, 
the sources Cassiopeia-A, Cygnus-A, Taurus-A 
Virgo-A, Orion Nebula, and Centaurus-A, the 
measured radio-positions coincided with the positions 
of the optical centers of the sources to within the 
uncertainities in the radio measurements of +1 min 
of are p.e. in both R.A. and Dec. The positions of 
the optical centers of these sources, with the excep- 
tion of the Orion Nebula source, refer to the optical 
positions given by Minkowski [1959], and Baade and 
Minkowski [1954]. For the Orion Nebula source, 
M 42, the optical position refers to the position of 
Theta-One Orionis, the exciting stars, obtained from 
Strand [1958]. The 10.2 cm measured position of 
the Sagittarius-A source for 1959.0 was RA=17"43™ 
1.6°+4.5° p.e. and Dec.=—28°57.3’+1’ p.e. The 
measured position of the Omega Nebula source, 
M 17 for 1959.0 was RA=18"18™6.1°+4° p.e. and 
Dec. =—16°11.9+1’ p.e. At 10.2 cm the sources 
Cas-A, Cyg-A, Tau-A, and Vir-A appeared as unre- 
solved point sources with upper size limits of 3’ or 4’ 
equivalent gaussian diameters. The measured equiv- 
alent gaussian diameters of the other four sources 
were: Orion Nebula, 7’+0.5’ p.e. in R.A. and 7’+1’ 
p.e. in Dec.; Omega Nebula, 7.5’+0.5’ R.A. and 
8.5’+1’ Dec.; Sag-A (bright central part only), 
14’+0.3’ R.A. and 16’+0.5’ Dec.; Cent-A, 8’+0.5’ 
R.A. and 5’+1.5’ Dec. The measured 10.2 cm anten- 
na temperatures for the sources were: Cas-A, 89+2 
°C p.e.; Cyg-A, 45+1 °C; Tau-A, 48+1 °C; Vir-A, 
7.5+0.4 °C; Orion Nebula, 25+0.5 °C; Omega 
Nebula, 35+0.7 °C; Sag-A (bright central part only), 
28+0.6 °C; and Cent-A, 10+0.4 °C. Based on an 
estimated aperture efficiency of 0.385+0.031 p.e. 
for the 84-ft reflector, the measured point source 
flux densities for the sources Cas-A, Cyg-A, Tau-A, 
and Vir-A were in units of watts m~*(¢e/s)~! (124+11 
p.e.)X10-*, (63+6)X10-*%, (67+6)x10-*%5, and 
(10+1)x10-%, respectively. For the remainin 
four sources, Omega, Neb., Sag-A (bright centra 
part only), and Cent-A, the measured flux densities 
corrected for the measured equivalent gaussian 
diameters listed above were: (40+4 p.e.)<10~*, 
(58+5)X10-", (654+7)X10-*%, and (16+2)x10-* 
respectively in units of watts m~*(c/s)"!. 

During 1956 and 1957 two different experiments 
were conducted using the 50-ft reflector at a wave- 
length of 3.15 cm, in an attempt to detect plane 





polarization in the radiation from the Crab Nebula 
(Taurus-A) [Mayer, McCullough, and Sloanaker, 
1957]. The first measurements in May and June 
1956 indicated a polarized component in the received 
wave of about 10 percent of the total radiation, with 
a position angle near the average over the nebula 
from the optical measurements. In April, May, and 
June 1957 more accurate measurements were made 
with a rotating plane-polarized feed horn installed 
in the 50-ft reflector. These observations indicated 
that about 7 percent of the total radiation of the 
Crab Nebula was plane-polarized at 3.15 cm with a 
position angle of about 150 deg. The observed posi- 
tion angle of the electric vector on the Crab Nebula 
differs from the average position vector over the 
nebula determined optically [Oort and Walraven, 
1956] by about 11 deg. A Faraday rotation along 
the path of propagation of this order of magnitude 
is not unlikely at this wavelength, as was pointed 
out by Oort and Walraven [1956] Observations of the 
radio source Cas-A with the rotating polarization 
antenna did not show any measurable polarization 
in the received radiation. 

In 1958 a search was made for linearly-polarized 
components of the 10.2-cm radiation from the radio 
sources Cas-A ([AU 23N5A), Tau-A (IAU 05N24A), 
Cyg-A (IAU 19N4A), Vir-A (IAU 12N1A), and 
M 17 ([AU 18S1A) using the 84-ft reflector [Mayer 
and Sloanaker, 1959]. Only the radiation from 
Taurus-A showed characteristics which could be in- 
terpreted as due to a plane-polarized component of 
the radiation. The measurements of Taurus-A gave 
results which could be interpreted as a linearly- 
polarized component of about 3 percent of the total 
radiation with a position angle for the electric vector 
of about 135 deg. The sources Cas-A, Cyg-A, and 
Tau-A were measured at two other wavelengths as 
well, 11.3 and 10.5 cm. The results were similar at 
the three wavelengths indicating that there is little 
Faraday rotation along the path between Taurus-A 
and the earth. 

Several of the brighter discrete sources have been 
identified at 8.6-mm wavelength, and efforts are 
being made to determine their flux densities. 


12.3. Sun 


Measurements of solar radiation intensity through- 
out each day were made at wavelengths of 3.15 and 
9.4 em from March 1958 through April 1959 using 
4- and 6-ft diam parabolic reflectors mounted on a 
common polar mount. These data were communi- 
cated to IGY [McCullough and Bologna, 1958 and 
1959]. A plot of daily average flux of solar radia- 
tion with time shows 3.15-cm flux to be more intense 
than 9.4-cm flux by the expected amount and also 
shows the two flux values to vary in close agreement 
with solar activity. The bursts of radio radiation 
from the sun which accompany solar flares were 
classified according to type, time of occurrence 
(peak), duration, and maximum intensity. 

Beginning with the International Geophysical 
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Year on July 1, 1957, Coates, Edelson, McCullough 
and Santini [1957, 1958, 1959] have conducted simul- 
taneous observations of solar activity in the optical 
and radio regions. It was found that 99 percent of 
the 10-cm bursts were coincident with H-alpha ac- 
tivity. On the other hand, only 25 percent of the 
H-alpha events were coincident with 10-cm radio 
bursts. For simple 1 and simple 2 types of bursts a 
trend for larger peak radio flux values for larger 
H-alpha intensity values was evident (Coates, Edel- 
son, McCullough, and Santini, 1958]. 

In March 1959 the time resolution of the H-alpha 
camera was increased to 6-sec intervals. Using this 
improved resolution flare light curves were compared 
directly with observed flux curves of the associated 
radio bursts. Measurements of time differences be- 
tween the H-alpha maximum intensity and the 10-cm 
peak flux indicate that the events may be classified 
according to the 10-cm excitation level preceding the 
flux peak. 

In the first type, the 10-cm radio flux rises rapidly 
to a peak from the quiet sun level in less than 2 min, 
and always precedes the H-alpha maxima. In 60 
percent of the events of this class, the 10-cm burst 
peaks occur 2 to 10 sec before the H-alpha maxima; 
35 percent have time differences of 10 to 20 sec; and 
5-percent lead the H-alpha by 20 to 30 sec. 

In the second type, 10-cm excitation exists for 
more than 4 min before the time of burst peak flux. 
Five percent of the events of this class have 10-cm 
peaks following the H-alpha maxima by 0 to 10 sec, 
while the great majority have 10-cm peaks preceding 
the flare maxima with the following time distribution: 
30-percent lead by 0 to 10 sec, 35-percent lead by 
10 to 20 sec, 25-percent lead by 20 to 30 sec, and 
5-percent lead by 30 to 40 secs. There is evidence 
that several events of the second type may be associ- 
ated with more than one source [Edelson, Coates, 
Santini, and McCullough, 1959]. 

On June 9, 1959 a burst of solar radiation was 
recorded at a wavelength of 4.3-mm by Coates and 
Edelson at the USNRL. Simultaneously, a large 
outburst was recorded at 10.7-cem by Covington at 
the National Research Council, Canada. The peak 
flux at 4.3 mm was 500X10-” wm™~? cps” as com- 
pared with 2,000 10-* wm~? cps at 10.7 cm. 

The position of the radio emitting source deter- 
mined by a high-resolution scan at 10.7 cm agreed 
with the position of a jet on the NRL H-alpha spec- 
troheliograms. The base of the ejection appeared to 
be beyond the limb on the back side of the sun. 
This region remained active as it rotated onto the 
front of the sun and it was possible to determine its 
position on June 9. Using this position and the 
known heights of the radio limb of the sun of 
0.0057 Rs at 4.3 mm and 0.03 Rs at 10.7 cm, the 
minimum height of the emitting region was deter- 
mined to be 20,000+10,000 km and 37,000+10,000 
km, respectively. These are lower limits only; the 
actual emitting regions may have been located at 
much greater heights [Coates, Covington, and 
Edelson, 1959]. 
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12.4. Moon 


Observations of the moon at 2.2-cm wavelength 
[Grebenkemper, 1958] showed that the variation in 
brightness with lunar phase is much less than at 
shorter wavelengths, i.e. 8.6 and 12.5 mm, with the 
variation being about +5 percent. The apparent 
mean brightness temperature was found to be 
200° K. The diminished brightness variation with 
phase is in agreement with unpublished observations 
of Mayer, McCullough, and Sloanaker at 3.15-em 
wavelength, and is readily accounted for by an 
increasing depth of penetration for the longer wave- 
lengths, which places the origin of thermal radiation 
at greater depths where thermal changes are less. 

The total lunar eclipse of 13 March 1960 was 
observed at 8.6-mm and 21-cm wavelengths, and 
analysis of the results is incomplete at the time of 
preparing the present report. 

Lunar radiation of 4.3-mm wavelength was meas- 
ured with the aid of an equatorially mounted 
paraboloidal antenna 10 ft in diameter [Coates, 
1959]. By making repeated television-type scans 
across the moon’s disk, it was possible to construct 
crude lunar maps for different phases. Because the 
angular resolution was 6.7 min of arc, compared 
with the moon’s 31-min average diameter, the larger 
surface features are recognizable. 

Such charts show primarily the distribution of 
temperature over the lunar disk. In particular, it 
was found that the large, dark, level areas (maria) 
warm up more rapidly toward full moon and after- 
ward cool more rapidly than do the ‘“continental” 
parts of the moon. However, Mare Imbrium is an 
exception to this general rule. 


12.5. Atmospheric Attenuation 


Atmospheric attenuation at 4.3-mm wavelength 
was measured in 1956 by Coates using a 10-ft pre- 
cision paraboloid and a Dicke-type radiometer. 
The measured attenuations at the zenith were be- 
tween 1.6 and 2.2 db depending on atmospheric con- 
ditions [Coates, 1957]. These values were verified 
by Edelson, Grant, and Santini in March 1960 using 
the same radiometer and a 2-ft precision paraboloid. 


13. The National Aeronautics and Space 
Administration 


The Astronomy and Astrophysics Programs of the 
Office of Satellite and Sounding Rocket Programs of 
NASA include projects designed to make basic as- 
tronomical observations from above the terrestrial 
atmosphere by radio techniques. Observations of 
the planets, sun, radio stars, and the galactic back- 
ground will be made at radio frequencies which are 
absorbed by the terrestrial atmosphere and iono- 
sphere. 

The work is divided into two phases. Proposed 
LF (0.1 to 30 Me/s) experiments include a space 
probe, to detect galactic noise, monitoring of solar 
bursts, polarization measurements, and multiple- and 








sweep-frequency measurements of the planets and 
galaxy. These are being done by Haddock of the 
University of Michigan and by the Canadian Defence 
Telecommunications Board as a byproduct of a top- 
side sounder experiment. The HF (submillimeter 
frequencies) will include studies and radio spectra of 
the atmospheres of the sun and planets and mapping 
the sun, moon, planets, and galaxy in the region 
between the infrared and the atmospheric radio 
window. Because of the limitations of the present 
state of the art, current activity in the HF phase is 
limited |to a survey by the University of Texas of 
existing techniques and of areas in which develop- 
ment should be encouraged promptly and to basic 
research in sub-millimeter techniques by Ohio State 
University. NASA is also supporting a measure- 
ment of the solar parallax by studying the Doppler 
Shift in the 21-cm line. 


14. National Bureau of Standards Boulder 
Laboratories 


The solar patrol, which was started in 1947, has 
been continued until the end of the International 
Geophysical Year. Consistent calibration and scaling 
of hourly medians and outstanding occurrences are 
complete on both 167 and 460 Mc/s. Reports were 
submitted regularly to the I.A.U. Quarterly Bulletin 
of Solar Activity. Since January 1959, the patrol 
has been reduced to the single frequency 167 Mc/s, 
and scaling has been less detailed. 

The National Bureau of Standards has recently 
completed a program of interferometric observations 
of Cygnus-A for the purpose of studying ionospheric 
effects, particularly angular and amplitude scintilla- 
tions. An important feature of this program has 
been the frequent observation, during daytime, of 
irregular angular fluctuations having a period of 
about 20 min and a magnitude of as much as 4 
deg at 108 Me/s [Lawrence, 1958; Lawrence and 
Jesperson, 1959]. 


15. National Radio Astronomy Observatory 
Green Bank, West Virginia 


The National Science Foundation contracted with 
Associated Universities, Inc., on November 17, 1956, 
to proceed with the construction and operation of 
the National Radio Astronomy Observatory, Green 
Bank,W.Va. In May 1957, Associated Universities, 
Inc., set up a field office on the site. Ground-break- 
ing ceremonies were held on October 17, 1957, and 
the Howard E. Tatel 85-ft telescope was dedicated 
on October 16, 1958. 

In the 12 months ending May 1960, the National 
Radio Astronomy Observatory has completed a 
transition from the first phase of site acquisition, 
development, and construction into an operating 
observatory. A key factor for the future success of 
the Observatory was the appointment of Dr. Otto 
Struve as the first Director. 

The buildings that have been completed are the 
central section of one Karl Guthe Jansky Laboratory, 
which houses the Astronomy and Research Equip- 
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ment Development Departments as well as space for 
the office of the Director, administration, and engi- 
neering and construction, and a residence hall and 
cafeteria. A small amount of additional housing is 
available in a few renovated farmhouses acquired 
with the site. A work area building, for central 
shops and other service purposes, was completed the 
previous year. A central water supply and sewer 
system has been installed for the complex of the 
principal buildings and with the cooperation of the 
Monongahela Power Company a new 3-mw electric 
power supply has been brought to the site. On the 
site, the distribution system is below ground; within 
view of the radio telescopes. The 12-kv feeder line 
is in shielded cable, mounted on poles to simplify 
maintenance. 

The Howard E. Tatel 85-ft radio telescope was 
used for observational programs throughout the 
spring, summer and early fall of 1959, at which time 
the Blaw Knox Co. returned to make final adjust- 
ments and corrections before turning the telescope 
over to Observatory. The E. W. Bliss Co. shipped 
two sections of the polar shaft of the 140-ft telescope 
in August 1959; Darin and Armstrong, the sub- 
contractor for field work at Green Bank, has welded 
these sections together and the shaft is now mounted 
on temporary horizontal bearings in anticipation of 
future machining operations. Work at Green Bank 
is now shut down pending shipment of additional 
telescope components, as scheduled through the last 
8 months of 1960 into 1961. 

In addition to the scientific contributions that 
have already come from the Observatory, it has 
attracted many nonprofessional visitors and plans 
are being made to accommodate an increasing flow 
during the summer of 1960 and the years ahead. 


15.1. The Flux Density of Radiation From Cas A at 
1,400 Mc/s 


As a part of the program of source calibration at 
the National Radio Astronomy Observatory experi- 
ments have been started to measure the flux density 
from the Cas A source. One major experimental 
difficulty in such measurements is to determine 
exactly the effective collecting area of the antenna 
that is used. To minimize this difficulty a horn 
antenna of about 10 m? collecting area has been 
built. The horn is large enough to give an antenna 
temperature from the Cas A source of about 8° K. 
The gain of such a horn can be calculated from its 
linear dimensions to a high accuracy. The horn is 
fixed in position at an elevation angle of 30° and is 
used as a transit instrument. It is 120-ft in length 
and is made of sheet aluminum with all joints 
internally welded to ensure high electrical con- 
ductivity. 


16. Ohio State University 


16.1. Radio Telescopes 
A design for a radio telescope which provides a 
large aperture at low cost is described [Kraus, 
1958al]. 
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Equations are derived from the numbers of radio 
sources which a radio telescope can detect and the 
number which it can resolve. Based on these rela- 
tions curves for the number of sources which can be 
both detected and resolved, as a function of frequency 
and aperture, are presented. 

Construction of a large aperture antenna at low 
cost is described [Kraus, 1959a]. The antenna con- 
sists of a 360- by 70-ft standing paraboloid and 
tiltable flat reflector. At the highest frequency of 
operation (15-cm wavelength) the half-power beam 
widths of the antenna will be 0.1° in a R. A. by 0.5° 
in declination. The antenna is expected to be in 
operation by 1961. 


16.2. Cosmic Radio Noise 


The results of a survey of cosmic radio background 
radiation at 250 Mc/s are described [Ko, 1958a]. 

Radio maps made at other frequencies by various 
groups are summarized. To present an over-all 
picture of the radio sky at different frequencies, 
eight radio maps are shown for frequencies from 64 
to 910 Mc/s. All maps are modified to have the 
same scale, coordinates and units to facilitate inter- 
comparison. General features of the galactic back- 
ground radiation are discussed. 

A radio map of the Cygnus region made at 915 
Me/s using a 40-ft dish is presented [Eaton and Kraus, 
1959]. 

Observations are described of radio emissions from 
the sun and Jupiter, during 1956 and early 1957 at a 
wavelength of 11 m [Kraus, 1959b]. 

The results of amplitude scintillation of Cygnus A 
at 945 Mc/s are described [Ko, 1958b]. The scintilla- 
tion is strongest near the horizon with a mean- 
fluctuation index of 20 percent and mean fluctuation 
rate of 2 to 6 peaks/min. The scintillation charac- 
teristics are markedly affected by the presence of 
aurorae. 


16.3. Earth Satellite Observations 


A peculiar fluctuation on Sputnik I signal at 20 
Me/s is described and a hypothesis is advanced that 
the fluctuations are caused by the satellite induced 
ionization [Kraus and Albus, 1958]. 

The feasibility of detecting silent earth satellites by 
refraction of cw signals from a high-frequency radio 
station is described [Kraus, 1958b]. The possible 
application for long-distance communication is sug- 
gested. 

Observations during the last days of Sputnik I’s 
orbiting using ew reflection technique are described 
[Kraus and Dreese, 1958]. Some conclusions are 
drawn as to the details of the actual breakup phe- 
nomenon of the satellite. 

Observations of the U.S. Satellites Explorers I and 
III by ew reflection using WWV signals are described 
[Kraus, Higgy, and Albus, 1958]. 

A statistical study of the satellite ionization phe- 
nomenon is described and some radar observations 
are 128 reported [Kraus, Higgy, Scheer, and Crone, 
1960]. 
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16.4. Interplanetary Medium 


Some observations are described which are sugges- 
tive of doppler shifted reflections of radio signals 
from solar corpuscular clouds in the vicinity of the 
earth [Kraus and Crone, 1959]. 


17. Rensselaer Polytechnic Institute 


Radio astronomy work at Rensselaer during the 
past continues to be primarily in the constructional 
phases of our two principal projects. The 517-Mc/s 
swept-lobe interferometer has successfully measured 
positions of some solar bursts; we expect in the next 
few months to be able to record angular motions, and 
to place the equipment in its permanent location, for 
which site preparation is currently in progress. A 
second 18-Me/s cosmic-noise recorder is being built 
to provide greater stability and improved rejection of 
station signals; the antenna is being built in a location 
which will allow eventual expansion to a narrower 
directional pattern. Records have been secured and 
published at 18-Me/s, and simultaneous records are 
being taken of certain meteorological parameters, 
with some indications of unexpectedly high tropo- 
spheric absorptions of 18-Me/s radiation. 


18. Stanford University 


At the Radioscience Laboratory, Stanford, R. N. 
Bracewell has completed the construction of a micro- 
wave spectroheliograph and obtained sequences of 
maps, as yet unpublished, of the brightness distribu- 
tion over the sun. V. R. E. Eshleman has obtained 
radar echoes from the sun. He has also investigated 
the character of the cislunar medium using radar 
echoes from the moon. R. Mlodnosky has continued 
theoretical and observational studies of the distri- 
bution of meteor radiants. 


19. Yale University 


The work of the past year has continued to be con- 
centrated almost exclusively on the Jupiter program. 

Functioning equipment now includes as _ basic 
monitoring units six phase-switching interferometers 
working respectively at 23.0, 22.2, 20.0, 19.2, 16.15, 
and 13.25 Me/s. An additional 20.0 Me/s inter- 
fermometer is located 11 miles away from the others. 
This monitoring equipment, running semi-auto- 
matically and continuously, to some degree covers 
the sun and other planets as well as Jupiter. But 
during all possible Jupiter reception periods an 
observer is on duty to achieve optimum tuning and 
sensitivity of the channels. Compared to last year, 
Jupiter is about twice as active during this observ- 
ing season. Complete reduction for rotation periods, 
of our monitoring records plus all other available 
Jupiter storm data, is under way as a part of 
J. Douglas’ thesis. 

New projects completed include facilities for high- 
speed recording, and for spectrum analysis using 10 
separate 20-kc/s channels spaced 100 ke/s apart, 


the comb-filter unit centered near 22 Mc/s. Success- 
ful recordings have been obtained on four strong 
Jupiter storms in the last few weeks. These fail to 
show any recognizable spike activity of several 
millisecond duration of the kind previously suggested 
byothers. However, the recordings do show excellent 
correlation of fine structure down to several tenths 
of a second duration over bandwidths normally 
greater than a megacycle. There is no appreciable 
tendency for any of the elementary pulses to drift 
in frequency. But a new class of Jupiter event has 
appeared in which the bursts composing a group are 
so modulated as to make the group appear to drift 
from HF to LF at about 1 Mce/s/min (that is, the 
spectral energy distribution of the successive indi- 
vidual bursts changes gradually, with the peak 
appearing at progressively lower frequencies). 

Bibliography: Smith and Douglas, 1959; and Smith 
1959. 


20. University of Michigan 


20.1. University of Michigan 85-Foot Radio 
Telescope 


In the summer of 1958 field construction began on 
the University of Michigan 85-ft antenna, designed 
and fabricated by the Blaw Knox Company of Pitts- 
burgh. The antenna is polar-mounted, made of 
galvanized steel except for the lead counterweights 
and the aluminum surface panels and feed supports. 
The telescope may be rotated about the polar and 
declination axes at a fixed rate of about 20 deg/min 
or at a variable rate between zero and 8 deg/min. 
In addition, the polar axis can be driven at the 
sidereal or solar rate. 

Mechanical testing was performed during and 
after construction. The axes were alined to an 
accuracy of 30 sec of are and surface panels were 
adjusted to within 1.5 mm from a paraboloid. An- 
tenna gain and beam width measurements indicate 
an aerial efficiency of about 50 percent and a beam- 
width of 6 min of arc at a wavelength of 3.45 cm. 


20.2. Traveling-Wave Tube Receiver at 8,000 
Mc/s 


The 85-ft radio telescope was initially instrumented 
at 8,000 Mc/s with a radiometer made by the Ewen- 
Knight Co. It is capable of detecting signals of the 
order of 0.1 °K or less with a 20-sec time constant. 
This sensitivity is obtained through its large band- 
width of 1,000 Mc/s. The receiver is composed of 
three traveling-wave tubes in cascade followed by 
conventional Dicke circuitry using a ferrite switch. 
The receiver is being used to study galactic and extra- 
galactic radio sources, the planets and planetary 
nebulae. 


20.3. Maser Radiometer at 8,700 Mc/s 


A ruby maser radiometer has been constructed by 
the University of Michigan Willow Run Laboratories 
and is mounted at the focus of the 85-ft antenna. 
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The maser, operating at liquid helium temperature 
of 4.25 °K, has a gain of 20 to 23 db and a band- 
width of 20 Me/s, however, as used in the present 
radiometer the bandwidth is 8 Mc/s as determined 


by the IF amplifiers. Continuous operation for a 
period of 15 hr has been obtained before adding more 
liquid helium. The signal frequency is 8,700 Mc/s, 
the “double-pump” frequency is 22,450 Me/s, and 
the operating magnetic field is 3,870 gauss. 

The maser radiometer is being used in attempts to 
observe radiation from weak radio sources. Opera- 
tion began in February 1960 and preliminary results 
are very promising. 


20.4. Radiometer at 1.8 CM-Wavelength 


A Dicke radiometer operating at 16,000 Me/s has 
also been installed on the 85-ft antenna. Its band- 
width is 10 Me/s. It employs a ‘magic-tee’’ bal- 
anced crystal mixer, and is switched by an elec- 
tronically controlled ferrite. The sources Cas A, 
Tau A, and Venus have been measured. 


20.5. Theoretical Radio Spectrum of Venus 


The radio results obtained at the Naval Research 
Laboratory of the planet Venus have been analyzed 
in-terms of a model atmosphere in an attempt to 
explain the discrepancy between the radio and 
infrared temperatures. Although the data is still 
meager in the millimeter band of wavelengths, it 
appears that radio results afford a-means of probing 
below the cloud cover. On the basis of an atmos- 
phere of 75-percent CO,, 22- to 25-percent No, and 
0- to 3-percent H,O, the pressure at the surface of 
Venus must be between 10 and 30 (terrestrial) atm 
to coincide with the infrared and radio temperatures. 
This work will be published in brief in the June 
issue of the Journal of Geophysical Research and in 
full in the Astrophysical Journal. 

Since September 1957, the sun has been observed 
by three mechanically tuned superheterodyne re- 
ceivers. A total frequency range of 100 to 600 
Me/s is observed 3 times a second. The output is 
displayed as an intensity-modulated line on a high- 
resolution cathode-ray tube and is photographed on 
a slowly moving 35-mm film, producing a frequency- 
time-intensity plot of solar emission. Each receiver 
is fed from a separate broadband antenna mounted at 
the focus of a 28-ft equatorially mounted paraboloid 
reflector. 

We believe that we have obtained the first evidence 
of three harmonically related frequencies being 
radiated simultaneously by the sun. That is, three 
bands of radiation in a 1 to 2 to 3 frequency ratio. 
This event occurred in the first week of observation 
and consisted of three U-type bursts—bursts that 
start drifting rapidly from high to low frequencies, 
then reversing and drifting back to high frequencies 
again in a symmetrica] manner. 

Dr. Takakura, a Japanese radio astronomer who 
was with us for a year (1957-1958), analyzed a num- » 
ber of these U-type bursts and found a remarkable 
uniformity in their duration which was independent 
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of the reversing frequency. ‘This fact is in discord 
with a popular hypothesis for the origin of U-bursts. 
An alternative hypothesis has been suggested that 
is consistent with our observations. 

The dynamic spectra of a new type of radio burst 
has been observed for the first time. This type of 
burst was discovered by Drs. Boischot and Denisse 
in Paris on single frequency records. They denoted 
it as type IV. The observed dynamic radio spectra 
gave strong evidence in favor of the French hypothe- 
sis that the type IV bursts were generated in the sun’s 
atmosphere by very energetic electrons being ac- 
celerated in the sun’s magnetic field. 

Solar emission has been recorded since August 28, 
1957 to the present time. The equipment has been 
in operation at least 90 percent of the time when the 
sun has been above the horizon. 

In the summer of 1959, a new electronically sweep 
receiver was installed in order to record dynamic 
spectra of solar bursts in the frequency range of 
2,000 to 4,000 Me/s. It uses a broad-band horn 
located at the focus of the above 28-ft paraboloid 
reflector and operates simultaneously with the above 
equipment. The rf signal is mixed with the local 
oscillator signal in a broadband balanced mixer and 
converted directly to a videofrequency. The video- 
frequency is then amplified and displayed as de- 
scribed above for the 100 to 600 Me/s equipment. 

The local oscillator is a backward-wave oscillator 
electronically sweeping on a frequency range of 
2,000 to 4,000 Me;/s in 0.1 sec. 

Although the equipment is not operating with 
satisfactory reliability, at least six broadband solar 
bursts had been observed by April 1960. The 
first was July 29, 1959. These records show that 
the centimeter-wave emission of solar bursts is a 
broadband continuum radiation, similar in nature 
to that of type IV emission on meter waves. 

A comparison is being made of the centimeter- 
wave bursts with different spectral types of bursts 
on Meter waves. 

Statistical studies have been made of the relation 
between solar radio emission and ionospheric ab- 
sorption of cosmic noise in polar cap regions (PCA), 
which is caused by fast protons from the sun after 
big flares. Broadband meter-wave outbursts 


(BCO)—believed to be of the same nature as type 
IV continuum radiation on meter-waves—have been 
found to be closely associated with PCA events. 
Further, the PCA events have a tendency to start 
within 5 hr after intense BCO’s; for the less intense 
BCO’s the delay appears to be greater. 

The duration of the PCA events is closely related 
to the duration of ‘active regions” of noise storms 
on the sun (which in turn are associated with BCO 
or type IV flares) after the occurrence of BCO (or 
type IV) events, but is not related to the presence 
of “active regions” before the onset of the BCO. 
The PCA start within several hours after a BCO 
event and last approximately as long as the “active 
region” is present. Our results support the sugges- 
tion that these solar cosmic rays are accelerated 
by the same process as the fast electrons which are 
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responsible for BCO or type IV radio emission near 
the sun and are trapped in the same region of the 
solar atmosphere associated with “active regions” 
of noise storms and are not stored in interplanetary 
space. The energetic electrons lose their energy 
rapidly by this radiation, whereas radiation damping 
of the protons is negligible. 

Two space radio astronomy experiments in the 
0.1- to 30-Mc/s band are under preparation, (1) 
spot-frequency measurements from high-altitude 
probes, and (2) sweep-frequency measurements of 
solar radio bursts from satellites. These will be 
carried out at the lowest frequencies which are 
stopped by, or seriously affected in their passage 
through, the ionosphere. The former will give 
information on the spectral distribution of cosmic 
noise and also on electron density in the outer iono- 
sphere and possibly in interplanetary regions; the 
latter will examine solar outbursts and it is hoped 
will extend the spectrum below the currently known 
lower limit. In principle, both experiments can be 
carried out by use of sweep-frequency receivers, 
but the frequency range desired and the problems 
of accurate calibration and telemetering make spot 
frequency more feasible for the former measurements. 

Bibliography: Haddock, 1958, 1959, 1960a, b, ¢; 
Aller, Goldberg, Haddock, and Liller, 1958; Takakura, 
1959; Barrett, 1960a, b; and Kundu and Haddock, 
1960. 
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Report of U.S. Commission 6, URSI RADIO WAVES AND CIRCUITS 
Subcommission 6.1—INFORMATION THEORY 


Part 1. Information Theory and Coding 
P. Elias* ) 


Since 1957, there has been considerable progress in the theory of coding messages for 
transmission over noisy channels. There have been three main directions of advance. 
First, there has been work on the foundations of the theory. During this time American 
mathematicians interested in probability have shown a serious interest in information 
theory, since Feinstein’s work (now available in book form) [Feinstein, 1958a] and since 
the interest shown by Kolmogorov and Khinchin. Second, a great deal of work has been 
done on error-correcting block codes for noisy binary channels. This work has involved a 
good deal of modern algebra, and some mathematical algebraists have been joining the 
communications research workers in attacking these problems. Third, there has been con- 
tinuing investigation of procedures in which input messages are coded and decoded sequen- 
tially rather than in long blocks. This work and the work on binary block codes both have 





significant practical implications for electrical communications, 


1. Foundations 


Shannon’s original demonstration of the noisy 
channel coding theorem was an existence proof 
[Shannon, 1949]. Given a channel of capacity C 
bits per second and a rate of transmission FR bits 
per second, the transmitter sends sequences of N 
channel input symbols. The receiver receives 
sequences of N channel output symbols and decides 
which input sequence was transmitted, making this 
decision incorrectly with probability P. What 
Shannon showed was that for R < OC, P could be 
made arbitrarily small by increasing N. The proof 
was not constructive, and nothing quantitative 
was said about how rapidly P decreased as a func- 
tion of N for given R and C. Feinstein [1954 ; 1958a] 
showed that P could be bounded by a decaying 
exponential in N. His proof covered channels with 
a simple kind of finite memory. While constructive 
in principle it could not be used in practice to con- 
struct a code with large N. In 1957, Shannon [1957] 
gave a remarkably concise proof based on his 
original random coding argument but more detailed 
and precise, which also gave an exponential bound 
to P as a function of N, and extended the proof to 
channels with considerably more complex memory. 
Blackwell, Breimann and Thomasian [1958] proved 
the existence theorem for channels with a finite- 
state memory of a still more general kind. Wolfo- 
witz [1960] and Feinstein [1959] have also proved 
converse theorems—the weak converse being that 
for R > C, P cannot approach zero, and the strong 
converse being that for R > C, P must approach 1. 

The kind of technique used by Shannon [1957] 
can be extended to obtain upper and lower bounds 
to the rate of exponential decay of P with N. Earlier 
work on binary channels had shown that for a con- 
siderable range of 2 less than C the upper and lower 
bounds essentially agreed, and best possible behavior 
could be uniquely specified. Similar results have 
been obtained by Shannon for more‘general channels. 
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This work is not yet published, but the case of a 
continuous channel with additive Gaussian noise 
has been treated in detail [Shannon, C. E., 1959]. 

The increasing interest of mathematicians in this 
field is evidenced by an article by Wolfowitz [1958]. 
In general the results which the mathematicians 
have obtained are firmer proofs under more general 
circumstances of theorems whose general character 
was not surprising to communications researchers. 
However a recent paper [Blackwell, Breimann, and 
Thomasian, 1959], has presented an interesting new 
problem, defining capacity and proving a coding 
theorem for a channel whose parameters are not 
known precisely, but are constrained to lie in known 
ranges. This work might be relevant to incomplete- 
ly measured and time-varying radio channels. So 
might a paper by Shannon [1958] on channels in 
which the transmitter has side information available 
about the state of a channel with memory: an exam- 
ple would be the information obtained by measure- 
ments of the propagation medium obtained, while 
communicating. 


2. Binary Channels 


Starting with the earlier work of Hamming [1950] 
and Slepian [1956a, 1956b], error-correcting block 
codes for binary channels have been investigated 
extensively. Peterson and Fontaine [1959] have 
searched for best possible error-correcting codes of 
short block length (up to 29), using a computer. 
The number of codes grows so rapidly with block 
length that it was necessary to use many equivalence 
relations and shortcut tests to eliminate codes from 
consideration early. A number of counterexamples 
were found to common conjectures about optimum 
codes. 

The use of error-correcting codes in practice has 
been limited by the difficulty of implementation, and 
by the fact that in many applications of interest 
the errors in the channel are not independent, but 
occur in runs or bursts. In earlier work Huffman 
[1956] had shown a coding and decoding procedure 





for the Hamming code which was simple to imple- 
ment, and Green and SanSoucie [1958] have shown an 
easy implementation for a short multiple-error- 
correcting code. Hagelbarger [1959] has described 
codes which correct errors occurring in bursts whose 
implementation is not too difficult, and Abramson 
[1959] has described a highly efficient and easily 
implemented set of codes with similar properties. 

Work on codes of longer block length, which can 
correct multiple errors, started with a decoding 
procedure given by Reed [1954] some time ago for 
the Reed-Muller family of codes. For really large 
block lengths these codes are not efficient, but Perry 
[1958] has built a coder and decoder for a Reed- 
Muller code which has block length of 128 digits, 64 
of which are information digits and 64 check digits. 
This code can correct any set of 7 or fewer errors 
among the group of 128 and the efficiency is quite 
good. Using microsecond switching devices, the 
units can keep up with millisecond binary digits. 

Calabi and Haefeli [1959] have investigated in 
detail the burst correcting properties of a family of 
codes which has been introduced earlier for correc- 
tion of independent errors [Elias, P., 1954]. They 
also discuss the implementation of these codes. 

A new family of codes discovered by Bose and 
Ray-Chaudhuri [1959, 1960] is much more efficient 
than the Reed-Muller codes for larger block lengths. 
Although in the limit of infinite block length these 
codes may also have zero efficiency, at lengths of a 
few thousands digits they are still quite good. 
Peterson [1960] has discovered an economical way 
to decode these codes. There is a great deal of cur- 
rent work on finding more properties of these codes, 
finding similar codes for channels which are sym- 
metric but not binary, and so forth. 

There has been a good deal of recent work on 
cyclic codes, including some encouraging results on 
step-by-step decoding due to Prange [1959]. Cyclic 
codes are closely related to the sequences which can 
be generated by shift registers with feedback con- 
nections. Recent discussions of these sequences 
have been given by Elspas [1959] and by Zierler 
[1959]. A review of the recent algebraic work on 
coding theory, including the Galois field theory 
which enters in the Bose-Chaudhuri codes, will be 
given by Peterson in a monograph to be published 
shortly [Peterson, 1960]. Most of the results in 
this area extend to channels which have an input 
alphabet of symbols whoses number is not 2 but any 

rime to any power, the channel still being complete- 
y symmetric in the way it makes its errors. Non- 
binary channels have been investigated in their own 
right by Lee [1958] and by Ulrich [1957]. 

The introduction of two thresholds rather than 
one in a continuous channel introduces a null zone. 
The transmitter sends a binary signal, but the re- 
ceiver makes a ternary decision, not attempting to 
guess the value of signals received in the null zone. 
Introducing the null zone may increase channel 
capacity, as shown by Bloom et al. [1957]. It also 
has the valuable effect of reducing the amount of 
computation required in decoding, since it is easier 








to replace missing digits than to correct incorrect 


ones. This is especially relevant for application to 
channels with Rayleigh fading. 


3. Sequential Decoding 


Earlier work had shown that the block coding pro- 
cedure could be modified (in the binary case) by con- 
structing codes in a convolutional fashion, so that 
the coding and decoding of each digit was of the same 
character and involved the same delay [Elias, 1955]. 
The parameter which replaces block length in such an 
argument is the delay between the receipt of a digit 
and the attempt to decode it reliably. This simpli- 
fied the coding but left the decoding procedure as 
complicated as ever. However Wozencraft [1957] 
has shown that a suitable sequential coding procedure 
may be followed by a sequential decoding procedure 
which reduces the average amount of decoding com- 
putation immensely. Like the best of the long block 
codes now in prospect, this procedure promises milli- 
second communication with microsecond switching 
circuitry in the decoder at very high reliability. 
Unlike the block codes, however, Wozencraft’s pro- 
cedure is statistical and not highly algebraic, and it 
may be expected to generalize to other discrete 
channels with no special symmetry properties. On 
the other hand the computation remains reasonable 
only for a range of R well below C. Epstein [1958] 
has studied a sequential decoding procedure for the 
erasure channel, and work on more general channels 
is under way. 


4. Conclusions on Coding 


The general conclusions of interest for applications 
of error-correcting codes are two. First, there are 
now several good small codes which correct bursts of 
errors, which could be instrumented fairly easily for 
use in situations in which a rate well below capacity 
can be tolerated so that short codes may be used. 
These may find early application in sending digital 
data over telephone lines. Second, there are now 
available several kinds of large block codes and 
sequential codes which will permit very reliable 
transmission over long distance scatter channels, 
which can also be implemented. The cost of imple- 
mentation is appreciable in these cases, but current 
computer circuitry is fast enough to permit decoding 
at transmission rates of the order of 1,000 binary 
digits per second, coded in blocks or with sequential 
constraints hundreds of digits in length, and the 
alternative of more large antennas or greater trans- 
mitter power are also expensive. It seems likely 
that such systems will be in experimental use by the 
next international URSI meeting in 1963. 


5. Other Topics 


Less progress has been made in the economical 
coding of information sources. In part this is be- 
cause such progress becomes work in speech analysis 
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of television systems and not information theory as 
such. However it might be worth noting that a 
scheme for coding runs of constant intensity in tele- 
vision has been demonstrated at full televison speed 
by Schreiber [1958]. 

Arelation between the bandwidth and the duration 
of a signal is imposed by the Heisenberg uncertainty 
principle, whose applicability to time functions was 
pointed out by Gabor many years ago. Kay and 
Silverman [1959] have examined this relationship 
more carefully, and a form of the uncertainty prin- 
ciple which places a lower bound on the sums of 
entropies rather than on the products of second 
moments is discussed by Leipnik [1960]. Stam [1959] 
also discusses this entropic inequality and closely 
related results. 

The sampling theorem is closely related to these 
questions. Linden and Abramson [1960] have given 
a generalization which permits the closed form ex- 
pression of a bandlimited function in terms of sam- 
ples of the function and its first & derivatives, taken 
at time intervals (¢+1) times as far apart as is re- 
quired for samples of the function value alone. This 
extends earlier work by Jagerman and Fogel [1956]. 
Results bearing both on the uncertainty principle 
and on approximate sampling theorems—i.e., 
theorems concerning functions which include all but 
a fraction 6, of their energy in bandwidth W and all 
but a fraction 6, of their energy in a time interval of 
duration 7—are the subject of active current work. 
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Part 2. Random Processes 


P. Swerling* 


Research on random processes in the period under 
consideration may be conveniently summarized 
under three main headings: statistical properties of 
the output of nonlinear devices; estimation theory 
for random processes; and representation theory for 
random processes. 

Under the first heading, the investigations concern 
the statistical properties of the output of a nonlinear 
device, or of a linear filter following a nonlinear 
device, when the input is a random process having 
prescribed statistics. These problems are of great 
interest since this is a model for many types of 
receivers. The period 1957 to 1960, continuing 
earlier work, has seen the buildup of a large inventory 
of results and of methods for attacking this class of 
problems. 

One of the most comprehensive approaches is 
reported on in papers by Darling and Siegert [1957], 
and by Siegert [1957, 1958]. These papers report on 
work actually done earlier. The problem considered 
is that of finding the (first order) probability distri- 
bution function of the quantity 


fote(e) ria, 


where ¢ is a prescribed function and z(r) is a com- 
ponent of a_ stationary n-dimensional Markoff 
process. Many problems in the category under 
consideration are special cases of this. The approach 
is via the characteristic function of the required 
probability distribution; it is shown that this charac- 
teristic function must satisfy two integral equations. 
Under certain conditions, it can also be shown that 
the characteristic function must satisfy two partial 
differential equations. 

Another type of problem in this category is the 
investigation of the second or higher order proba- 
bility distributions of the output, and particularly 
of the autocorrelation function of the output or the 
cross-correlation between two or more such outputs. 
For example, Price [1958] gives a theorem which is 
useful in deriving such auto- and cross-correlations 
when the inputs are Gaussian. The theorem stated 
can be used in many cases to calculate the quantity 


n 
R=Expected Value of4 I f,(x,) >> 
i=1 


where (x, . . . , Zn) is a Gaussian vector and f; are 
prescribed functions. 

Many other papers, for example*Leipnik [1958], 
Pierce [1958], Kielson et al., [1959], Helstrom and 
Isley [1959], McFadden [1959], Campbellf[1957], and 
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Leipnik [1959], have been written giving special 
results and using a number of different approaches. 

Work has also continued on the problem of the 
distribution of zero crossings of Gaussian processes 
[Helstrom, 1957, and Brown, 1959]. 

Under the heading of estimation theory for random 
processes one might first mention the subject of 
estimating the spectral density of stationary Gaus- 
sian processes. Two references [Grenander and 
Rosenblatt, 1957, and Blackman and Tukey, 1959] 
summarize much work on this problem, a great deal 
of which had been done previously (but not all of 
which had been published previously). Blackman 
and Tukey discuss two types of estimates of the 
power spectrum, viz: estimation of the autocorrela- 
tion function, multiplication by a prescribed function 
of time called a “lag window,” followed by Fourier 
transformation; or, passing the observed process 
through a filter of specified transfer function and 
calculating the average power of the output. They 
derive expressions for the first and second moments 
of such estimates, as well as of the cross-moments of 
estimates of the spectral density at two different 
frequencies. Grenander and Rosenblatt discuss 
similar types of spectral estimates, emphasizing and 
utilizing the fact that these as well as most other 
useful estimates of spectral density are quadratic 
forms in the observed data. They derive first and 
second order moments, as well as asymptotic proba- 
bility distributions for large observed samples, of 
such estimates. 

A recent paper of Grenander, Pollak, and Slepian 
[1959] discusses the small sample case, relying heavily 
on the fact that spectral density estimates are usu- 
ally quadratic forms in the observed data. 

In an interesting paper Slepian [1958] has dis- 
cussed the following hypothesis-testing problem: 
given an observed sample of a Gaussian random 
process, known to be characterized by either one of 
two prescribed power spectra, which power spectrum 
does the process actually have? It turns out that in 
problems of this type, the measures induced by the 
two alternative hypotheses may be singular with 
respect to each other; in which case, it is possible to 
decide between the alternatives with arbitrarily 
small error probability, and with an arbitrarily small 
sample. Slepian gives various sufficient conditions 
for this. The power spectra satisfying his conditions 
are, moreover, standard types very frequently 
postulated. This emphasizes that the mathematical 
model one chooses must be carefully chosen to be 
appropriate to the problem one is trying to solve. 

Another type of estimation problem for random 
processes is considered by Swerling [1959]. Suppose 
a prescribed waveform, depending on one or more 
unknown parameters, is observed in additive Gaus- 
sian noise hxving prescribed autocovariance function 
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and zero mean. Expressions are derived for the 
greatest lower bound for the variance of estimates 
of the unknown parameters having prescribed bias. 
These greatest lower bounds are found to coincide 
in certain special cases with the variance, obtained 
by Woodward, of maximum likelihood estimates of 
the unknown parameters. Similar problems are 
investigated in Middleton [1959]. 

In the field of representation theory for random 
processes, work has continued on the subject of 
representation of nonlinear operations on random 
processes—especially for Gaussian processes. Papers 
by Zadeh [1957] and Bose [1959] and a book by 
Wiener [1958]'deal with this problem. The approach 
followed is, first, to express the initial random process 
{x(t)} as a series 


a(t) = Dien (0), 


where {a,(t)} is a set of orthonormal functions over 
the interval of definition of {z(t)}. If {2(¢)} is 
Gaussian, the u, are Gaussian and, if a,,(t) are 
properly chosen, can be made independent. Any 
linear or nonlinear functional of {2z(¢)} can then be 
regarded as a function of w%,. . Un 
Second, one may choose a set of functions of the 
variables Uy, Which are orthonormal in the stochastic 
sense as explained, for example, in Zadeh [1957] 
with respect to the process {z(t)}. Then, nonlinear 
functionals of {x(¢)} may be expanded in a series of 
the orthogonal functions of the variables w,. 

Other research in the field of representation theory 
has treated such subjects as: 

Use of bi-orthonormal expansions [Leipnik, 1959], 
envelopes of waveforms [Arens, 1957, and Dugundji, 
1958], the sampling theorem and related topics 
{Balakrishnan, 1957, and Lerner, 1959], and harmonic 
analysis of multidimensional processes [Weiner and 
Masani, 1957 and 1958]. 

Much of this work in representation theory pro- 
vides useful tools for attacking the problems dis- 
cussed under the first two headings above. 
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Part 3. Pattern Recognition 
Arthur Gill* 


Pattern recognition, in its widest sense, cuts across many fields of engineering interest— 
from character sensing to learning theory, and from machine translation to decision-making 
techniques. Inasmuch as the problem of recognizing patterns is that of simulating human 
thinking processes, it is also closely related to nonengineering fields such as physiology, 
psychology, cryptology and linguistics. No attempt is made in this report to summarize 
the developments in all these areas. Rather, pattern recognition developments are reported 
orty to the extent that they represent a direct contribution to the theory of information. 
The enclosed bibliography is compiled primarily from engineering journals; consequently, 
it will be found that the emphasis in this report is placed on the recognition of visual patterns, 
rather thar vocal, linguistic or other patterns, which are mainly covered in nonengineering 
publications. 

The reason for the acute engineering interest in visual patterns is the recent emergence 
of the following two urgent problems: (a) How can redundancy be removed from television 
singe so that video signals could be transmitted at a greatly reduced waveband; (b) 

ow can printed documents be read automatically, so that the most serious bottleneck— 
the human typist or card puncher—could be eliminated from digital data-processing systems. 
Although these two topics are treated separately in the literature, both represent different 
aspects of the same general problem of pattern recognition. This problem may be divided, 
somewhat artificially, into three phases: (1) Redundancy removal, (2) Recognition programs, 
(3) Recognition system design. This division will be adopted in the following summary. 
Since the boundaries between three phases are not well defined, the corresponding bibliography 


classification should not be regarded as too rigorous. 


3.1. Redundancy Removal 


Both the compression of television bandwidth 
and the design of character recognizers, require the 
determination of the source redundancies, and the 
establishment of scanning-coding schemes which 
would minimize these redundancies. Considerable 
work has been done in the past three years on the 
‘“Tun-length” scheme, where lengths of pattern runs, 
rather than values of individual cells, constitute the 
transmitted information. [Capon, 1959; Michel, 
1958; 1957]. The redundancies which may be 
eliminated under this scheme were measured for 
some sources of practical interest, and bounds were 
found for the potential bandwidth saving [Deutsch, 
1957; Powers and Staras, 1957; Schreiber and 
Knapp, 1958]. Another scheme that was explored 
is one in which scanning is confined to the minimal 
set of cells necessary for recognition under noiseless 
and noisy conditions [Gill, 1959]. Progress has 
also been made in the techniques of measuring the 
autocorrelation function of two-dimensional patterns 
[Kovasznay and Arman, 1957]. 


3.2. Recognition Programs 


Although the removal of redundancies from the 
given patterns simplifies and accelerates their recog- 
nition, the recognition itself is a result of a predeter- 
mined series of decision rules—applied sequentially 
or simultaneously—which is ued “a, recognition 
program.” The program invariably involves a set 
of transformations performed on the unknown pat- 
terns, followed by a comparison of the transformed 
pattern with a precompiled library of reference 
patterns. The size of the library and the length of 
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the comparison process depend on the chosen set of 
transformations. Thus far, no universal procedure 
has been formulated for selecting a necessary or 
sufficient transformation set for a given pattern 
source; rather, each investigator uses intuitive or 
heuristic arguments to propose such a set for the 
specific source under investigation [Bledsoe and 
Browning, 1959; Dimond, 1957]. The approach 
which seems to be the most popular in the case of 
character recognition, is the association of each 
pattern with a distinct set of two-dimensional 
features (“‘corner,” “intersection,” ‘‘arc,” etc.) which 
can be abstracted from each pattern with the aid of 
digital computers [Bomba, 1959; Kamentsky, 1959; 
Unger, 1959]. The necessary set of concepts is, 
again, presented heuristically. Similar situation 
exists in recognition programs proposed for other 
classes of patterns [Gold, 1959]. 


3.3. Recognition System Design 


Once a set of transformations is selected for the 
recognition program, a system has to be constructed 
for executing the program. The intuitive basis on 
which the program is constructed, forces most in- 
vestigators to plan a flexible system, in which trans- 
formations can be readily varied either manually or 
automatically as more experience is gained on the 
nature of the pattern source and the performance of 
the program (the automatic method is closely re- 
lated to problems concerning “adaptive systems,” 
which are not reviewed in this report). The majority 
of all recognition systems built to date are found to 
be still in the “learning” stage, serving as testing 
grounds for the various schemes devised by the 
respective investigators [Grenias et al., 1957; Kirsch 
et al., 1957; Tersoff, 1957]. A byproduct of these 











circumstances are the so-called “pattern synthesis” 
techniques, developed for simulating various pattern 
sources for test purposes [Flores and Ragonese, 1958; 
Grenias and Hill, 1957]. These techniques are also 
applied to the design of optimal-style patterns, 
where a limited degree of freedom may be exercised 
over the construction of the source itself. 

It seems that although a considerable progress 
has been made in various areas of pattern recogni- 
tion, it is still minute in comparison with the prob- 
lems that still remain unresolved. The scanning- 
coding techniques devised for transmitting visual 
patterns compress the currently employed bandwidth 
by at most a factor of 10, while a factor of a million 
is required in order to approach the recognition 
capacity of the human eye. Automatic reading of 
relatively standardized characters is in a relatively 
high development stage, but the mechanical recog- 
nition of handwriting or speech are still practically 
unfeasible. Further progress in this field seems to 
lie in three directions: (a) Deeper analysis of the 
redundancies inherent in the various classes of pat- 
tern sources, (b) Formulation of procedures for 
determining optimal sets of transformations required 
for recognizing given sets of patterns, (c) Simulation 
of learning processes with digital computers. It is 
hoped that the next three years will witness 
significant contributions to these basic problems. 
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Part 4. Detection Theory 


Robert Price* 


4.1. Remarks 


The period since the XII General Assembly has 
seen a consolidation of the closely related concepts 
of Wald, Woodward, Middleton, and Van Meter, 
and Peterson, Birdsall, and Fox into a fairly unified 
theory of detection, together with the successful 
application of the theory to a variety of problems. 
Through this approach, ‘optimal’ detector structures 
for electronic systems can be synthesized provided 
that the designer has a priors knowledge of the 
governing statistics and error costs. At the same 
time, older and more standard detection techniques 
have continued to receive attention, the theoretical 
results generally being stated in terms of proba- 
bility-of-error or signal-to-noise ratio at the detector 
output. If one must attribute the discovery of 
any new, guiding principles to the preceding three- 
year period, the most likely candidates would seem 
to be found in those few studies which have sought 
theories which can cope effectively with situations 
in which a priori knowledge is seriously lacking. 

It appears that roughly half the effort of the past 
three years has been devoted to specific detection 
problems in radar and communications. In con- 
temporary communications studies considerable heed 
is paid to ‘optimum’ detection procedures, there 
being less inclination to examine conventional, 
suboptimum detectors than in the radar analyses. 
The reason for this may be that the radar designer 
faces considerably greater a@ priori uncertainty, 
both with regard to the signal and the channel 
through which it comes. By contrast, relatively 
simpier channels have usually been assumed without 
loss of realism in communications problems, while 
the communications system designer also has more 
direct control of the signal. The appropriate opti- 
mum detectors for communications then turn out 
to be rather elementary, and can at present be con- 
structed with hardly more effort than suboptimum 
devices require. In fact, the communications en- 
vironment is generally ‘clean’ enough that much 
recent work has been concerned with determining 
good sets of transmitted signal waveforms, the use of 
an optimum receiver being taken for granted. 

The bulk of the remaining effort has dealt with 
special topics in detection of quite general applica- 
tion. Further study in sequential decision has been 
made both theoretically and through Monte Carlo 
computer experimentation, in the hope of achieving 
significant speedup in detection over fixed-sample 
operation. Greater understanding of the detection 
of stochastic signals in noise has been sought for 
applications in such fields as radio astronomy and 
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in systems where rapidly fading channels are en- 
countered. There has been some work on param- 
eter estimation for a finite number of parameters, 
a subject which is virtually inseparable from detec- 
tion theory. Detection losses in nonlinear devices 
have also received further examination. 

Attempts to circumvent the a prior difficulty 
represent only a small fraction of the output of the 
past three years in detection analysis, but have 
perhaps the most significance for future work. 
Original attacks have been made through game 
theory, comparison of experiments, nonparametric 
techniques, dynamic programing, and inductive 
probability. It is hoped that one or more of these 
tools will prove effective in breaking new ground. 


4.2. Papers 


The following list of references has been drawn 
largely from the American journals concerned with 
statistical communication theory and information 
theory, but also contains a few laboratory technical 
reports. This selection omits papers on multiple 
parameter estimation, and the estimation of signal 
waveforms and impulse responses, since these 
topics verge on filtering theory. Other closely related 
subjects which are not covered are classical studies 
in hypothesis testing that do not refer to electronic 
systems, investigations into ambiguity functions of 
radar waveforms, and information-feedback sys- 
tems.! The future pursuit of feedback studies may 
well lead to wider interchanges in detection notions 
between radar and communications. 
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bank of parallel filters, IRE Trans. on Inform. Theory 
IT-5, 106 (1959). (Study of first-order effects on false 
alarm and detection probabilities.) 


(a a 

1 Also omitted are papers contained in the March, 1957, issue of the IRE Trans- 
actions on Information Theory, which have already been referenced in the U.S.A. 
National Commission VI Report of the XII General Assembly 
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Green, B. A. Jr., Radar detection probability with loga- 
rithmic detectors, IRE Trans. on Inform. Theory IT-4, 50 
(1958). (With post-detection integration, a logarithmic 
detector is about 1 db worse than a square-law detector). 

Kelly, E. J., D. H. Lyons, H. M. Jones and I. 8. Reed, Analy- 
sis of some detection criteria for pulse radars, Tech. Rept. 
172, Lincoln Lab., M.I.T., (1958). (Evolution of a 
periodogram detector and its application to samples of 
the phase of the received signal.) 

Max, J., Mismatching filters to improve resolution in radar, 
Group rept. 36-32, Lincoln Lab., M.I.T., (1958). Also 
an M.S. thesis in E.E., M.I.T., (1958). (Integral equations 
whose solutions yield improved performance against 
clutter.) 

McCord, H. L., An estimation of the degradation in signal 
detection resulting from the addition of the video voltages 
from two radar receivers, IRE Nat. Conv. Record, Pt. 2, 
83 (1957). (A loss of about 2 db for linear addition, only 
0.2 db for peak selection.) 

Miller, K. S., and R. I. Bernstein, An analysis of coherent 
integration and its application to signal detection, IRE 
Trans. on Inform. Theory IT-8, 237 (1957). (In covering 
a region of doppler uncertainty, the more filters the better.) 

Pachares, J., A table of bias levels useful in radar detection 
problems, IRE Trans. on Inform. Theory IT-4, 38 (1958). 
(Values of the incomplete Gamma function.) 

Reed, I. S8., E. J. Kelly, and W. L. Root, The detection of 
radar echoes in noise. Pt. I: Statistical preliminaries and 
detector design. Pt. II: The accuracy of radar measure- 
ments. Tech. Repts. 158 and 159, Lincoln Lab., M.I.T., 
(1957). (Derivation of optimal detectors or estimators 
using orthogonal expansion coordinates, followed by evalu- 
ation of how well such devices perform.) 

Siebert, W. McC., Some applications of detection theory to 
radar, IRE Nat. Conv. Record, Pt. 4, 5 (1958). (Dis- 
cusses a constant-false-alarm-rate detector for use when 
the noise is of variable strength.) 

Stone, W. M., R. L. Brock, and K. J. Hammerle, On the first 
probability of detection by a radar receiver system, IRE 
Trans. on Inform. Theory IT-5, 9 (1959). (Probability 
densities for a filter-squarer-filter detector with constant 
and with Rayleigh-fading input signals.) 


b. Applications to Communications 


Cahn, C. R., Performance of digital phase-modulation com- 
munication systems, IRE Trans. on Comm. Systems CS—7, 
3 (1959). 

Lawton, J. G., Theoretical error rates of ‘differentially 
coherent’ binary and ‘Kineplex’ data transmission systems, 
Proc. IRE 47, 333 (1959). Also C. R. Cahn and J. G. 
Lawton, Comparison of coherent and phase-comparison 
detection of a four-phase digital signal, Proc. IRE, 1662 
(1959). (Binary phase-comparison shown to be asymp- 
totically as good as a coherent phase-reversal system, but 
in four-phase modulation there is a relative asymptotic 
loss of 3 db.) 

Masonson, M., Binary transmission through noise and fading, 
IRE Conv. Record, Pt. 2, 69 (1957). 

Pierce, J. N., Theoretical diversity improvement in frequency- 
shift keying, Proc. IRE 46, 903 (1958). (Derivation and 
performance evaluation of optimum detectors for diversity 
reception.) 

Reiger, S., Error rates in data transmission, Proc. IRE 46, 
919 (1958). (Effectiveness of simple codes shown.) 

Shannon, C. E., Probability of error for optimal codes in a 
Gaussian channel, Bell System Tech. J. 38, 611 (1959). 
(Upper and lower bounds to error probability obtained for 
best set of waveforms for signalling through independent 
Gaussian noise.) 

Sunde, E. D., Ideal binary pulse transmission by AM and 
FM, Bell System Tech. J. 38,, 1357 (1959). (With a band- 
width constraint, concludes that FM is better than AM 

for + ig ee nem white noise.) 

Turin, G. L., Error probabilities for binary symmetric ideal 
reception through nonselective slow fading and _ noise, 
Proc. IRE 46, 1603 (1958). (Considers pulse signals of 
familiar shapes.) 
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Turin, G. L., The asymptotic behavior of ideal M-ary sys- 
tems, Proc. IRE 47, 93 (1959). (Shows that Shannon’s 
fundamental theorem can be realized with incoherent 
detection, provided signalling alphabet is orthogonal.) 

Turin, G. L., Some computations of error rates for selectively 
fading multipath channels, Proc. Nat. Electronics Conf. 
15 (in press). (Even if one of two independently fading 
paths is relatively weak, error probability is considerably 
lower than if only the stronger path is present.) 


c. Sequential Decision 


Blasbalg, H., The relation of sequential filter theory to infor- 
mation theory and its application to the detection of signals 
in noise by Bernoulli trials, IRE Trans. on Inform. Theory 
IT-3, 122 (1957). 

Blasbalg, H., The sequential detection of a sine-wave carrier 
of arbitrary duty ratio in Gaussian noise, IRE Trans. on 
Inform. Theory IT-3, 248 (1957). 

Blasbalg, H., Experimental results in sequential detection, 
IRE Trans. on Inform. Theory IT-5, 41 (1959). (A 
Bernoulli trial generator was used.) 

Nuese, C., Small signal detection through binomial sequential 
analysis, Research Rept. 766, U.S. Navy Electronics Lab. 
(1957). 

Simmons, R. E., and R. A. Worley, Sequential detection 
statistics, Research Rept. 963, U.S. Navy Electronics Lab. 
(to be published). (Exact solutions for Bernoulli trials, 
with experimental confirmation.) 


d. Detection of Stochastic Signals in Noise 


Davis, R. C., Optimum vs. correlator methods in tracking 
random signals in background noise, Quart. Appl. Math. 15, 
123 (1957). 

Kelly, E. J., D. H. Lyons, and W. L. Root, The theory of the 
radiometer, Group Report 47.16, Lincoln Lab., M.I.T. 
(1958). (Square-law detector shown to be optimum.) 

Middleton, D., On the detection of stochastic signals in 
additive normal noise, Pt. I, IRE Trans. on Inform. Theory 
IT-3, 86 (1957). (A filter-squarer-integrator shown to be 
an optimum structure.) 

Rudnick, P., Likelihood detection of small signals in sta- 
tionary noise, Scripps Institution of Oceanography, LaJolla, 
Calif. (to be published). (Proves that in general the 
likelihood-ratio detector yields maximum output signal- 
to-noise ratio, provided that ratio is suitably defined.) 

Slepian, D., Some comments on the detection of Gaussian 
signals in Gaussain noise, IRE Trans. on Inform. Theory 
IT—4, 65 (1958). (Considers some singular cases, in wnich 
perfect detection is accomplished in an infinitely short 
time.) 

Stone, W. M., et al. (see under Radar). 

Strum, P. D., Considerations in high-sensitivity microwave 
radiometry, Proc. IRE 46, 43 (1958). (Mathematical 
analysis in appendix.) 

Swerling, P., Detection of fluctuating pulsed signals in the 
presence of noise, IRE Trans. on Inform. Theory IT-3, 175 
(1957). (The signals have quite general fading 
characteristics.) 


e. Parameter Estimation 


Davis, R. C. (see under Stochastic Signals). (Estimation of 
relative delay between two identical Gaussian signals 
masked by noise.) 

Middleton, D., Signal analysis I-estimation of signal param- 
eters and waveform structure in noise backgrounds, Tech. 
Rep. AF-50, Radiation Lab., Johns Hopkins Univ. (1958). 

Swerling, Parameter estimation for waveforms in additive 
Gaussian noise, J. Soc. Ind. and Appl. Math. 7, 152 (1959). 


£. Loss in Nonlinear Devices 


Galejs, J., Signal-to-noise ratios in smooth limiters, IRE 
Trans. on Inform. Theory, IT-5, 79 (1959). (Behavior of 
loss as a function of the saturation of an error-function 
limiter characteristics, for various noise spectral shapes.) 








Green, B. A., Jr. (see under Radar). 

Manasse, R., R. Price and R. M. Lerner, Loss of signal 
detectability in band-pass limiters, IRE Trans. on Inform. 
Theory IT-4, 34 (1958). (Analysis at low-signal-to-noise 
ratios shows little detectability loss through a hard limiter.) 


g. Attacks on the A Priori Problem 


Abramson, N., The application of ‘Comparison of Experi- 
ments’ to detection problems, IRE Nat. Conv. Record, 
Pt. 4, 22 (1958). (A simple but realistic example demon- 
strates the possibility of showing that one system is superior 
to another regardless of cost assignments and a priori 
message probabilities.) 

Bellman, R. and R. Kalaba, On the role of dynamic pro- 
graming in statistical communication theory, IRE Trans. 
on Inform. Theory IT-3, 197 (1957). (Although not 
explicitly applied to detection, this “earning’’ technique 
suggests ways of obtaining the a priori probabilities when 
they are not known, or are changing.) 

Capon, J., A nonparametric technique for the detection of a 
constant signal in additive noise, IRE Wescon Conv. 
Record, Pt. 4, 92 (1959). (An approach which is strongly 
invariant to probability distribution, based on comparisons 
between the received sample, and a reference sample drawn 
from noise-only population.) 

Nilsson, N. J., An application of the theory of games to 
radar reception problems, IRE Nat. Conv. Record, Pt. 4, 
130 (1959). (Jamming considered. Minimax solution is 
for both the radar and the jammer to use broad-band 
noiselike waveforms.) 

Schwartz, L. S., B. Harris, and A. Hauptschein, Information 
rate from the viewpoint of inductive probability, IRE 
Nat. Conv. Record, Pt. 4, 102 (1959). (Carnap’s philos- 
ophy invoked to estimate probabilities.) 
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h. Miscellaneous 


Slade, J. J. Jr., L. F. Nanni, 8. Fich, and D. A. Molony, 
Moment detection and coding, Commun. Electronics, 
275 (1957). 

Bloom, F. J., 8. 8. L. Chang, B. Harris, A. Hauptschein, and 
K. C. Morgan, Improvement of binary transmission by 
null-zone reception, Proc. IRE 45, 963 (1957). (Shows 
that introducing decision null-zones results in a higher 
upper limit to allowable information rate, relative to 
simple binary decision.) 

Middleton, D., A comparison of random and periodic data 
sampling for the detection of signals in noise, IRE Trans. 
on Inform. Theory IT-5, 234 (1959). (Concludes that 
periodic sampling is better.) 

Stewart, J. L., and E. C. Westerfield, A theory of active 
sonar detection, Proc. IRE 47, 872 (1959). (Considers 
reverberation, using a pseudo-random transmission and a 
cross-correlator detector.) 


i. Books 


Recent books, available or in press at the end of 1959, in 
which detection analysis receives major treatment: 
Middleton, D., An introduction to statistical communication 

preg (McGraw-Hill Book Co., Inc., New York, N.Y., 

1960). 

Davenport, W. B. Jr., and W. L. Root, An introduction to 
the theory of random signals and noise (McGraw-Hill 
Book Co., Inc., New York, N.Y., 1958). 

Helstrom, C. W., Statistical theory of signal detection, 
Pergamon Press (in press). 








Part 5. Prediction and Filtering 


ny, L. A. Zadeh* 
ies, 
and Much on the research on prediction and filtering conducted in the United States during 
by the period 1957-1960 was concerned essentially with various extensions of Wiener’s theory. 
he In particular, extensions involving nonstationary continuous time processes, vector-valued 
ord processes, stationary and nonstationary discrete-time processes, nonGaussian processes, 
to incompletely specified processes, and nonlinear filters and predictors have received attention. 
A new and very promising direction in prediction theory has been opened by the applica- 
lata tion of Bellman’s dynamic programing to the determination of optimal adaptive filters and 
hat predictors. Actually, the basic work of Bellman and Kalaba [1958, 1959, 1960] and its 
that extensions and applications by Freimer [1959], Aoki, Kalman, and Koepcke [1958], and 
= Merriam [1959] are not concerned with prediction and filtering as such. However, the 
tive recent work of Kalman shows that, mathematically, there is a duality between the filtering 
—4 problem and the control problems considered by Bellman and Kalaba, and others. Thus, 
sa lies these contributions are likely to have a considerable impact on the course of development of 


the theory of filtering and prediction in the years ahead, and point toward an increasing 
utilization of digital computers and the concepts and techniques of discrete-state systems 
both in the design of predicting and filtering schemes and in their implementation. 

During the past two years four books containing in aggregate a substantial amount of 

material on prediction and filtering have been published. Davenport and Root [1958] 
2 present a clear exposition of Wiener’s theory and some of its extensions. Wiener [1958] 
), in discusses orthogonal expansions of nonlinear functionals but stops short of applying them 
to prediction problems. Bendat [1958] presents a general survey of linear prediction and 
tion treats some special problems in considerable detail. Middleton [1960] contains a thorough 
exposition of the classical prediction theory together with a theory of reception in which the 
problems of prediction and filtering are formulated in the framework of decision theory. 
n to The appendix of Middieton’s book includes an informative section on the solution of the 
Hill Wiener-Hopf equation and some of its variants. - 
A more detailed discussion of the contributions to filtering and prediction theory is 
ion, presented in the following pages. For convenience, the subjects of nonlinear filtering, non- 
stationary and discrete-time filtering, and miscellaneous contributions are dealt with 
separately. 


Barrett-Lampard expansion were investigated by 
Leipnik [1959], while necessary and sufficient condi- 


5.1. Nonlinear Filtering 





The contributions to nonlinear filtering and predic- 
tion have centered largely on the fundamental work 
of Wiener [1953] and its earlier extensions by Bose 
[1956] and Barrett [1955]. A discernible trend in 
research in this area is to consider special types of 
processes for which optimal nonlinear filters assume 
a simple form. A key work in this connection is 
that of Barrett and Lampard [1955], in which the 
class, A,’ of all second order density functions ad- 
mitting a diagonal representation of the form. 


P(t 2257) =P ax) P(02) 3 An(7) n(n 2) (1) 


is introduced. Here p(2,,%2;r) denotes the second 
order density of a stationary process {a(t)}, 2:=<2(t), 
H=z(t-+7), p(x) is the first order density, and 
{0,(a)} is a family of polynomials with the ortho- 
gonality property 


fr. )on(2)0q(0)de=Bnu (2) 


In particular, Barrett and Lampard have shown that 
Gaussian and Rayleigh processes are of this type, 
with the 6, being Hermite and Laguerre polynomials, 
respectively. Convergence and other aspects of the 


nnent of Electrical Engineering, University of California, Berkeley, 


1In Barrett and Lampard’s definition of A, p(x, 22; 7) is not assumed to be 
symmetrical. 
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tions under which P(2,,%2;r) can be expressed in the 
form (1) have been given by J. L. Brown [1958]. 
Brown also studied [1957] a more general class of 
densities for which the expansion (1) i is nondiagonal 
and the coefficients A,,,(7) are restricted by the 
relation Ay (7)=dmay,(7), m=1, 2, the d, 
being real constants. As shown by Brown, processes 
with densities of this type exhibit a number of in- 
teresting properties. 

One way in which the Barrett-Lampard expansion 
can be used in nonlinear filtering was pointed out by 
Zadeh [1957]. Specifically, assume that the second 
order density of a process with zero mean can be 
represented by (1), with the 6,(z) not necessarily 
having the form of polynomials. Then, if an opti- 
mal (minimum variance) filter is sought in the class 
of filters admitting the representation 


F(x)=>) [ K,(r)0x[x(t—7)|ar, (3) 
h=0 J0 


where the K,,(7) are undetermined kernels, and the 
desired output is written as 


P= > -. K%(r)0,[(t—r)\dr, (4) 


where M is a finite index set and the A*(r) are given 
kernels, the determination of the K,,(r) reduces to 
the solution of a finite number of Wiener-Hopf 





integral equations 
f ivi hclt-~0 bien { BNA ie--hde, wed 
0 —-©@ 


: (5) 
with K,=0 if n#M. 

Another type of process—for which the problem 
of determining an optimal nonlinear predictor is 
greatly simplified—was introduced by Nuttall [1958]. 
Specifically, Nuttall calls a process separable ? if 
the conditional mean of z, given x, can be represented 
as 


E{x2|2;} =| (t2—u) p(t2;7|21)dr2=(41—n)p(7) (6) 


where » is the mean value of the process and p(r) 
is its normalized autocorrelation function. Separa- 
ble processes form a slightly broader class than that 
defined by Brown [1957]. 

Among the many interesting properties of separa- 
ble processes is the following prediction property. 
Let s(t) be a signal mixed with additive noise. Then, 
if {s(t)} is a separable process, the best estimate of 
oe 7) in terms of the best estimate of s(t) is given 

“A 


s*(t+7)=s*(t)p.(7) +usl1—ps(7)], (7) 


where p,(7) and yu, are the normalized autocorrelation 
and the mean value of the signal process, and starred 
quantities, represent optimal (minimum variance) 
estimates. In the absence of noise, the explicit 
formula for the best predictor in terms of s(t) becomes 


s*(t-+7)=s(6)ps(7)+us[1—p,(7)]. (8) 


Still another type of process for which the predic- 
tion problem is manageable was considered by D. A. 
George [1958]. Here the observed signal f(t) is 
assumed to be the output of an invertible nonlinear 
system N preceded by an invertible linear system 
L to which a white Gaussian signal x(¢) is applied. 
Thus, symbolically, f=NZaz and r=L“'N“f. Then, 
if an optimal estimate of f(t+ «) is denoted by 
f(t+«), it is not difficult to find an operator H. 
acting on the present and past values of x(t) such 
that f(t+ «<)=A.[zx(t)]. Once H.« has been found, 
f(t+ ec) can be expressed in terms of the present and 
an values of f(t) by the relation f(t+ «<)=H.L™ 

While some authors have sought to simplify the 
prediction problem by considering processes with 
special properties, others have turned to special types 
of nonlinear operators. In particular, the work of 
Bose [1956, 1959] was extended by D. A. Chesler 


[1958] to operators of the form F(>°C,¢,), where F 


n=1 
denotes either a linear operator with memory, or a 
nonlinear memoryless operator, or a more general 
nonlinear operator possessing an inverse; the C,, are 


2 It should be noted that the term ‘‘separable process” is used in the theory of 
stochastic processes in an altogether different sense. 
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adjustable constants, and the bn are nonlinear opera- 
tors such that the expectation E {bn(2)bm(x) } =0 


for m#n, « being the input to the filter. As was 
shown by Bose in the absence of F the optimal value 
of each C can be determined by measuring the mean- 
square error as a function of, say, C; and assigning 
to C, the value which minimizes the mean-square 
error. This method is shown by Chesler to be appli- 
cable also when F is a linear operator or a nonlinear 
operator with no memory. The extension is less 
straightforward when the only assumption on F is 
that it possesses a realizable inverse. 

In all the foregoing analyses the signal process is 
assumed to be stationary. However, there are 
many situations of practical interest in which an 
appropriate representation for the signal is a series 
of the form 


s() =D) adi(t), (9) 


in which the ¢;,(t) are known functions of time and 
the a; are unknown constants or random variables. 
In such cases, the problem of filtering or predicting 
s(t) reduces to the estimation of the coefficients a. 
It was shown some time ago by Laning [1951] 
that when (a) the noise if additive, stationary and 
Gaussian, (b) the joint distribution of the a, is 
known, and (c) the loss function L(e) is nonnegative 
and vanishes for e=0, optimal estimators for the a, 
are memoryless nonlinear functions of linear com- 
binations of values of the input over the interval of 
observation. In a recent paper, similar results were 
obtained by a different and more rigorous method by 
Kallianpur [1959]. More specifically, for the case 
where the interval of observation is [0, 7], and the 
loss function is quadratic, Kallianpur derived explicit 
expressions for the best estimate of s(t) at time 
T+ 7, in terms of n linear functionals of the form 


i 
| a(t)p (t)dt, t=1,2, . . ., 0, 
0 


where z(t) is the sum of signal and noise, and the pilt) 
are square integrable solutions of integral equations 


T 
J, R(t—1)p,(r)dr=,(t),i=1, 2,..+,7, (10) 
0 


in which R(r) is the correlation function of the 
process. 

More concrete results for the same general problem 
were obtained by Middleton [1959] and Glaser and 
Park [1958]. In particular, Middleton found explicit 
expressions for minimum variance estimators of the 
a, for the cases where (a) the a; are jointly normall 
distributed, (b) the a; are independent and Rayleig h 
distributed, (c) the a; are independent and their 
distributions are not symmetrical, (d) the a; are 
independent and their distributions are symmetrical. 
Of these cases, only (a) and (d) yield linear estimators 
for the Qj. 
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The relation between maximum likelihood, mini- 
mum variance and least squares estimates of the a; 
was studied in earlier papers by Mann [1954] and 
Mann and Moranda [1954]. A number of interesting 
properties of minimum variance estimates of s(t) 
and its derivatives for the case where the ¢,(t) are 
polynomials in t were found by IJ. Kanter [1958, 
1959]. A central result of Kanter is that an optimal 
weighting function for predicting the 7" derivative 
of n™ degree polynomial can be expressed uniquely 
and simply in terms of optimal estimators of k™ 
derivatives of k™ degree polynomials, with k ranging 
between j and n. 


5.2. Filtering and Prediction of Nonstation- 
ary, Discrete-Time, and Mixed Processes 


As is well known [Miller, Zadeh, 1956], extensions 
of Wiener’s theory to nonstationary processes lead 
to integral equations of the general form 


[Re 7)a(r)dr=9(t), a<t<b, (11) 


in which R(t, 7) is the covariance function of the 
observed process. Little can be done toward the 
solution of this equation when (¢, 7) is an arbitrary 
covariance function. Thus, contributions to the 
theory of prediction of nonstationary continuous 
time processes consist essentially of methods of 
solving (11) in special cases. 

Along these lines, Shinbrot [1957] discussed the 
solution of (11) for the case where R(t, +) can be 
expressed in the form 


N 
R(t, r)=>>5 a,(7)b,(t). (12) 


n=1 


Using Shinbrot’s methods, the solution of (11) 
reduces to the solution of a system of differential 
equations with time-varying coefficients. There is 
some advantage in such a reduction when one has 
available a differential analyzer or an equivalent 
machine. Similar results are yielded by a theory 
due to Darlington [1958, 1959], in which many of 
the concepts and techniques of time-invariant 
networks are extended to time-varying networks. 
As in the paper of Miller and Zadeh [1956], a key 
assumption in these approaches is that the observed 
process may be generated by acting on white noise 
with a product of differential and inverse-differential 
operators, or equivalently, with a lumped-parameter 
linear time-varying network. Darlington’s paper 
[1958] contains also a simplified technique for finding 
a finite memory Wiener filter for stationary signal 
and noise. 

A special case for which explicit solution can be 
found has been studied by Bendat [1957]. Here 
the basic assumption is that the signal is of the form 


s(t)=0 for :<0, s(t)=>\( a, cos nwt+b, sin nwt) for 
7 


t>0, where the a, and b, are random variables with 
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known covariance matrices, while the covariance 
function of the noise is of the form 


R(t te) = Ae#!"-"2! cos y(t;—t) for t, £>0 
=0 for <0 or £<0. (13) 


Closely related cases in which the prediction problem 
can be solved completely are those in‘ which the 
nonstationarity of signal and noise processes is due 
to a truncation (e.g., multiplying the signal and 
noise by a step function) of stationary processes. 
This is true also in the case of discrete-time processes, 
as is demonstrated by several examples in Fried- 
land’s [1958] extension of Wiener’s theory to non- 
stationary sampled-data processes. 

Several interesting results concerning the linear 
prediction of filtering of stationary discrete-time 
processes were described by Blum [1957a, 1958, 
1957b]. In particular, Blum has developed recursive 
formulas which express the estimate at time n in 
terms of a finite number of past estimates and past 
values of the observed process. This type of repre- 
sentation is especially useful in connection with 
so-called growing memory filters, i.e., filters which 
act on the entire past of the input. Thus, if the 
input sequence (starting at ‘=0) is denoted by 
Zo Zi, . ~ +) Zp, and the filter output at time n is 


n 
denoted by Z,, then Z, is expressible as Z,=)>} 
r=] 


C, X,, in which the C, depend on n. A shortcoming 
of this representation is that as time advances the 
C, have to be recomputed at each step and their 
number grows with n. On the other hand, a recur- 
sive relation (if it exists) is of the form 


Ly OLnit ee + a Zn—et+botpt btn + i ee 
+betn—e, (14) 


where a’s, b’s, k and e are constants independent. of 
n and hence need not be recomputed. One compli- 
cation in this approach to the problem is that in 
order to start the recursion one must know initially 
yp age ea 

A somewhat related but more general approach 
has been formulated recently by Kalman. Specifi- 
cally, Kalman assumes that the observed process 
is an n-dimensional vector process {y(t)} which is 
generated by acting with a linear discrete-time 
system on a white noise {zu (t)}: thus, 


y@=P() x) 
x(t+]l) = G(t)x() +u(0), (15) 


where the bars denote vectors and P(t) and G(t) are 
given time-varying matrices. (This assumption is 
analogous to the usual one in the case of nonsta- 
tionary continuous-time prediction, viz, that the 
observed process can be generated by acting on 
white noise with a time-varying network.) Kalman 
shows that an optimal (minimum variance) estimate 








of x(t) is given by the recursive relation 
x*(¢+1)=[4Q—-AOpPO]*O+AOyO (16) 


where 


AQ)=GOMOP’®/POMWBP’b)- (17) 


and M(t) is given by 
M(t+1)=[GO™—-AOPOIMO@’H+Q® (18) 


where @’ is the transpose of G and Q(t) is the covari- 
ance matrix Q(t)=E{u(é)u’()}. The matrix M(t) 
is the expectation of the matrix ¢(¢)e’(¢), where e(¢) is 
the error at time t. In this formulation, to start the 
recursion one must know z*(0) and M(0). However, 
in most cases the effect of the initial choices of x*(0) 
and M(0) will be insignificant by the time the system 
reaches its steady state. 

An interesting observation made by Kalman is 
that the prediction problem as formulated by him is 
dual to a problem in control theory in which the 
objective is to find an input which minimizes a 
quadratic loss function. 

In additions to extensions of Wiener’s theory to 
nonstationary continuous and discrete-time proc- 
esses, extension to processes of mixed type were also 
reported. In particular, Robbins [1959] solved the 
mean-square optimization problem for the case where 
the filter consists of a linear time-invariant system 
followed by a sampler which is followed in turn by 
another linear time-invariant system. Janos [1959] 
gave a complete analysis of the case where a sta- 
tionary signal is multiplied by a train of rectangular 
pulses, yielding a periodic pulse-modulated time 
series. The filter is assumed to be a time-invariant 
linear network. The integral equation satisfied by 
the impulsive response of the optimum filter is of the 
Wiener-Hopf type, but a multiplying factor involving 
trains of rectangular pulses complicates its solution. 
A method of solution of this equation is given by 
Janos for the infinite memory as well as the finite 
memory case. 


5.3. Miscellaneous Contributions 


There are several not necessarily unimportant 
problems in filtering and prediction which have re- 
ceived relatively little attention during the period 
under review. Contributions concerned with such 
problems are discussed in this section. 

It has long been recognized that the use of a quad- 
ratic loss function imposes a serious limitation on the 
applicability of Wiener’s theory. Under certain con- 
ditions, however, optimality under the mean-square- 
error criterion implies optimality under a wide class 
of criteria. Such conditions have been found by 
Benedict and Sondhi [1957], and, independently, by 
Sherman [1958]. Thus, Benedict and Sondhi have 
shown that in the case of a Gaussian process opti- 
mality with respect to a loss function of the form 





L=é, where ¢ denotes the error, implies optimality 
with respect to any loss function of the form L= >} ||", 


n 
where n>0 but is not restricted to integral values. 
In Sherman’s result, L=f(e) is an even function and 
€) >€,>0 implies f(e) >f(e). More special cases in- 
volving the design of optimal filters under nonmean- 
square-error criteria have been considered by Bergen 
[1957] and Wernikoff [1958]. A time-weighted mean- 
square-error criterion which can be used to reduce the 
settling time of an optimal linear filter was em- 
ployed by Ule [1957]. 

An extension of Wiener’s theory to random para- 
meter systems was described by Beutler [1958]. In 
Beutler’s formulation, the signal and noise are as- 
sumed to have passed through a time-invariant ran- 
dom linear system before being available for applica- 
tion to a filter or predictor. The linear system is 
assumed to be characterized by a transfer function 
H(w, y), in which y is a random parameter with a 
known distribution. In effect, this amounts to 
modifying the statistical characteristics of the 
original signal and noise processes. 

The multiple series prediction problem for the in- 
finite memory case was considered by Hsieh and 
Leondes [1959]. In their paper, Hsieh and Leondes 
describe a simplified method of solving the simulta- 
neous integral equations for the weighting functions. 
Their technique is not applicable, however, to the 
finite memory case. 

The optimization of continuous-time filters and 
predictors is frequently carried out by discretizing 
time and then letting the interval between successive 
samples approach zero. There are many published 
papers in which limiting processes of this type are 
used without adequate justification. A careful and 
rigorous analysis of the problems involved in obtain- 
ing optimum continuous-time linear estimates as 
limits of discrete-time estimates was given by 
Swerling [1958]. 
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Subcommission 6.2—Circuit Theory 


Circuit Theory 


Louis Weinberg* 


In this paper a report is presented on the research in circuit theory in the United States 


during the period 1957-1960. The paper was 
to the XIII Triennial General Assembly of UR 


ig ety as a progress report for submission 
I, held in London in September 1960. The 


following subdivisions of circuit theory are treated: 


1. Introduction. 


. Synthesis by pole-zero techniques. 


. Active systems. 
. Concluding remarks. 


NES Ot Go bo 


Topology or linear graphs, including associated matrix formulations. 


. Realizability conditions and positive real matrices. 
. Systems with time-varying and nonlinear reactances. 


The discussion considers problems that have been solved in these areas as well as a 
number of important problems for which answers are still not available. 


1. Introduction 


In the past decade the boundaries of circuit 
theory ' have expanded explosively; as a result the 
resent range of circuit-theory research is enormous. 
t}is thus manifestly impossible to give a short ac- 
count of this research in the United States for the 
past three years. This would be true even if the 
“old” or more conventional definition? of circuit 
theory were used; use of a “new” or more encom- 
passing definition * makes it hold a fortiori. The 
best one can do is to offer a few examples to suggest 
the vigor, pertinence, and extent of the present 
research in circuit theory. For this purpose we have 
chosen to concentrate on the following subdivisions 
of circuit theory; (2) Topology or linear graphs, 
including associated matrix formulations, (3) Syn- 
thesis by pole-zero techniques, (4) Realizability con- 
ditions and positive real matrices, (5) Systems with 
time-varying and nonlinear reactances, and (6) 
Active systems. 

The above divisions are obviously overlapping. 
We subdivide them in this way merely for conven- 
ience of discussion and we shall not hesitate to point 
out interrelations. 

In addition, we omit from detailed consideration a 
number of research areas that fall within the field of 
circuit theory and also overlap other fields. Among 

*Hughes Research Laboratories, Malibu, Calif. 

1 We use this term synonymously with network theory. 

2 Such a definition was proposed by Professor B. D. H. Tellegen at the 1957 
URSI General Assembly held at Boulder, Colo. He suggested that the following 
definition be used to guide the deliberations of Subcommission 6.2: 

Circuit theory is the theory of networks composed of black boxes character- 
ized by relations between the currents and voltages at the terminals, which 
relations contain only time as an independent variable, and contain neither space 
nor temperature coordinates. 

3In the ensuing discussion of Professor Tellegen’s definition it appeared that 
many of the delegates of Subcommission 6.2 considered the definition too restricted. 
An hoe group, of which the writer was a member, proposed the following 
definition of circuit theory in the wide sense: 

_ _Circuit theory is the theory of networks of black boxes which are character- 
ized by relations between the voltages, currents, or other variables at their termi- 

_ and which are in general abstractions of physical components of electrical 
ystems. 

There appears to be slight difference between the definitions as stated. 
However, the discussion made clear that the proponents of the second definition 
wished to include areas like sequential circuits and networks with probabilistic 
elements (and in general such areas that overlapped the interests of Subcommis- 


sion 6.1 on Communication and Information Theory), whereas those holding to 
the first definition would exclude these areas. 





them are: (a) contact networks and digital com- 
puters; (b) data processing; (c) noise theory; (d) 
sequential circuits; (e) synthesis of distributed- 
parameter systems; and (f) matched filters. How- 
ever, we will not completely neglect these areas, but 
will briefly mention some of the outstanding work in 
a few of them, though without a precise formulation 
of the problems. It is clear that these subdivisions 
of the circuit theory field, e.g., the research in data 
processing, have great relevance to the problems of 
interest to URSI, and it is recommended that some 
provision be made for their detailed discussion in the 
next triennial report. 

It is difficult if not impossible to discuss the re- 
search accomplishments of the past three years in 
the United States without reference to much ante- 
cedent work and to work done in other countries; we 
see farther than our predecessors only by standing 
on their shoulders, and it is thus essential to refer to 
some of the accomplishments of the giants of former 
days. The presentation given here should be con- 
sidered more in the nature of a portrait rather than 
a photograph.* We shall have to invoke the artist’s 
privilege of emphasizing certain aspects of the sub- 
ject to the exclusion of other aspects. To mix a 
metaphor, in some respects, as is true for any at- 
tempted summary of a vast subject, this report takes 
on the character of a personal odyssey through the 
present circuit-theory research in the United States. 

Finally we hasten to point out that the references 
are intended to be merely representative, not ex- 
haustive. Because of the fact that parallel lines of 
endeavor are going on at many research centers, al- 
most an entirely different set of references could be 
given to illustrate the identical discussion. If we 
succeed in indicating the problems that have been 
agitating research workers and in elucidating some 
of those that have been solved and others that re- 
main unsolved, we will have accomplished our 
purpose. 


4 The writer borrows this useful metaphor from his friend, Professor R. M. 
Foster. 
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2. Combinatorial Topology or Linear 
Graphs 


The past decade has witnessed advances in circuit 
theory that are expressed in different ways. Much 
of what is being said about these advances becomes 
merely a babel unless the circuit theorist is multi- 
lingual. This should be interpreted in each of two 
ways. First, the same problems are being consid- 
ered by competent scientists in many countries of the 
world. Second, different mathematical languages 
are being used to attack and gain insight into these 
problems. The use in circuit theory of the languages 
of function theory and some elementary aspects of 
matrix theory is fairly well established; new lan- 
guages that have been introduced in the recent past 
are the language of linear graphs, the language of 
lattice theory, the language of vector spaces, and the 
language of sophisticated matrix theory [Trans. IRE 
1959b]. We discuss below the field of linear graphs 
and associated matrix formulations of circuit-theory 
problems. 

Though the basic concepts of linear graphs and 
their applications to network theory were introduced 
by Kirchhoff himself [1847], it is only recently that 
their great power for both analysis and synthesis has 
been widely recognized. A large part of this recog- 
nition stems from attempts to solve the synthesis 
problem for networks without transformers. One 
evidence of the intense and widespread interest in 
this field is the issue of the IRE Transactions of the 
PGCT that was devoted to this field [1958b]; another 
is the number of letters and industrial publications 
that treated this subject [Nerode and Shank, 1957; 
Nakagawa, 1958; Weinberg, 1958c; Kim, 1958; 
Calabi, 1956; and Hatcher, 1958]. 

A good proportion of the publications on graph 
theory are devoted almost exclusively to a reformu- 
lation of Kirchhoff’s ‘Third and Fourth Laws,” by 
which laws we mean his rules for writing down a 
network function almost by inspection. Some, how- 
ever, do give basically new material. Mason [1956; 
1957], for example showed how to determine system 
functions of active networks by topological rules. 
This represents an important extension, since Kirch- 
hoff’s techniques were restricted to the solution of 
passive networks without transformers. There were 
also a number of others who formulated topological 
rules for solving active networks [Boisvert, 1958; 
Coates, 1957; Mayeda, 1958b]. 

Mason’s graphs, it should be pointed out, differ 
from Kirchhoff’s; Mason calls them signal-flow 
graphs. These graphs are similar to the block dia- 
— used in system analysis; thus one difference 
rom Kirchhoff graphs is that the algebraic sum of 
the signals at a node of a signal-flow graph is not 
zero, and a second difference is that signals flow 
along a branch in only one direction. 

Two other problems that were solved are the 
realization of a loop matrix or cut-set matrix by a 
graph and the realization of a homogeneous poly- 
nomial as the discriminant of a network. The first 
problem is related to the still unsolved problem of 








realizing a real matrix as the resistance or conduct- 
ance matrix of an n-port network containing only 
resistances and no ideal transformers [Slepian and 
Weinberg, 1958b]. Indeed, it may also be said to 
be a problem in any field where linear graphs are 
applicable, e.g., information theory and linear pro- 
graming [Elias et al., 1956; Dennis, 1958, 1959; 
Jewell, 1958]. For a long time this problem was 
unsolved > and then as so often happens a number 
of solutions appeared almost simultaneously. Two 
solutions were presented at the 1959 International 
Symposium on Circuit and Information Theory. 
One paper by Guillemin is motivated by problems 
in network theory [Guillemin, 1959]; the second by 
Léfgren (of Sweden) is stated in terms of contact 
networks and appears to be fairly simple to apply 
[Léfgren, 1959]. If we exclude the work of the 
Russians, it is probably true that Gould was the 
first to solve this problem [Gould, 1957, 1958]; ® 
his solution appears to be complicated in its appli- 
cation. Subsequently Auslander and Trent gave an 
alternative solution (1959).7 

We have thus gone from poverty to an embar- 
rassment of riches with regard to this problem; we 
now have what could be considered a plethora of 
solutions.’ It is critically necessary at this point 
to consolidate our advances. All these procedures 
should be compared for their generality and ease 
of application; their merits and advantages for solv- 
ing different types of problems should be illustrated. 
It would also be desirable that they be stated in a 
common simple language so that their differences 
and similarities become evident. Finally, if it*is 
possible, an everyday design procedure should be 
formulated. Perhaps part of this task will be ac- 
complished at the Fifth Midwest Symposium on Cir- 
cuit Theory: Topology in Circuit Theory to be held 
on May 8 and 9, 1961 at the University of Illinois. 

The problem of realizing a specified homogeneous 
polynomial that was mentioned above and the story 
of one of its solutions illustrate the fact that the 
pace at which we are finding solutions to problems 
of long standing is an accelerating one. An exceed- 
ingly difficult problem in the past [Foster, 1952] 
was the determination of the necessary and sufficient 
conditions for a homogeneous polynomial of n vari- 
ables to be the discriminant of a realizable network— 
that is, the determinant of the system matrix of 
the loop or node equations. Some only partially 
successful attacks ® on this problem were previously 
made by Cohn [1950],Shannon and Hagelbarger [1956], 
and Melvin [1956]. Dr. Campbell of BTL had also 
been interested in this problem around 1917, but he is 


5 Perhaps it would be more accurate to state that the problem was not even 
formulated, since an awareness of the problem became explicit only in the last 
few years. 

6 The Russians have written many papers on contact networks; the writer 
believes there is a high probability that solutions to this and other “unsolved” 
problems are waiting to be exhumed from the Russian literature. 

7In their paper Auslander and Trent [1959] give what could be considered 
an abstract solution. They have subsequently written a paper (as yet unpub- 
lished) that gives a constructive procedure for realizing the graph. : 

8 The reader should not assume that we have mentioned all the solutions. 
There are, for examples, a solution by Harry Lee in his MIT master’s thesis 
done under Professor Guillemin’s supervision, and a solution by W. Mayeda, 
which he has submitted for publication to the Transactions PGCT. 

® The writer is indebted to Professor R. M. Foster for this discussion of the 
earlier attacks on the problem. 
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not known to have reached any significant conclusions. 
Only one necessary condition was put forth in the 
three cited papers. If we let D be the homogene- 
ous polynomial in the n variables R;, and further 
let D, be the partial derivative of D with respect 
to R,, then the expression (D,D,—DD,,) is the 
square of a homogeneous function of the R, of degree 
one less than D and with coefficients that may be —1 
as well as +1. Cohn’s paper attempted to show 
that this condition was also sufficient, but a counter- 
example can demonstrate this to be impossible. 

The problem was then mentioned by the writer 
in a talk he gave at Princeton. Dr. F. Harary, who 
was present at the talk, casually passed the problem 
on (during the 1959 International Symposium on 
Circuit and Information Theory) to Tom Crowley 
of BTL, who was commentator for the session on 
Switching Theory. Using the techniques of Léf- 
gren’s paper, Crowley announced he had solved the 

roblem.!? Subsequently the writer discovered that 
Mayeda had previously solved the problem [1958a]. 
It also appears that another solution has now been 
given by Duffin [1959]. 

This is not the only instance of a problem’s being 
solved at the Symposium. A different problem that 
arises in linear programing [Heller and Tompkins, 
1956; Hoffman and Kruskal, 1956] is the specifica- 
tion of a set of necessary and sufficient conditions 
on a real matrix for it to be a unimodular matrix, 
where a unimodular matrix is defined as a rectangular 
matrix all of whose subdeterminants (including each 
element considered as a subdeterminant of order one 
and also the determinant itself, if the matrix is 
square) are equal to +1 or 0. This problem also 
arises in network theory and in the theory of contact 
networks, and generally in any discipline that can 
be described in graph-theoretic terms; for example, 
the incidence matrix introduced by Kirchhoff is a 
unimodular matrix and so is the loop matrix based 
on a fundamental set of loops. The writer men- 
tioned that this problem was unsolved in chairing 
the session on Graph and Matrix Theories; the 
following day D. Anderson of the Hughes Aircraft 
Company (who, it should be mentioned, had also 
been introduced to this problem previously) indi- 
cated he had a solution.” 


The research mentioned above—that is, the 
realization of a loop or cut-set matrix, the complete 
characterization of the unimodular matrix, and the 
realization of a homogeneous polynomial—are all 
important in what the writer considers to be the 
crucial network problem at the present time, namely, 
the realization of networks containing no ideal trans- 
formers. Distinguishing classes of networks with 
regard to the inclusion or exclusion of ideal trans- 
formers is a fundamental method of differentiation. 
For example, it can be shown that the exclusion of 
transformers makes the realization of the n-terminal 
network a problem distinct from that of the n-port 





‘¢ Though the writer has a copy of the paper that Crowley wrote, he does not 
believe it has yet been published. 

ras this solution has not yet been published but has been studied by the 
writer. 
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network, whereas when transformers are allowed a 
solution to one class of problem also solves the other. 
It is felt, furthermore, that solution of the problem 
of realizing transformerless networks will throw light 
on the problem of equivalent networks, and on how 
to obtain them by linear transformations. 

As Cederbaum [1958] points out, most of the syn- 
thesis procedures for n-port networks use the artifice 
of the ideal transformer to solve the realization prob- 
lem; to use his apt simile, the ideal transformer has 
been used like the deus ex machina of classical drama. 
By a suitable arrangement of transformers one can 
get combinations of voltages and currents which 
otherwise would be impossible. It is clear that new 
types of synthesis procedures are required; instead of 
assuming the network configuration in advance, as is 
done when we use one of the presently known pro- 
cedures, the configuration will be derived from the 
mathematical characterization of the network. The 
resulting structure will probably be a complex inter- 
connection of elements, a network in the true sense 
of the word, rather than one of the known canonical 
configurations. All of this indicates to the writer 
that the concepts of linear graphs will become 
increasingly important. 

To mention one result for which no derivation is 
known other than a graph-theoretic one, we have 
the necessary condition that an impedance matrix 
or an admittance matrix of a pure resistance n-port 
must be a paramount matrix, where by a paramount 
matrix we mean a real symmetric matrix each of 
whose principal minors of order p(p=1, 2, . . ., n) 
is not less than the absolute value of any pth-order 
minor built from the same rows. Tellegen [1952] 
derived this result for a three-port by use of the 
fact that the voltage ratio of a resistance network 
cannot exceed unity; he also showed the condition 
to be sufficient for a three-port. However, for an 
n port with n>3, this method does not suffice and 
Cederbaum [1958] was forced to use linear-graph 
concepts for his derivation. These results and others 
on dominant matrices for resistance networks are 
summarized by Slepian and Weinberg [1958a]. The 
latter authors also derive a sufficiency condition on 
dominant residue matrices for two-element kind 
networks; this result was subsequently useful in 
the realization of active RC networks |Kinariwala, 
1959]. In the above we use the term dominant 
matrix to mean a real symmetric matrix each of 
whose main-diagonal elements is not less than the 
sum of the absolute values of the elements in the 
same row. 


2.1. Future Research Activity and Evaluation 


The writer feels that the problem of realizing an 
n-port resistance network will be solved before the 
next General Assembly; implicit in this solution there 
will probably be a method for realizing RLC net- 
works without transformers. This may appear to 
be a rash prediction since it was way back in 1952 
that Foster wrote [Foster, 1952], ‘“There is room for 
much further progress in the investigation of general 
n-terminal pair networks, especially the delineation 





of just what can be done without ideal transformers, 
without mutual inductance, or with only two kinds 
of elements. Furthermore, even the theory of the 
true 3-terminal network (without pairing of terminals) 
for two kinds of elements (without mutual inductance 
or ideal transformers) is almost wholly unknown.” 
Today each of these problems is still unsolved. 
However, we should recall that the problem of the 
discriminant that Foster also mentions is now 
solved. Furthermore, such men of the calibre of 
Guillemin and Darlington are now looking at prob- 
lems of this nature. Guillemin is using linear trans- 
formations of matrices [1960a; b] as his method of 
attack, whereas Darlington has informed the writer 
in informal conversation that he was using vector 
spaces in his analysis of the problem. 

The topological approach (as presented mainly in 
Cederbaum’s papers) is also a promising one and 
should not be neglected. It has led to the brink of 
a major breakthrough on this problem—e.g., the 


statement of the paramountcy condition on imped- | 
ance or admittance matrices of n ports containing no | 


transformers—and provides a formulation of the 
problem in matrix terms that is elegant. Cederbaum 
[1958] has shown that a necessary and sufficient con- 
dition for a given symmetric nth-order matrix Z to 
be the impedance matrix of an RLC n port contain- 
ing no real or ideal transformers is that it is a prin- 
cipal submatrix of the inverse of the triple matrix 
product BY,,B’, where Y,, is a diagonal matrix whose 
main-diagonal elements are a, bs, c/s with a, 6, c>0, 
s is the complex variable s=o+jw, B’ is the trans- 
pose of B, and B satisfies the conditions for a cut-set 
matrix corresponding to an adequate system of 
node-pair voltages—that is, B can be realized as the 
cut-set matrix of a graph by one of the procedures 
mentioned previously. A necessary condition on B 
is that it be a unimodular matrix. A complete 
statement of the necessary and sufficient condition 
on B for it to be such a matrix is that there exists a 
decomposition of B of the form 


B=K"Q 


where 4 is a reduced incidence matrix of the desired 
connected network and K is a reduced incidence 
matrix of the tree of node-pair voltages (that is, of 
the tree that is formed by drawing a branch for each 
voltage variable). An analogous condition can of 
course be stated for the admittance matrix of an n 
port. 

This necessary and sufficient condition differs 
from those ordinarily given in synthesis, where suf- 
ficiency is demonstrated by a synthesis procedure.” 
Here no synthesis procedure exists because no method 
is known for decomposing Z into a principal sub- 
matrix of the desired congruent transformation of a 
diagonal matrix. Solution of this matrix problem 
would be a contribution of the first magnitude. 

12 For this reason it has been objected that such a form of necessary and suf- 
ficient condition is not of great value, that it in effect merely restates the prob- 
lem. The writer does not agree since the restatement of the problem allows 
other mathematical artillery to be used in the solution. As an illustration of 


roblem of realizing 
ederbaum [1957]. 


the value we should note that it has led to a solution of the 
a resistance n-port network that has only (n+1) terminals, 
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To make this statement apply to two-element kind 
networks—e.g., to the RC case—we merely require 
that the elements of Y,, be of the form a and bs. 
To convert it to the problem of realizing a pure re- 
sistance n port, we stipulate that the diagonal ele- 
ments of Y,, be positive numbers. In this case the 
elements of Z are of course no longer rational func- 
tions of s but are real numbers. 

Some necessary conditions on Z are known: Z 
must be a symmetric positive real matrix; in addi- 
tion, Z must be a paramount matrix for each value 
of s in the range 0<s<@. However, a set of neces- 
sary and sufficient conditions is not known even for 
n=2, that is, the two-port network without trans- 
formers; it is also not known for the RC or LC case 
with n=2., 

For the case of the resistance network when the 
n port is formed from the links pertaining to a tree, 
Cederbaum [1959] has furnished a solution. For the 
admittance case this represents a solution for the 
resistance network when the n port network has 
only (n+1) terminals. The solution consists of an 
algorithm whereby the decomposition 


Z=BY,,B’ 


if it is possible at all, can be carried out. Here we 
note the problem is simpler in that Z is not required 
to be a principal submatrix of the triple product but 
is equal to it. However, Cederbaum’s techniques 
may be suggestive in solving the more general 
problem. 

It should also be mentioned that a similar formu- 
lation as a triple matrix product is given by Bryant 
[1959a]. He shows that the necessary and sufficient 
condition for a real symmetric matrix Z to be the 
impedance matrix of a resistive n port is that Z be 
of the form 


Z=S'G"'S 


where S’ is the transpose of S, S is a submatrix 
of a reduced incidence matrix of a tree, and G@ is 
a dominant matrix with nonpositive off-diagonal 
elements. Again this should not be looked upon 
as a mere restatement of the problem. It may 
have an advantage over the Cederbaum formulation 
in that G can be recognized by inspection; however, 
the problem to be mentioned below of recognizing 
G~! (the inverse of a dominant matrix with non- 
positive off-diagonal elements) still remains. The 
transformation matrix S can also be recognized by 
inspection since the necessary and sufficient condi- 
tions for a matrix to be the reduced incidence matrix 
of a tree is that it be nonsingular, have elements +1 
or 0, and in each column have at most two nonzero 
elements, specifically, one +1 and one —1. Ceder- 
baum’s transformation matrix, it should be recalled, 
must be unimodular, a test for which is laborious; 
and even if it is unimodular it may still not be 
realizable by a graph. Of course, the unimodular 
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the procedure for realizability as a graph may be 
applied directly. Bryant [1959b] considers additional 
formulations for resistance networks in his doctorate 
thesis. 

We mention, finally, one more approach that 
may yield useful insights for solving the problem 
of realizing a resistive n-port network. We might 
prefer to assume that the network possesses accessible 
terminals rather than n ports—i.e., terminals paired 
into ports or terminal pairs—or we might find it 
convenient to switch between the two representa- 
tions. There is a simple formula relating system 
functions in one representation to system functions 
in the other. This formula, which is given below, 
is not so widely known as it should be; its first 
appearance and proof in the literature are somewhat 
in doubt, and it is continually being rediscovered. 
One of the conceptual advantages of the 2n-terminal 
network representation is that only driving-point 
measurements need be made; these characterize 
the n port uniquely. Thus an obvious necessary 
condition on each measurement is that it is a non- 
negative number. 

Consider a resistance n port with an open-circuit 
resistance matrix R=[R,]. Of course, since the 
n port obeys reciprocity, of the n? driving-point 
and transfer resistances only n(n+1)/2 are inde- 
pendent—that is, the matrix is symmetrical. Now 
consider this network as a 2n-terminal network 
with the terminals numbered from 1 to 2n, and with 
the ports so numbered that port 1 comprises ter- 
minals 1 and (n+1), the assigned positive direction 
being from terminal 1 to terminal (n+1). In 
general port & will run from terminal k to terminal 
(n+k). 

For the representation of the 2n-terminal network 
let S;,, denote the measured driving-point impedance 
between terminals i and k, all other terminals being 
left free. Then we define S,,,=0, since this measure- 
ment corresponds to both of the measuring leads 
connected to the same terminal. It is clear that 


Ryx=Sk noi 


The general formula for the elements of matrix 
R is 


one 
Ra=5 [Si nee tSr.n¢i— Sin—Sagi,nral 





which reduces to the previous formula when i=. 
Asimple proof of this formula that uses Kirchhoff’s 
topological rules has been given by Professor Foster 
in a private letter to the writer. 

There are some other unsolved problems raised by 
graph-theoretic considerations. For example, can a 
simple test for a paramount matrix be devised? A 
direct test that follows from the definition is to check 
the required conditions on each principal minor of 
order p<n—1 and each of its corresponding non- 
principal minors. The evaluation of all possible 
minors, however, can be laborious, and the question 
naturally arises whether all minors must be tested. 
In other words can a simplification be effected as, 
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for example, in the test for a positive definite matrix? 
We recall that for an nth-order matrix to be positive 
definite, it is necessary that all the principal minors 
are positive; it is sufficient, however, to test only a 
subset of n principal minors. It has been shown by 
Slepian and Weinberg [1958] that we must test all 
minors of order two. It can be shown, furthermore, 
that not much can be done to shorten the work of 
testing a matrix for its paramount character." 


Another matrix problem is the formulation of a 
simple method for determining whether the inverse 
of a nonsingular paramount matrix is a dominant 
matrix with nonpositive off-diagonal terms. This 
would then give a set of necessary and sufficient con- 
ditions for the realization of a real matrix as the im- 
pedance matrix of a (n+ 1)-terminal network contain- 
ing only pure resistances. Also, with regard to a 
dominant matrix, though we know that the condition 
of dominance is sufficient for realization of a given 
matrix as the admittance matrix of a resistive n port, 
we still don’t know whether this is true for realization 
as the impedance matrix. 

A final problem may be mentioned for the para- 
mount matrix. As indicated previously, it is known 
that paramountcy is sufficient for the realization of 
an n port for n<3; though the writer conjectures 
that it is not sufficient for n>3, this has never been 
demonstrated. A method that has been suggested '* 
for proving or disproving the sufficiency for n=4 is 
to consider the dominant admittance matrix 


7 1 2 3 

=) aie 4 5 
=12 ee 6 
3 5 6 18 


This is realizable by a general procedure [Slepian 
and Weinberg, 1958a], but (as has been shown by 
Cederbaum [1959]) not by a four-port with only five 
terminals. Now suppose that Y is reduced to the 
irreducible » paramount matrix 


3 1 2 3 

pos 5 4 5 

aries i 4 6 6 
3 5 6 53/7 


Now the question is whether there exists any four- 
port with Y, as its admittance matrix. It may be 
worth while to investigate this particular case and 
perhaps by the use of the possible geometrical con- 
figurations [Foster, 1932] for a four-port, the fact 
that a nonplanar network has no dual, and by the 


13 An example to illustrate that we cannot eliminate testing minors of order 
n—1 an nth-order matrix was furnished the author in a private letter—etc. (See 
letter). 

14 This suggestion was made to the writer in a private letter from Professor 
R. M. Foster. ; 

15 By reducing a paramount matrix we remove main-diagonal elements without 
destroying the paramountcy condition. Then the reduced matrix is inverted 
and this reduction, if it is possible, is repeated. This yields shunt and series 
elements in the corresponding network. When a matrix is reached for which 
this is no longer possible since the paramountcy condition will be violated by such 
a step, this matrix is called irreducible. A detailed discussion of the reduction 
of a third-order msirix is given in chapter 8 of the author’s book, ‘“‘Network 
Analysis and Syntuesis,’’ to be published by the McGraw-Hill Book Co. 





process of complete induction, it can be demon- 
strated that no such network exists and consequently 
that paramountcy is not sufficient. 

Another irreducible paramount matrix suggested 
by Foster is 


3 2 1 3 

2 3 2 3 
} = 

1 2 3 3 

3 3 3 5 


Does any four-port exist with Y> as its admittance 
matrix? Not only can this example throw light on 
the question of paramountcy, but it may also furnish 
an answer to an unresolved aspect of equivalent net- 
works—specifically, do there exist matrices which 
are admittance matrices of networks without trans- 
formers but not impedance matrices, and vice versa? 
We recall that any matrix realizable as an admittance 
matrix can also be realized as an impedance matrix, 
if ideal transformers are allowed; however, this is an 
unanswered question for transformerless networks. 
For the matrix given above as Y, there is a simple 
network if this matrix of numbers is considered as an 
impedance matrix, namely, a chain of five one-ohm 
resistances, with the ports chosen as indicated in 
figure 1. 
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Chain of five 1-ohm resistances realizing the given 
impedance matriz. 


Figure 1. 


Some important analysis problems still remain with 
regard to graph theory. We know that the driving- 
point and transfer functions of an n port may be 
expressed in terms of the independent driving- 
point functions of the network considered as a 2n- 
terminal network. Thus a simple method for 
determining these driving-point functions is required. 
This is known [Weinberg, 1958a] for those driving- 
point functions measured across a branch of a 
symmetrical graph; however, the problem of speci- 
fying the driving-point function across two nodes not 
connected by a branch is still unsolved. Solution of 
this problem is important since it would permit 
simple calculation of the currents and voltages of 
large graphs used to simulate other physical systems. 
For an indication of the extensive computations that 
are presently required the reader is referred to 
Branin’s paper [1959]. 

Another aspect of graph theory that should see 
wider use in the future is Wang Algebra [Duffin, 








1959]. This appears to be ideally suited for the 
application of digital computers to network investiga- 
tions. One of the troublesome problems that 
previously held up digital-computer research on 
networks by use of graph-theory concepts is the 
direct determination of all the trees of a network 
without duplication [Hobbs, 1959; Mayeda, 1959]; 
a method has now been given by Fujisawa [1959]. 

It is felt that the applications of graph theory to 
physical systems will increase rapidly in the next 
few years. The rate of increase will depend on the 
size of the cultural lag—that is, the length of time 
before linear graphs is taught in the schools as a 
routine tool of the engineer. In the past, network 
theorists have assimilated mathematical disciplines 
like function theory, matrix theory, and Laplace 
transform theory, and have developed general 
methods for analyzing exceedingly complex net- 
works without becoming lost in a maze of detail. 
Then these concepts and techniques that were 
developed in network theory were recognized to be 
of great value to the applied mathematician and 
physicist [Mathews, 1959], irrespective of his field 
of specialization. Network concepts such as imput- 
output and others have even found their way into 
a recent book on pure mathematics [Kaplan, 1958]. 
In addition to their use in exact sciences, the input- 
output concept and the ubiquitous black box have 
yielded rich rewards in such fields as biology and 
economics [Leontief, 1959]. Thus network theorists 
have insisted that their subject had a great deal to 
offer other fields and hence that engineers and 
physicists should learn the language of network 
theory [Weinberg, 1960]. 

This situation may now be changing; the change 
is illustrated by the field of graph theory. Graph- 
theory applications are being made with great speed 
in other engineering fields such as linear programing, 
information theory, and switching circuits. It may 
now become necessary for engineers and physicists 
to use the common language of graph theory rather 
than redefine the concepts in a manner appropriate 
for their own specialty. Perhaps future teachers of 
electrical engineering instead of stating Kirchhoff’s 
current law in the old form that the algebraic sum 
of the currents at a node is zero will teach the 
equivalent linear-graph statement that the 1-chain J 
is orthogonal to the coboundary of each point of a 
graph G. In any case, however it is taught, we can 
be fairly certain that graph theory will eventually 
become as established as function theory or matrix 
theory in the educational background of the engineer 
and physicist. 


3. Synthesis by Pole-Zero Techniques 


Though Darlington’s [1939] work was done about 
20 years ago his techniques are still not being used 
by the average engineer. Following the lead of 
Grossman’s paper in early [1957], which attempted 
to make Darlington’s results on elliptic function 
filters more readily available, Henderson published 
nomographs [1958], Weinberg published tables of 
element values for Butterworth, Chebyshev and 
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Bessel-polynomial networks [Weinberg, 1957a; b; c], 
and Henderson and Kautz presented a whole series 
of graphs [1958] of the transient response of such 
networks. The large demand for reprints of these 
papers with the letters of comments attest to the 
cultural lag between what is known about filter 
theory by workers in this field and the methods 
used to design filters by the engineers in the labora- 
tory. 

The research activity in this area for the past 
three years has been devoted largely to an applica- 
tion of the classical RLC synthesis techniques to 
new types of systems and secondly to the extension of 
synthesis procedures to include rational functions 
with nonreal coefficients. We shall discuss these 
two trends, mention a new synthesis procedure, 
and then briefly consider the approximation problem. 
Finally, we shall give a fairly thorough discussion of 
the problem of finding explicit formulas for the 
element values of ladder networks. 

The design of crystal filters has generally been 
treated by image-parameter techniques. Kosowsky 
[1958] has extended these techniques in his treatment 
of methods for realizing such filters. O’Meara 
[1958a; b;c] in a series of papers has attempted to 
show the value of modern synthesis techniques by 
applying them to particular crystal-filter configura- 
tions. With the increasing stress on transformation 
techniques for achieving desired network configura- 
tions [Saal and Ulbrich, 1958]—e.g., the so-called 
zig-zag filter—it is felt that general synthesis pro- 
cedures for crystal filters may yet be formulated. 

A new RLC synthesis procedure is that of Macnee 
[1958]; this may be useful in frequency-multiplexing 
problems. The network yielded by Macnee’s pro- 
cedure has open-circuited inputs and_ paralleled 
outputs. He thus realizes a set of transfer imped- 
ances in contrast to Guillemin’s related procedure of 
realizing a transfer admittance by means of ladder 
networks paralleled at both ends. 

Lewis applied RLC synthesis techniques to the 
realization of pulsed networks [1958], whereas 
Levenstein [1958] showed that the realization of 
networks with linearly varying resistances—i.e., po- 
tentiometer networks—was analogous to the RC 
synthesis problem. This correspondence will prob- 
ably be extended in the future and has already led 
to the analysis of positive real functions of two 
variables [Ozaki and Kasami, 1959]. 

Baum has made a significant contribution to the 
design of narrow-band filters [1957; 1958a]. He has 
extended the techniques of synthesis to apply to 
rational functions whose polynomials have nonreal 
coefficients; this requires that he consider as addi- 
tional types of elements in the low-pass domain 
fictitious frequency-independent positive and nega- 
tive reactances; when the transformation to the 
band-pass domain is made, the networks become 
physically realizable. Baum [1958b] has also shown 
how to use fewer elements than in the Brune pro- 
cedure in the realization of driving-point functions 
with geometric symmetry, such as are obtained in 
the low-pass to band-pass reactance transformation. 





The application of RLC synthesis techniques to 
transmission-line networks by means of Richards’ 
transformation was considered by Grayzel [1958]. 
A useful summary and extension of methods for 
handling this problem are given by Welsh and Kuh 
[1958]. 

In considering the approximation problem we find 
that Kuh has presented an additional solution for 
approximating the ideal delay function [1957]. The 
solution, which is found by means of the potential 
analogy, yields a tandem connection of a low-pass 
ladder network and an all-pass bridged network. 
It is more efficient than the maximally flat time 
delay yielded by Bessel polynomials in the sense 
that a wider bandwidth is achieved for a prescribed 
number of singularities and time delay. However, 
the Bessel-polynomial approximation is of course 
much simpler. 

Papoulis [1958] considered the approximation of a 
magnitude characteristic and found the class of 
polynomials that has the maximum cutoff rate 
under the constraint of a monotonic response. Thus 
his polynomials give a magnitude function that com- 
bines the monotonic property of the Butterworth 
polynomials and the optimum cutoff property of the 
Chebyshev polynomials. Again, as in the case of 
Kuh’s approximation, some measure of simplicity is 
lost: the Butterworth polynomials are much simpler 
than the set of new polynomials. 

We now come to the discussion of ladder networks 
and explicit formulas for their element values. This 
problem has tantalized research workers ever since 
Norton [1931], who was the first to contribute to 
this problem, derived the formulas for the element 
values of ladder networks with a Butterworth char- 
acteristic and with a resistance termination at only 
one end. Bennett [1932] extended Norton’s work 
by giving the formulas for the element values for 
the maximally flat ladder that is terminated in 
resistance at both ends.'® However, Bennett’s for- 
mulas are restricted to the case of equal resistance 
terminations. About 20 years later Belevitch [1952 
derived the formulas for the Chebyshev-polynomial 
or equal-ripple ladder. Again, the formulas are not 
general: Belevitch’s apply only to the matched 
ladder network. Orchard [1953] then extended 
Belevitch’s formulas to the open-circuited or short- 
circuited Chebyshev ladder. 

In 1954 a major breakthrough came when Green 
[1954] provided a generalization of all the preceding 
work; he discovered the formulas for ladders with a 
Butterworth or Chebyshev characteristic and with 
any ratio of resistance terminations. These formulas 
did not solve the complete problem since they apply 
only when the zeros of the reflection coefficient are 
chosen to lie in one half-plane. Depending on the 
choice of the zeros of the reflection coefficient, a 
number of other networks is possible. For a transfer 
function whose denominator is of odd degree, Wein- 


16 Bosse [1951] who appeared to be unaware of Bennett’s work independently 
solved the same problem. In addition, Bosse was the first to give complete 
proof of the formulas. Bennett had his proof practically complete and Norton’s 
analysis gave general formulas for Ist, 2nd, 3rd, etc., element of ladder for any 
total number of elements without proving the general formula for the mth ele- 
ment in n-element structure. 
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berg [1957c] solved the case of a symmetrical distribu- 
tion of the zeros of the reflection coefficient —that 
is, for zeros chosen to alternate in the left and right 
half-planes. 

These formulas have led the writer and others to 
conclude that we are somehow “missing the boat”’ 
on the ladder network. Though in a mathematical 
sense the Darlington method is an elegant solution 
to the general problem of realizing a lossless network 
terminated in resistances, the computations seem 
unusually complicated when applied to a simple 
configuration like the ladder. The writer has felt 
for a long time that the simplest methods of analyz- 
ing and synthesizing a ladder are still to be found. 
The discovery (and proof) by Indjoudjian [1954] of 
formulas for the element values of an n-stage RC 
amplifier have bolstered this feeling. 

One of the disconcerting aspects of most of the 
above results on the Chebyshev and Butterworth 
ladders is that they were never rigorously proved, 
although their correctness was universally accepted. 
The formulas were derived by carrying out the 
calculations in detail for cases of low degree and then 
guessing the general result. An attempt to prove 
the general case, in the hope that such a proof 
would show how to solve related problems, resulted 
only in a proof for the Butterworth case [Doyle, 
1958]. As remarked by Doyle, his proof is a “ham- 
mer-and-tongs” one in that it gives no clue to the 
reason for the amazing simplicity of the final formu- 
las. It is thus not possible to extend the proof to 
formulas for the Chebyshev case or for other zero 
distributions of the reflection coefficient or finally, 
to formulas for the elliptic-function filter. 


The above was the state of knowledge on the ladder 
network at the time of the last URSI General Assem- 
bly in 1957. What followed reads almost like a 
detective story. At a meeting of Sub-Commission 
VI-2, the writer mentioned the significant problems 
of finding formulas for the inverse Chebyshev and 
the elliptic-function filters and in passing commented 
that the formulas given by Green for the Chebyshev- 
polynomial case had never been proved. One of the 
participants in the discussion was Dr. H. Takahasi. 
After the meeting the writer and Dr. Takahasi had 
supper at which the latter casually mentioned that 
he had derived and proved the formulas in 1951. 
It must be admitted that the reaction of the writer 
was disbelief; it was so hard to imagine this to be 
true that he felt he hadn’t explained the problem 
clearly to Dr. Takahasi. However, the ensuing con- 
versation showed that Dr. Takahasi was aware of 
all facets of the problem. He promised to send a 
copy of his paper [Takahasi, 1951], and some time 
later he did. 

Thus one of the unexpected effects of this URSI 
meeting of scientists from different countries is the 
uncovering of Dr. Takahasi’s paper. This gives 
another illustration (if any are needed) of the desir- 
ability of more such international conferences. 

In this paper Takahasi derives the formulas that 
were later independently given by Green. The 
wealth of new results, the elegance of the proof, and 








the implications for future work are adequately 
covered in the paper by Weinberg and Slepian [1960a] 
based on Takahasi’s paper. Suffice it to say here 
that it is literally incredible that these results could 
have remained unknown to workers outside of Japan 
(and, it may be added, to many Japanese also) for 
so long a time. Perhaps the history of this problem 
as presented here can make some small contribution 
to eliminating a repetition of similar occurrences. 
The amount of duplication in research and calculat- 
ing effort that could have been eliminated and the 
additional progress that could have been made in 
this field by widespread knowledge of Takahasi’s 
paper are incalculable. 


3.1. Future Research Activity 


Though some work has been done on the realization 
of true RLC networks—that is, where the coupling 
network contains resistance elements inserted in a 
controlled manner—we are still in need of a general 
synthesis procedure. The state of knowledge even 
on the problem of incidental dissipation is not 
complete. We still don’t know how to realize a 
network where each inductor is not restricted to the 
same dissipation factor. Perhaps graph theory may 
be useful here; some work has already been done on 
showing how equivalent ladder networks can be 
derived by the use of graph theory [Simone, 1959]. 
The procedures of Darlington [1939] and Bader 
[1942] apply to the case of nonuniform dissipation 
where dg is the dissipation factor of the capacitors 
and d,) is the dissipation factor of the inductors. 
Darlington did not present his procedure in detail; 
as a result a generation of readers has probably had 
difficulty in applying it. Desoer thus performs a 
useful service in giving a clear interpretation of 
Darlington’s procedure [1959]. When the network 
is terminated at only one end, the problem is greatly 
simplified. Geffe [1959] considered such a singly 
loaded network whose reciprocal voltage ratio is 
a polynomial and gave formulas for the coefficients 
of the polynomial after predistortion; thus the need 
for the Darlington or Bader procedure is eliminated 
in this case. As is remarked by Bennett, in his 
proof appended to Geffe’s letter, the fact that this 
closed-form solution for the coefficients is obtained 
should not be taken to imply that the general case 
can be treated similarly. However, further investi- 
gation of a possible simplification of the doubly 
loaded case would be worth while. 

The writer also feels that formulas for the element 
values should exist for the uniformly predistorted 
Butterworth and Chebyshev cases. We know these 
formulas when no dissipation is introduced. One’s 
sense of propriety is outraged when he finds that 
making a simple translation of the frequency variably 
forces him to carry out the computationally awk- 
ward continued-fraction expansion. Nature is 
generally not so perverse. After all, the poles of 
the Butterworth and Chebyshev functions still lie 

16a It might be added that Orchard maintains (in a letter to the Editor,Trans. 


PGCT, June 1960) that direct calculation of the element values is simpler than 
using the closed-form expression for the coefficients of the polynomial. 
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on a circle and ellipse, respectively, except that the 
figures are shifted to the right. Perhaps the deep 
insights of Takahasi on the properties of the con- 
tinued-fraction expansion for Butterworth and 
Chebyshev functions should help in this problem as 
well as in some of the other problems mentioned 
below. 

It appears that there is no end to the closed-form 
formulas that can be found for the Butterworth 
and Chebyshev functions. For the Butterworth 
transfer function given by 


We? 1 
[A Gw) |’ = 


the time delay 7,——dB/dw (where K(jw)=|K(jw)| 
e8) has been found to be 








n—-1 we” 
T= sin (2m+1)x/(2n) 
a m==0 1+” 


For the Chebyshev function given by 


1 
? a ae 
KO) F eT He) 


where 7’, @) is the Chebyshev polynomial of the 
first kind (i.e., T, (w)=cos (n cos~' w)), the time 
delay in closed form" is 


n=! Uo‘w) sinh (2n—2m—1)¢, 
T _m=zo sin (2m+ 1 )4/(2n) 
= 


1+eT?(w) 








In the above U, (w) is the Chebyshev polynomial 
of the second kind—i.e., U,(w)=sin (n+ 1)¢/sin ¢, 
where w=cos ¢—and @, is the imaginary part of 
¢ given by ¢=1/n sinh 1/e. It should now not 
be difficult to go further; perhaps the time delay 
for the inverse Chebyshev may be found in closed 
form, and even that of the elliptic-function filter. 
One of the other problems where the insights of 
Takahasi should be helpful is the determination of 
formulas for the element values of an inverse 
Chebyshev transfer function—that is, the function 
obtained by a simple transformation of a Chebyshev- 
polynomial function which yields a low-pass filter 
with a maximally flat pass band and an equal-ripple 
stop band. Again it should be possible to determine 
the effect of the transformation on the formulas for 
the element values of the Chebyshev transfer 
function. Of course, the inverse Chebyshev has 
finite transmission zeros so that each arm of the 
ladder network no longer consists of a single induct- 
ance or capacitance, but the finite zeros are known 
in closed form so that it should be a simple matter to 
add proper resonating elements to an element given 
by a formula. The difficulty that is introduced by 
the steps of the continued-fraction expansion may 
now be removed by the properties derived by 


‘7 Both of these formulas for the time delay were sent to the writer in a private 
letter from H, J, Orchard, 





Takahasi. One should perhaps start with the 
simplest ladder network, that is a ladder with a 
resistance at only one end. 

The problem of greatest moment with regard to the 
derivation of formulas for the element values is the 
case of the elliptic-function filter—that is, the filter 
with an optimum cutoff characteristic and equal 
ripples in both the pass and stop bands. This 
problem is exceedingly difficult,’* but well repays 
long study. Discovery of the formulas could well 
bring about a revolution in the applications of 
modern filter theory. It is suggested that some of 
the relationships presented by Helman [1955] may 
be useful here since they relate the elliptic-function 
filter to the Chebyshev filter (for which formulas are 
known) without the introduction of elliptic functions. 

Most of the above could be looked upon as an 
attempt to achieve a general understanding of the 
ladder network, one aspect of which is to answer the 
question whether formulas for the element values can 
be found when the reciprocal transfer function is a 
polynomial many of whose properties are known 
analytically. For example, can such formulas be 
found for the transfer function with a maximally flat 
time delay, that is, the function yielded by use of the 
Bessel polynomials? The continued-fraction expan- 
sion about the origin of the ratio of the even and odd 
parts of the polynomial representing the reciprocal 
transfer function is simple, the rth coefficient of 
1/s being given by 2r—1; perhaps a related func- 
tional form also exists for the coefficient of s in the 
expansion about infinity. The transfer function 
corresponding to the so-called synchronously tuned 
amplitier, treated by Indjoudjian [1954], should be 
investigated for any insights it may offer. Indjoud- 
jian derived and proved formulas for the singl 
loaded case; the doubly loaded case is thus still 
unsolved. 

Finally, formulas for the element values of the 
network with a distribution of zeros of the reflection 
coefficient other than all in one half-plane are known 
in only one case [Weinberg, 1957c]; some effort will 
probably be expended in determining the formulas 
tor other zero distributions. 

Perhaps future research in this area will demon- 
strate that each type of function must be investi- 
gated individually, that fortuitous circumstances 
permitted the determination of the known formulas. 
At any rate, it would be desirable to establish some 
conclusion; such investigations will surely yield 
insights valuable for further research in network 
theory. 

It appears that research on network functions 
expressed as functions of two complex variables may 
be accelerated in the next few years. Such func- 
tions arise in many different investigations. An 
analysis of the positive real functions of two var- 
iables that arise in potentiometer circuits has already 
been mentioned [Levenstein, 1958]. Reference to 
Takahasi’s work will show that he makes elegant use 
of the properties of symmetrical polynomials in two 

18 One should be optimistic, however. In a private communication H., J. 


Orchard writes that he believes he has found the formula for the first reactance of 
the elliptic-function filter. 
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variables. Furthermore, the functions describing 
networks containing resistances, inductances, capaci- 
tances, and transmission lines of commensurable 
length are functions of two complex variables after a 
substitution has been made to remove the exponen- 
tial terms. Such functions also arise in control 
theory when systems containing a transportation lag 
(i.e., a pure time delay) are treated. It has also 
been suggested * that the realization of networks 
containing inductors with unequal dissipation factors 
might be attacked by the use of rational functions of 
two variables. 

The positive function introduced by Baum in his 
theory of narrow-band filters, as contrasted with the 
positive real function, will get further study and 
application in network theory. Already Belevitch 
[1959a] has used it to obtain what he feels to be a 
more natural derivation of the Brune cycle. 

Finally, the analysis and synthesis of nonlinear 
networks will come in for increasing attention. A 
start on this problem is represented by the treatment 
of the piecewise linear case obtained by using net- 
works of diodes and resistances; some work in this 
area is that by Stern [1956] and Dennis [1959]. 


4. Realizability Conditions and Positive Real 
Matrices 


In the section on graph theory we discussed the 
still unsolved problem of characterizing the second- 
order impedance or admittance matrix of a grounded 
RC quadripole. Some necessary conditions have 
been derived using function theory rather than 
graph theory. It has been shown by Slepian and 
Weinberg [1958b] that the order relationships that 
hold for the numerator coefficients of the z, before 
cancellation of possible common factors—namely, 
that the coefficients of z., must be positive and not 
greater than the corresponding coefficients of 2,, and 
Zo9>—must hold even after cancellation for the z, or 
the y% in the case of a network with less than six 
nodes; in other words, for such a network it is 
impossible for both sets to violate the conditions. 
These results have been extended in a doctorate 
thesis by Olivares [1959]. Some additional results 
have been obtained in other countries [Bryant, 1959; 
Adams, 1958], but the general problem still remains 
unsolved. 

For the case when only a transfer function of the 
RC three-terminal network is specified, some addi- 
tional work has been done. Kuh [1958] has given 
an alternative synthesis procedure, and Kuh and 
Paige [1959] have determined the maximum possible 
multiplier for the voltage ratio of an RC ladder 
network. 

Some recent work has been done on characterizing 
networks containing negative elements in addition 
to positive resistances, inductances, and capacitances. 
A general theory for the synthesis of networks con- 

19 It should perhaps be pointed out that stability problems in this case can be 
treated precisely by Pontryagin’s [1955] theorem. It appears that this is not 
known to workers in feedback control theory since a merce of many of the leading 
books in this field reveals that complicated approximate techniques are used for 


determining stability. 
2 This suggestion was made to the writer by Prof. N. DeClaris. 








taining negative elements becomes more urgently 
needed with the widespread use of the negative- 
impedance converter and especially with the dis- 
covery of the tunnel diode. A basic attempt at the 
formulation of realizability conditions for such 
networks is given in Bello’s doctorate thesis [Bello, 
1959]. Some additional papers are scheduled for 
presentation at the Polytechnic Institute of Brooklyn 
Symposium on Active Networks and Feedback 
Systems to be held in April 1960. Further dis- 
cussion of the synthesis aspect of this problem is 
given in the section on Active Systems. 

The problem of characterizing the matrices of 
passive n ports has received much attention. The 
paper of Youla, Castriota, and Carlin [1959] uses 
the scattering matrix and attempts to derive a 
rigorous theory of linear, passive, time-invariant 
networks on an axiomatic basis. Their discussion 
is heavily mathematical, being replete with the 
concepts of Hilbert space. The papers of Weinberg 
and Slepian [1958; 1960b] use the impedance and 
admittance characterizations and thus discuss the 
positive real matrix. They give new realizability 
conditions on different types of networks; in addi- 
tion, they attempt to establish simple tests for 
checking the realizability of specified matrices whose 
elements are rational functions. One of the prop- 
erties of their tests is the elimination of the usually 
required step of solving for the roots of polynomials. 
Some other work on the positive real function was 
done by Seshu and Balabanian [1957]; they consider 
transformations of a positive real rational function 
that keep the positive real property invariant. 


4.1. Future Research 


Enough has been said in the graph-theory section 
on the unsolved problems of finding necessary and 
sufficient conditions for the realizability of trans- 
formerless networks, where these conditions include 
a synthesis procedure. We have only to add here 
what should be obvious, namely, that the techniques 
of function theory can be used to supplement those 
of graph theory for answering these knotty problems, 
and we mention one problem whose solution may 
give significant insight. Then we discuss positive 
real functions. 

The problem on the RC grounded quadripole is 
the proving or disproving of a conjecture made by 
Darlington [1955]. He has stated his belief that the 
series-parallel network constitutes a canonical sub- 
class for the general three-terminal RC network— 
that is, every second-order matrix realizable by an 
RC grounded quadripole may be realized in series- 
parallel form. Darlington has proposed the realiza- 
tion of the following impedance matrix to test his 


conjecture: 
1 [et6s+1 = s?—s+1 
Pas ae : 


Though this matrix satisfies all the known necessary 
conditions on the impedance matrix of an RC 
grounded network, no realization as a series-parallel 


sernepneerveentstersneesn vit 





fut 





re, Pet -— 


Se 





aaa eae ea 


AS ARTI 


PES ants MONE 


ann 





structure is possible and no other type of grounded 
quadripole has yet been found [Olivares, 1959]. 
Olivares has stated his belief that the matrix is 
unrealizable as a three-terminal network; however 
the matrix is readily realizable as a symmetrical 
lattice. 

It is inevitable that much research effort will be 
devoted in the future to the positive real function 
and the positive real matrix. The definition that is 
usually given [Weinberg and Slepian, 1960b] is satis- 
factory provided we are dealing with matrices whose 
elements are rational functions. However, the 
concept of a positive real function is important enough 
to be defined in general; such functions arise when- 
ever passive systems are considered. For example, 
the matrices treated by Wigner and von Neumann 
[1954] are positive real matrices except for a trivial 
rotation of the axes of the complex plane. The 
authors show the necessary and sufficient conditions 
on their matrices, but these are given in a non- 
constructive form; in other words, no simple way of 
testing these matrices is given. The question arises 
whether tests can be devised for these matrices as 
was previously done for matrices of lumped-param- 
eter electrical networks [Weinberg and Slepian, 1958; 
1960b]. 

A general definition of a positive real function 
(PRF) is even needed *! in electrical theory, for use 
with distributed systems or with the limits of finite 
lumped systems as the number of elements increases 
without limit. Under such circumstances for 
example, the simple function ./s should obviously be 
PRF; here we see that the function is real only for s 
real and nonnegative. Furthermore, with many 
transcendental functions, the definition of the 
function differs for s real and positive and of zero 
angle from s real and positive and of angle 2r. 
Accordingly, Professor Foster proposes that the 
fundamental definition of a positive real function be 
expressed in terms of the argument of the complex 
variable rather than in terms of a half-plane. The 
proposed definition of a PRF F(z) is as follows: 


(i) F(z) is an analytic function of 2 for 
—n/2<arg z<n/2 

(ii) F(z) is real tor arg z= 

(iii) Re[F(z)]>0 for 
—a/2<arg z< 1/2 

(iv) F(z) to be defined by analytic continuation 
when possible beyond the sector in which 
it is defined by (i)—(iii). 





Remark 1. The restriction in (i) may possibly be 
too strong, but at the present moment, the restriction 
to analyticity seems to be the only feasible assump- 
tion to make. Further study may be needed on 
this point. 

Remark 2. If the restriction in (iii) were made 
stronger, that is, Re[F(z)]>0, the only effect would 
be to exclude the special case of F(z) being identically 





2! For the remaining discussion on positive real functions the writer is indebted 
to Professor R. M. Foster, who communicated these ideas in a private letter. 
He writes that his ideas are tentative, but the whole note is so suggestive for 
future research that it is used (with permission) in its entirety. 
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zero. From a certain point of view, this might be 
an advantage, since then, in quite a number of 
theorems, this particular case would not have to be 
excluded by a special statement. On the other hand, 
this would exclude the simple case of a short circuit 
(if we were talking of impedances). On the other 
hand, in normal mathematical procedure, we would 
have automatically excluded the case corresponding 
to F(z) identically infinite. This particular impasse 
might perhaps be completely avoided if we defined 
an entirely new sort of function W(z) corresponding 
to 

w(p—f@s!. 

oe Ft2)+1 
This corresponds to what is accomplished by using 
the scattering matrix as opposed to either the short- 
circuit admittance matrix or open-circuit impedance 
matrix. More study with respect to this particular 
point also seems desirable. 

Remark 8. Note that nothing is postulated 
explicitly concerning the behavior of the function on 
the imaginary axis. For a study of this behavior 
we depend entirely on analytic continuation from 
the sector —72/2< arg z<x/2. Also note that we 
do not include the suggestion of Richards that essen- 
tial singularities on the imaginary axis be specifically 
excluded. 

Remark 4. An example of a PRF: 

F(z) ae 


where —1<r<1. Interestingly enough, the physi- 
ologists have investigated the electrical properties of 
many different organic materials where the impe- 
dance over a very wide frequency range is of the 
form F;(z) with a constant value of r characterizing 
each particular kind of material, the actual numerical 
values somewhere in the neighborhood of —0.7 for 
the most part. 

Remark 5. Anexample of a PRF with an essential 
singularity at the origin: 


F,(z)=1—exp(—1/z2). 


That this function is PRF may readily be seen by 
noting that 


Re [F (2+ iy)|=1—exp aa) 008 


Hence the positive character when z is positive. 

Remark 6. Another example of PRF with an 
essential singularity at the origin which is not 
isolated, being a cluster point of poles: 





1 1 1 1 
ipet 422) ti +45 180485) 
Here each component in the infinite series is itself a 
PRF, and the series is seen to be absolutely and 


F,(2)= foe 








uniformly convergent in the sector —72/2< arg 
2< 2/2 since in that sector 


1 
N(i+ Nz) 


Remark 7. An example of a PRF with all poles 
and zeros on the imaginary axis (i.e., 7 PRF to use 
Richards’ notation [1947]: 


F,(z)=tanh 2. 


That this function is PRF may readily be seen by 
noting that 


1 
<x 


e*—1 


Re [/(x+ y) = (ae cos 2y+1)?+ (e* sin 2y)? 





which is positive when z is positive. 
Remark 8. An example of a PRF with a natural 
barrier on the imaginary axis: 


F;(z)=tanh ee a a see 82, a 





Here each component in the infinite series is itself a 
PRF. That the series is absolutely convergent and 
represents an analytic function in the sector —2/2< 
arg 2< 2/2 is seen by the following consideration: 


4z 2zr 
wig eM —2e™ cos 2y+1 
| tanh (2+ 7%y)| ~ e+ Qe” cos 2y +1 





et 4 2e%41 
—e*—2e*+1 


= ctnh*x 
and now assume that z is in the domain 
0<r<az 


where r is some fixed positive number. Then 





jtanh M(z+iy)| ctnh Nz _ctnh Nr ctnh 7 
N |{ N | N *| WN 


Thus the function is well defined. _ 
To show the existence of a barrier, consider any 


value of y of the form 
2m-+1) 
PP a dd 


gntl 


where m is any integer, positive, negative, or zero, 
and n is a positive integer. And then consider the 
term in F;(z) which is 
tanh Nz 
N 


where N=2" and for this particular value of y. 
The real part of this term is equal to re and 


becomes positively infinite as zx approaches zero 
keeping y at this same fixed value. 


It is believed that these thoughts of Professor 
Foster on positive real functions will stimulate 
future research on this important problem. 


5. Systems With Time-Varying and Non- 
linear Reactances ” 





During the past three years networks containing 
| nonlinear reactances have been used as amplifiers; 
these amplifiers have been called parametric ampli- 
fiers. The concept of sustained oscillations in 
nonlinear systems is an old one, Lord Rayleigh 
having described in 1877 the stability conditions 
for a system excited at twice the frequency of the 
unstable vibrations [Valdes, 1958]. Similar be- 
havior was studied in connection with electro- 
mechanical systems. In addition, nonlinear reactive 
modulators were used in radiotelephony before 
1914. It wasn’t until 1957, however, that the 
present-day flurry of activity on parametric ampli- 
fiers started. At that time Suhl [1957] suggested 
using the anomalous dispersion effect in ferrites 
to make a variable-inductance parametric amplifier. 
In the succeeding three years much literature and 
many devices have appeared under the title of 
parametric amplifier. Most of the theoretical 
works during this period, with a few notable excep- 
tions, are reviews, rediscoveries, and adaptations of 
theories already known. The device technology, 
however, started from zero and made startling 
advances. We do not discuss devices here since 
this will be reported on by Commission VII. 

The theoretical background for parametric ampli- 
fiers can be divided into two fairly distinct categories. 
The first is the energy-conversion properties of 
nonlinear reactances, and the second is the circuit 
theory of linear networks with periodic time-variant 
parameters. 

The fundamental energy-conversion property of 
nonlinear reactances is characterized by a set of 
energy relations known as the Manley-Rowe equa- 
tions [1956]. 

Manley and Rowe showed that when a nonlinear 
capacitance imbedded in a linear fixed-parameter 
network is excited by sources at two frequencies 
w) and w, the power flow P,,,, , into the capacitance at 
the various combination frequencies mw)+nw, is 
characterized by the equations 
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2 The writer thanks Dr. B. J. Leon for his help in the preparation of this 
section. 

23 The so-called Manley-Rowe equations go back further than this paper. 
They were contained in a paper by J. M. Manley, “Some General Properties 
of Magnetic Amplifiers,’’ Proc. IRE, 39, 259 (1951); this paper was based on un- 
published work done by Marley much earlier, at least going back to the late 
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Many subsequent papers have appeared deriving 
the Manley-Rowe equations in various ways. 
Manley and Rowe used a method of Fourier analysis. 
Penfield [1959] used an energy-function approach. 
From this he was able to extend the equations to 
reactive n ports with k noncommensurable exciting 
frequencies. Haus [1958] showed that the Manley- 
Rowe equations apply to the power carried by an 
electromagnetic field in a nonlinear lossless medium. 

To see how the Manley-Rowe equations are applied 
to a parametric amplifier problem, let us consider the 
circuit of figure 2. For this circuit the powers 
P »,» are zero for (m,n) # (1,0), (0,1), (1, -1) because 
the capacitance faces an open circuit at these fre- 


quencies. Thus the Manley-Rowe equations become 
P, 0 P, 1 
ae Sif Bf eat SS) 
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Since there is no source at frequency w)—,;, P,-; 
must be negative (flowing out of the capacitance) 
if at least one of the P’s is nonzero. If w<a, 
P,,; is also negative and energy is converted from the 
frequency w) to both w; and w)—,;. With this con- 
dition the “signal” at frequency w, is ‘‘amplified.”’ 
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WHERE : 
4 IS A NONLINEAR CAPACITANCE 
| 00 FOR WFWj 
[ «*] IS A FILTER WHOSE IMPEDENCE IS | 2; WITH 
Re[z\|>0 
FOR W=Wj 


+ 
wj IS A STEADY-STATE 
— SINUSOIDAL VOLTAGE AT FREQUENCY Wj 


Ficure 2. Idealized parametric amplifier. 


In general the Manley-Rowe equations give an 
indication of feasibility for a particular sake with 
sharply tuned filters, and, in addition, they give 
quantitative information on the conversion effi- 
ciency. They do not give any information on the 
possible gain and bandwidth for a particular circuit 
model. 

In order to get quantitative information about the 
performance of a parameteric amplifier one must 
analyze a complete circuit model. No general 
theory exists for analyzing nonlinear circuits of the 
type used in parametric amplifiers. However, if the 
excitation at one frequency, known as the pump, is 
much larger than the other excitations called the 


| the design of an amplifier. 





signal, a linear model characterize this small-signal 
performance. The general class of circuit models 
which characterize the small-signal performance of 
parametric amplifiers are linear circuits with a few 
periodic time-variant parameters imbedded in a 
network of time-invariant parameters. The most 
complete proof of this statement is given by Duinker 
[1958]. We shall refer to networks of this type as 
linear parametric networks (LPN). 

The case of linear parametric networks with 
limped elements (LLPN) has been studied in great 
detail. The time-domain equations that character- 
ize these networks are linear differential equations 
with periodic coefficients. Homogeneous equations 
of this type have been discussed quite extensively 
in the mathematical literature (Starzinskii, 1955; 
McLachlan, 1947]. The techniques used on these 
equations are so involved that they cannot con- 
veniently be used to obtain the general transient and 
steady-state solution to inhomogeneous equations. 
It is the latter type of equation that is of interest for 
Bolle [1955] pointed out 
that when the excitation to an LLPN is a steady- 
state sinusoid, one can write down the frequencies of 
all the resulting currents and voltages. He dis- 
cussed the case of one variable element and showed 
that if the element were described by a finite number 
of sinusoids and if the network were such that all but 
a finite number of the voltage and current terms 
were zero, then the amplitudes of the nonzero voltages 
and currents could be computed. Duinker [1958] 
extended Bolle’s method to include more variable 
elements, but he did not eliminate the two qualifying 
conditions. Virtuallyall ofthe recent paperson LPN 
use Bolle’s method [Rowe, 1958; Heffner and Wade, 
1958; Seidel and Hermann, 1959]. 

For the case of an LLPN with a single variable 
element described by a finite number of sinusoids, 
Desoer [1959] presented a method of steady-state 
analysis. His method, which is exact for these 
circuits, consists of an algorithm for computing the 
amplitudes of the voltages and currents in the same 
manner as Bolle, but Desoer proved, in addition, 
that the neglected terms do not have to be zero. 
Desoer gave a bound for the error introduced by neg- 
lecting the higher-frequency terms, and he showed 
that this bound tends to zero as we increase the 
number of terms used. 

A more general method of analysis has been pre- 
sented by Leon [1959; 1960 (in press)]. He showed 
that the frequency-domain equations that character- 
ize both the transient and steady-state behavior of 
LLPN’s are linear difference equations with rational- 
function coefficients. The difference-equation ap- 
proach yields exact computational techniques for 
analyzing specific circuits. It also gives formal 
solutions that can be discussed in general terms. 
Although the two papers of Leon have answered a 
lot of questions about the analysis of LLPN’s, there 
are many more to be solved before a synthesis proce- 
dure for these networks can be formulated. The 
second paper states many of these problems in detail 
{Leon, in press]. 
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For distributed LPN’s Tien and Suhl [1958] showed 
that the approximations of Bolle’s method lead to a 
pair of coupled equations similar to the equations 
for traveling-wave tubes. This has led to a number 
of devices of both the forward and backward travel- 
ing-wave type. For iterative LLPN’s consisting 
of a cascade of single variable-element circuits Currie 
and Weglein * of the Hughes Aircraft Company 
have shown that Bolle’s method also leads to a pair 
of coupled equations similar to traveling-wave tube 
equations. A number of other analyses of distrib- 
uted LPN’s has appeared [Roe and Boyd, 1959; 
Bell and Wade, 1959; Kurowawa and Hamasaki, 
1959; Pierce, 1959; and Shafer, 1959]. 

The theory of LPN’s is far from complete and 
many interesting problems exist. A bigger problem 
is that of obtaining a quantitative LPN approxima- 
tion to a pumped nonlinear circuit. To find the 
model, one must analyze the nonlinear circuit with 
a single-frequency (pump) excitation. All solutions 
to date have been very approximate and apply only 
to very special cases. 


6. Active Systems 


It is well known that a passive finite lumped- 
parameter network can achieve all the characteristics 


of any stable active finite lumped-parameter network | 


except possibly for the gain; in other words, the 
transfer function of the active network cannot be 
more complicated than a rational function. Thus 
figure 3 represents a possible realization of any active 
transfer function, where the purpose of the amplifier 
is merely to supply gain. 
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Ficure 3. Possible form for realization of any active 
transfer function 


It is useful to remember this fact; it saves our 
chasing rainbows for the proverbial pot of gold. 
We can add feedback loops within feedback loops al- 
most ad infinitum (and often ad nauseam) ; alas, we still 
cannot get more than a quotient of two polynomials 
as the transfer function. Recognition of this fact 
makes us determine precisely why we are using 
feedback in a configuration—e.g., in the vas 
systems to be discussed below; surely not for achiev- 
ing a desired transfer function that has, for example, 
a fast response. An open-loop configuration would 
do as well. 

A similar simple characterization applies to an 
active stable driving-point function. It can always 
be realized by a passive driving-point function plus 
a negative resistance, either in series or in parallel. 
This is schematically illustrated in figure 4. Though 





% A paper on these results is being prepared. 
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Ficure 4. Representation of an active driving-point function. 


this is not suggested as a practical means for realizing 
such a function, it is a feasible one. 

We will not discuss systems such as those shown 
in figure 3, where the active element furnishes only 
gain (and perhaps isolation when a number of such 
networks are cascaded as, for example, in a flat 
staggered n-tuple amplifier). We will discuss two 
classes of active networks. In the first class the ac- 
tive element is used in a feedback configuration to 
achieve some desired result that cannot be achieved 
by a passive system upon which some restriction has 
been placed. Such a restriction may be the require- 
ment of using no inductances in a network; here feed- 
back is used as a tool in the synthesis of an RC net- 
work to achieve RLC characteristics. Another 
restriction can be the specification of a fixed network 
(called the plant) whose parameters vary in some 
manner; this network is required to vield a specified 
transfer function that is insensitive to the parameter 
variations of the fixed system. This sensitivity 
requirement necessitates the use of feedback; we 
shall discuss this in the context of the research on 
adaptive systems. 

The second class of systems that we discuss in- 
volves negative elements that have not been achieved 
by a feedback circuit; more specifically, we consider 
networks containing tunnel diodes. 


6.1. Active RC Synthesis 


The use of inductances at low frequencies intro- 
duces many difficulties. Thus to achieve RLC 
characteristics—e.g., complex poles close to the 
imaginary axis—attempts have been made to use 
only resistances and capacitances with an active 
element to achieve a desired pole-zero pattern. The 
first active RC synthesis in the literature is due ap- 
parently to Fritzinger [1938] and Scott [1938]. The 
principle of their method is shown by the signal-flow 
diagram in figure 5; this approach is now often called 
the classical method or the feedback method in dis- 
tinguishing it from the approach that uses the 
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Figure 5, Signal-flow diagram of the classica! method of 
active RC network design. 
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negative-impedance converter (NIC). The amplifier 
gain A is assumed to be a constant independent of 
frequency and ¢ represents the transfer function of 
the RC network in the feedback path. The poles 
of K are the zeros of 1+ Ag; we can thus get com- 
plex poles that cannot be achieved with the RC 
network alone. The assumption of idealized prop- 
erties should be noted: the active element is ideal 
with infinite input impedance, zero output impedance 
and zero reverse transmission. This field of active 
synthesis remained dormant for a long time—for 
good reasons. The passive elements, namely, the 
positive resistance, the positive inductance, and the 
positive capacitance, are rugged, long-lived and can 
be designed to be quite stable with respect to ambient 
conditions; networks containing tubes, on the con- 
trary, are less rugged, bulkier than passive networks, 
and have characteristics that may deteriorate for 
any of a number of reasons, among them being in- 
sufficient cathode emission, the variation of an active 
parameter, or a change in the power-supply voltage. 
The concept of a negative element or a negative 
driving-point function is, as we’ve mentioned above, 
useful in the synthesis of active circuits. It was 
used by Merrill to design an NIC using vacuum 
tubes [1951]. This, however, possessed the disad- 
vantages of any other vacuum-tube circuit. 

The advent of the junction transistor changed this 
situation. It made possible a small, rugged, long- 
lived active package that can be used in an NIC to 

ive the characteristics of a negative driving-point 
unction over an operating range of frequencies. 
J. G. Linvill was the first to exploit the transistor in 
the design of an NIC [Linvill, 1953, 1954]. This 
brought the NIC into prominence as a tool for active 
network synthesis. 

Linvill achieved a transfer function whose poles 
were not restricted to the negative real axis by the 
use of RC networks and an NIC. The denominator 
polynomial with unrestricted zeros was decomposed 
into the difference of two polynomials whose roots 
are confined to the negative real axis; the subtraction 
is achieved by the N.C. The zeros of the transfer 
function were achieved by passive networks. 

Kinariwala [1959] also used the NIC to achieve 
RLC characteristics with RC networks. He showed 
how to realize any driving-point impedance by 
means of resistances, capacitances, and only one NIC. 
In his configuration the NIC could achive the sub- 
traction required in both the numerator and the 
denominator. Horowitz [1956] pursued a different 
course in applying the NIC: he extended the classical 
work of Brune, Darlington, and Dasher—i.e., synthe- 
sis by means of a cascade connection of canonical 
sections—to active RC synthesis. He didn’t, how- 
ever, solve the general problem, since he realizes 
only a positive real RC driving-point impedance in 
order to achieve an associated transfer impedance 
with unrestricted zeros; the network configuration 
is that of active RC ladders. The general problem 
of realizing a positive real RLC driving-point func- 
tion, or even going further, a driving-point function 
that is not positive real, by means of a cascade of 
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canonical RC sections is still unsolved. In addition, 
Horowitz’s method does not show how to realize a 
large gain; achieving a large constant multiplier is 
often an important consideration. 

Horowitz [1957, 1960 (in press)] also pursued 
research on the classical method. Contrary to the 
original attacks on this problem, where as we pointed 
out ideal active elements were assumed, Horowitz 
took into account the active-element parasitics and 
found the limitations due to them. 


6.2. Adaptive Systems 


The past three years have seen a great deal of 
activity in plant- or process-adaptive systems. 
Much of the motivation appears to be due to the 
large and rapidly changing parameters of modern 
supersonic aircraft and the resulting problems im- 
posed on the autopilot. 

Nearly all workers in this field have divided up 
the problem into three phases: 

(1) Identification of plant or process parameters 

(2) Computation of required corrective action 

(3) Modification of system parameters or of sig- 
nals to achieve corrective action. 

The differences in the research have been in the 
methods used in one or more of these three phases. 
In phase (1), the following methods have been used: 

(a) correlation of noise input with plant output 
to obtain the plant impulse response [Anderson 
et al., 1958; Goodman and Hillsley, 1958]; 

(b) sampling of plant input and output, and 
solving the difference equations relating input 
and output [Kalman, 1958; Mishkin and 
Haddad, i959]. 

(c) construction of a model of the plant and using 
the differences between the output of the plant 
and its model to vary the parameters of the 
model so as to minimize the differences [Mar- 
golis and Leondes, 1959]. 

In general the resulting systems are nonlinear and 
thereby difficult to analyze. Hence most of the 
analysis has neglected the nonlinearities. Even the 
linear analysis comes forth with few basic conclu- 
sions on the reasons for the adaptive systems. A 
critique on these adaptive systems [Horowitz, 
1960] implies that there has been a singular lack of 
continuity between this research and fundamental 
feedback theory. The workers give as motivation 
for their work the problem of large parameter varia- 
tions. Some suggest that ordinary time-invariant 
linear feedback is unable to cope with large parameter 
variations. Horowitz feels this is not true. Others 
suggest that ordinary feedback may be inadequate 
because of noise or saturation limits [Staffin and 
Truxal, 1958]; Horowitz feels this criticism may often 
be valid. It appears, however, that more analytic 
work is needed in this area of research. 


6.3. Tunnel-Diode Networks 


Except for the active RC synthesis, the field of 
active synthesis is largely unexplored; though some 
problems have been solved, there does not exist a 





body of synthesis procedures comparable to that 
for passive networks. Some new approach is needed; 
it has often been felt by network theorists that the 
development of a pure negative resistance might 
stimulate such an approach. This is one reason why 
the discovery of the tunnel diode is exciting [Som- 
mers et al., 1959; Lesk et al., 1959]. 

Much of the work on linear amplifiers using tunnel 
diodes has represented attempts to build a stable 
single-stage amplifier [Sommers et al., 1959]. Ac- 
cording to most discussions in the literature it appears 
that the problems in the design of tunnel-diode am- 
plifiers are how to achieve isolation in order to build 
two-stage amplifiers and how to make the tunnel 
diode unilateral. The writer questions whether 
these are the real problems. Perhaps the available 
synthesis procedures for passive networks can be 
adapted to the design of active networks. 

What synthesis emphasizes is the realization of a 
prescribed gain-bandwidth by essentially a single 
process; or to be more specific, it attempts the exact 
realization of a prescribed function of frequency —its 
magnitude, its phase, and its constant multiplier. 
This requires a change in philosophy from that being 
used in present design; instead of worrying about 
isolating the active device, one should attempt to 
take advantage of its parameters in achieving a 
desired frequency and gain characteristic. Instead 
of bemoaning the fact that the tunnel diode is a two- 
terminal device, one should take advantage of this: 
our passive synthesis procedures employ two-terminal 
elements. 

One method of adaptation of a synthesis procedure 
has been proposed by the writer [Weinberg, in 
press]. It applies to the synthesis of tunnel-diode 
networks, where the equivalent circuit is taken to 
to be a parallel connection of the junction transition 
capacitance and a negative resistance. 

This technique is an adaptation of predistortion. 
The use of the predistortion technique in reverse 
may be useful for realizing active networks incor- 
porating the new devices. Instead of substituting 
s=p—d into the given system function, we sub- 
stitute s=p-+d, where d is a positive constant, 
s=o+ w is the original complex variable, and p is 
a new complex variable. 

It is recalled that in ordinary predistortion the 
pole of the given system function that is closest to 
the 7 axis limits the size of d that can be chosen. 
In reverse predistortion, however, stability con- 
siderations no longer limit the size of d, since poles 
of the original function, instead of moving closer to 
the 7 axis, move away from the axis. A number 
of other advantages are obtained by this shift of 
the critical frequencies to the left. For example, 
nonminimum-phase functions can be made minimum 
phase by choice of an appropriate value of d; thus 
procedures that can be used only for minimum- 
phase functions—like Dasher’s procedure for the 
realization of resistance-capacitance (RC) networks, 
or even simple ladder networks—now become 
applicable. 

It is not true, however, that, since the shift is to 
the left, there are no constraints on the value of d. 





As shown in [Weinberg, 1958b], for a normalized 
design d is the reciprocal of Q; thus the value of the 
that can be achieved with the tunnel diode may 


be a limiting factor for some applications. For a 
negative-resistance device it is desirable that the 
absolute value of @ be as small as possible; for 
example, a small capacitance and a large absolute 
value of negative conductance yield a high-quality 
tunnel diode. 

A most important effect of this procedure of 
reverse predistortion is that the final network, which 
will require negative resistances for its realization, 
yields what could be called a flat gain. This gain 
can be computed in a manner similar to that given 
in the reference [Weinberg, 1958b] for computing 
the flat loss. 

A simple example illustrates the technique. In 
this example the tunnel diodes, in effect, substitute 
for an ideal transformer. The voltage ratio 
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is realized by the network in figure 6 with H=15. 
The maximum possible H for a passive network 
without transformers is 3. Each of the RC parallel 
networks within the dashed lines can be replaced by 
a tunnel diode. 
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Ficure 6. Network realizing the given RC voltage ratio. 


(Values in ohms and farads.) 


Nonuniform predistortion can also be used to 
realize RLC networks containing tunnel diodes. In 
addition, it appears possible to control the number 
of tunnel diodes used in the design. 


6.4. Future Research Activity 


There are two approaches that have been explored 
in active RC synthesis using feedback techniques. 
One is the NIC approach exemplified by the work 
of Linvill [1953] and Kinariwala [1959]. Here com- 
plex poles that are unrealizable by RC networks and 
zeros that are inconvenient to realize by such net- 
works are achieved by polynomia! subtraction. The 
other approach, as carried forward by Horowitz 
[1957, 1960 (in press)], is basically the classical 
method; this is achieved by the addition of poly- 
nomials. This classification is interesting from the 
point of view of sensitivity. Because of the sub- 
traction in the first approach the resulting sensitivity 
of the filter to the active- and passive-element vari- 
ations is very large. The optimum NIC synthesis 
from the point of view of sensitivity to both active 
and passive elements was found by Horowitz [1959.] 
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The second class of procedures leads to considerably 
less sensitivity to the active elements but sensitivity 
to passive elements is of the same order of magnitude 
as in the first class. While the ultimate in sensitivity 
in the first class has been solved,” in the second 
class it has been achieved only for specific configura- 
tions. Also no study has been made to determine 
configurations which lead to minimum sensitivity 
to passive-element variations. It should be men- 
tioned, moreover, that this has not even been done 
in passive network synthesis. 

In the matter of extending modern network 
synthesis to active RC systems, a significant re- 
search problem is to apply the Brune and Darlington 
methods to active RC realization of any input im- 
pedance by means of a cascade of canonical sections. 
This appears to be a very difficult problem. 

With regard to active synthesis procedures using 
negative saan. more study should be applied to 
extending and applying the work of Bello [1959]. 
In addition, optimum tunnel-diode synthesis pro- 
cedures with respect to gain-bandwidth and other 
criteria will probably be worked out. An inevitable 
problem that will arise when active synthesis 
becomes practicable is the sensitivity problem. 
Finally, it is desirable that an understanding of the 
deceptively simple negative resistance become more 
widespread ; for example, one sees again and again in 
the literature the incorrect statement that a negative 
resistence cannot be both open-circuit stable and 
short-circuit stable. 

Much basic work remains to be done in the theory 
of adaptive systems. Up to now the mass effort has 
been on building systems. This is evident from the 
references previously cited and a perusal of the Pro- 
ceedings of the Symposium on Self Adaptive Flight 
Control Systems, held at Wright Air Development 
Center on January 13-14, 1959. To quote Lt. 
Gregory of the Flight Control Laboratory, Wright 
Air Development Center, which government organi- 
zation sponsored and organized the Symposium 
[Gregory, 1959]: “I think there is one general state- 
ment we can make abovt most of our systems and 
that is, they work; but why do they work? In the 
future we intend to try to establish the basic funda- 
mentals of why our systems work and how we can 
analyze them better . We intend to devote 
more of our program to the development of the basic 
fundamentals.” To this statement of future plans 
one can only say: amen. If at least a small part of 
government money used to support work in adaptive 
systems is devoted to basic research in this area, 
a firm analytical base will be placed under future 


designs. 
7. Concluding Remarks 


To round out our discussion of circuit theory, we 
make some brief comments on books, special issues 
: journals, and Symposia devoted to areas of circuit 
theory. 





*H.J. Orchard in a private communication to Dr. Horowitz shows an elegant 
and simple method of decomposing the polynomial; this method eliminates the 
need of the nonlinear-equation approach used by Horowitz [1959]. 
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Previously the student of network synthesis was 
forced to pick up much of his background in the field 
by consulting old issues of journals. This unsatis- 
factory situation no longer exists. The field of net- 
work synthesis has now received a wealth of docu- 
mentation in book form. This will undoubtedly 
accelerate research in extensions of RLC synthesis 
techniques to active systems, to nonlinear systems, 
end to analogous nonelectrical systems. The 
driving-point problem is painstakingly treated at 
some length by Tuttle’s book [1958], whereas 
Balabanian [1958] has covered both driving-point 
and transfer function synthesis. The book by Kuh 
and Pedersen [1959] attempts to introduce synthesis 
at the undergraduate level. These books, coupled 
with those of Guillemin [1957] and Storer [1957] give 
an adequate picture of many aspects of synthesis. 
At least three of the above books not only collect 
the significant material that could formerly be found 
only in technical journals, but also contain previously 
unpublished results or results published only as 
theses. Another significant event was the transla- 
tion into English of Cauer’s [1958] important book; 
this will serve as a reference and important scientific 
document for many years to come. It appears that 
there will be a continuing flow of books on the 
subject, now that the tap has been opened. At 
least two more are planned for the next year, one 
by Van Valkenburg [1960] and the other by Weinberg 
[in press]. Finally, another book that should be 
mentioned in this connection is the one on control 
systems edited by Truxal [1958]; this book contains 
sections on signal-flow theory, network synthesis, 
and sampled-data systems. 

Of course, the circuit theorist will still require to 
read the journals in order to keep up; in fact, he will 
be hard put to it to keep his head above water even 
in his own particular area of circuit theory. The 
field is so fast-moving that no sooner is a new idea 
broached than it receives a critical ceomment, an 
extension, or a new application; an example was 
previously cited on Baum’s introduction of the 
positive function and Belevitch’s applying it to the 
realization of a Brune network. The problem of 
bringing circuit theorists up to date in their com- 
prehension and application of what is now known 
has been a cause of some concern to the Adminis- 
trative Committee of the PGCT. A number of 
remedies has been proposed, one of them being the 
sponsorship of Symposia and another being the 
publication of special issues of the Transactions 
PGCT. 

Though one of the purposes of a special issue has 
been tutorial, most of them have in large part con- 
tained new material. The special issue on topology 
has already been mentioned [IRE Trans., CT-5, 
1958b]. There have also been such issues on sequential 
circuits [IRE Trans., CT-6, 1959], active systems 
[IRE Trans., CT-4, 1957], and modern filter design 
techniques [IRE Trans., CT-5, 1958a]. Special issues 
are planned on the applications of electronic com- 
puters to network design and on nonlinear networks. 
The latter issue had Dr. B. van der Pol as Guest 








Editor until his untimely death; it will be published 
as a memorial to the late distinguished scientist. 

In the past three years the Transactions PGCT 
has consolidated its position as the foremost network- 
theory journal in the country. Under Dr. W. R. 
Bennett, who took over the Editor’s job from Dr. 
W. H. Huggins, the Transactions has continued to 
publish the outstanding papers on the circuit-theory 
research that is being done in the U.S. The journal 
has also attracted such papers from all over the world. 

The International Symposium on Circuit and 
Information Theory held at UCLA in June 1959, 
has been previously noted [IRE Trans., CT—6, 1959b]. 
In addition, an important International Sympo- 
sium on the Theory of Switching was held at Harvard 
University on April 2-5, 1957 [Vols. XXIX and 
XXX, Harvard University Press, 1959]. This 
Symposium included three Russian papers, one of 
which summarizes the research on relay networks 
in the U.S.S.R. and gives an interesting chart com- 
paring the numbers of articles on switching theory 
published in various countries [Gavrilov, 1959]. 
There is also a paper by Belevitch that attempts to 
bridge the gap between the theory of contact net- 
works and RLC network theory by taking account 
of equations of current flow in contact networks 
[Belevitch, 1959b]. 

Finally, a special Transactions issue on matched 
(or conjugate) filters is being planned by the Profes- 
sional Group on Information Theory [IRE Trans., 
PGIT, 1960]. This area appears to be one where 
sophisticated network design techniques are urgently 
needed. The TW (time-bandwidth) product for a 
signal or its matched filter arises in this theory; it 
is a most important parameter since in general a 
better signal requires a larger TW product. Not 
much has been done at the present time to realize 
matched filters with TW products greater than 
several hundred. Achieving products an order of 
magnitude larger by practical networks represents 
one of the unsolved network-theory problems. 
Detailed statements of the other problems in this 
field are given in the special issue of the Transac- 
tions PGIT. 
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Subcommission 6.3—Antennas and Waveguides 


Part 1. Diffraction and Scattering 
L. B. Felsen and K. M. Siegel 


The borderline of the diffraction and scattering tield both with other fieldr of interest in 
Commission 6 and also with those of other Commissions is no longer well-defined. In order 
to effect a delineation, we have excluded from this report all aspects of diffraction and scatter- 
ing pertaining to areas of investigation which are covered more properly under separate 
reports. For example, scattering from discontinuities in surface waveguides is expected to 
be covered in Wait’s report on surface waves, while the vast area of multiple scattering and 
scattering by rough surfaces will be described separately by Twersky (Commission 6.3). 
We have also omitted any discussion of diffraction and scattering problems involving plasma 
media. The field of plasma physics and one of its subdivisions; namely, the transmission, 
scattering, and absorption of electromagnetic waves by high, low, and medium density 
plasmas, would appear to warrant a separate subcommission with joint membership be- 
tween Commissions 3, 6, and 7. Most previous interest in plasmas has been in purely 
ionospheric effects and the interactions of electromagnetic waves with the ionosphere, as 
covered by Commission 3. However, when one considers the interaction of electromagnetic 
fields with plasmas caused, for example, by the motion of a high-speed vehicle through the 
atmosphere, problems arise which are of basic interest to the activities covered by Com- 
mission 6.3. The plasma field is growing so quickly that it would seem desirable to form 
at the next General Assembly a new subcommission to deal with those plasma problems of 
interest to several commissions. 

This report will concern itself with high-frequency diffraction (involving obstacles with 
dimensions large compared to the wavelength), Rayleigh scattering (obstacle dimensions 
small compared to the wavelength), and scattering in the resonance region (obstacle dimen- 
sions comparable to the wavelength). Moreover, we mention those areas which we feel 
will receive attention during the next three years. The list of references appended to this 
report, while not presumed to be complete, is certainly representative of the current activities 
in the electromagnetic diffraction and scattering field in the U.S.A. through December 1959. 
In addition to work mentioned specifically in the body of the report we have also appended 
references which contain material either related to topics discussed in the text or of some- 
what broader interest in diffraction theory. Additional references are to be found in recent 
books by Wait [1959a] and King and Wu [1959], with the latter devoted primarily to a sum- 
mary of research activities in electromagnetic diffraction and scattering at Harvard Uni- 
versity. 

Primary emphasis in this report is placed on recent theoretical developments, and 
selected pertinent experimental results are mentioned only in conjunction with verification 
of certain theoretical predictions discussed in the text. The authors are well aware of the 
excellent experimental programs under the direction of P. Blacksmith at Air Foree Cambridge 
Research Center, R. Kell and J. Lotsof at Cornell Aeronautical Laboratory, E. Kennaugh 
and L. Peters at Ohio State University, S. Silver and D. Angelakos at the University of 
California, Berkeley, R. King and H. Schmitt at Harvard University, and R. Hiatt at the 
University of Michigan. There are, of course, significant measurement programs going on 
at many of the major corporations. In this regard the work at Radiation Incorporated, 
Melbourne, Florida, should be particularly mentioned. 


1. High-Frequency Diffraction 


As in the preceding period, the work carried out 
on diffraction problems during the past 30 months 
can be peaped into two broad categories: (1) The 
solution of canonical problems, and (2) the investi- 
gation of general approximate methods of solution. 
By canonical problems we mean those for which 
exact formal mathematical solutions can be found; 
the asymptotic investigation of these results in the 
short-wavelength limit yields the rigorous asymptotic 
behavior of the solution. Because of the requirement 
of rigorous mathematical solutions, canonical prob- 
lems usually involve simple configurations whose 
component surfaces are describable by a single 
coordinate in a given coordinate system. 

In contrast, the aim in studying general approxi- 
mate methods of solution is to provide asymptotic 
—— for the scattering by objects of relatively 
arbitrary shape. In the limit of short wavelengths 
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the scattering from such objects appears to arise 
primarily from the vicinity of certain stationary 
points on its surface (at least, if the object is impene- 
trable). The configuration in the vicinity of these 
points can frequently be approximated by a canonical 
one, as for example, a sphere, wedge, cylinder, etc., 
and the total scattering can then be computed by a 
systematic procedure combining the effects of the 
various canonical contributions. Thus, a study of 
canonical problems is indispensable for an accurate 
analysis of relatively arbitrary structures. More- 
over, solutions of canonical problems often provide 
the means for checking the results of a more general 
approximate procedure. It is desirable in this con- 
nection to seek an interpretation of the asymptotic 
solution for a canonical problem in terms of simple 
physically meaningful contributions, such as geo- 
metrical optics, diffraction and transition effects, with 
the latter arising in the vicinity of geometric optical 
boundaries. 








1.1. Canonical Problems ! 


A number of results became available during the 
past 30 months for the problem of diffraction by a 
wedge whose sides have a nonzero surface impedance. 
In a cylindrical coordinate representation, in terms 
of which this configuration is analyzed most nat- 
urally, a constant nonzero surface impedance leads 
to a mixed boundary condition at the wedge faces so 
that the usual method of separation of variables 
no longer applies. Following a procedure employed 
previously by Peters [1950] in connection with a 
study of water waves on a sloping beach, Senior 
[1959a] obtained a rigorous solution for the two- 
dimensional problem of diffraction by a homogeneous 
imperfectly conducting wedge of arbitrary angle. 
The method of solution is rather complicated but 
contains certain features which seem to indicate the 
feasibility of solving the wedge problem by a gen- 
eralized Wiener-Hopf technique. For the special 
case of a right-angle wedge, Senior shows that the 
generally very complicated formal result reduces to 
a simple expression. Karp [1959a] and Karp and 
Karal [1958] employed an entirely different technique 
to solve the right-angle wedge problem for both 
line-source and plane-wave excitation by introducing 
an auxiliary problem which removes the coupling of 
the boundary conditions at the wedge faces. They 
have also employed a modification of this technique 
in a simple method of evaluating the diffracted far 
fields for a dissipative wedge with interior angle 
a/2n,n=1,2, ... [Karal and Karp, 1959a]. Apart 
from treating the dissipative case, Karal and Karp 
also considered right-angle wedge configurations, one 
or both faces of which have a constant surface 
reactance which allows the propagation of a surface 
wave, and they have calculated the amplitude of 
excitation of the surface wave’ [Karal and Karp, 
1959 a; bj]. Considered in the asymptotic limit of 
short wavelengths, the results of Senior and Karal 
and Karp yield the expected decomposition of the 
far field into geometrical optics, diffracted (due to 
the presence of the edge), and, possibly surface wave 
contributions. The complications arising in this 
class of problems when an electromagnetic wave is 
incident obliquely have also been emphasized by 
the above authors [Senior, 1959b; Karal and Karp 
1958]. 

Concerning lossless wedges, a summary of solu- 
tions for scalar steady-state and pulse excitations has 
been presented by Oberhettinger [1958]. Results for 
diffraction of pulses by a perfectly conducting wedge 
and by a half-plane situated on the interface between 
two semi-infinite dielectric media have also been ob- 
tained by Papadopoulos [1959]. 

As regards the numerical evaluation of the scatter- 
ing from an absorbing half-plane, the formal solu- 
tions available in the literature have been suitable 
only for small values of surface impedance. Uti- 


1 Although this section emphasizes the short-wavelength behavior, any formal 
canonical solutions apply for all wavelengths. 

2? The reader is also referred to their forthcoming N.Y.U., Inst. Math. Sci. 
Rept., Scattering of a surface wave by a discontinuity in surface reactance ona 
right-angled wedge. 





lizing previous work of Fock and Gruenberg [1944], 
Marcinkowski [1959] has obtained a comparatively 
simple far-field representation from which an evalua- 
tion for arbitrary impedance values can be carried 
out conveniently. He presents numerical calcula- 
tions for the diffracted fields of a lossy half-plane 
which absorbs completely a plane wave incident at a 
specified angle. 

Although generally mixed, the boundary conditions 
at the wedge faces may be uncoupled in a cylindrical 
coordinate representation if one chooses a surface 
impedance (or admittance, depending on polariza- 
tion) which varies linearly with distance from the 
edge. This problem was solved for arbitrary wedge 
angles and two-dimensional excitation via the sepa- 
ration-of-variables technique by Felsen [1959a] who 
showed that if the variable impedance is reactive, 
the surface can support a new type of surface wave 
which decays exponentially away from the surface 
along a circular arc centered at the wedge apex. Fel- 
sen [1958] also carried out a high-frequency asymp- 
totic evaluation of the plane wave scattering by such 
a wedge and found that the solution is interpretable 
in terms of geometrical optics and edge diffracted 
contributions which exhibit an explicit dependence 
on the rate of variation of the surface impedance. 
For the case where the wedge degenerates into a 
half-plane, Shmoys [1959] has employed a separation- 
of-variables analysis due to Lamb [1945] utilizing 
both rectangular and parabolic cylinder coordinates 
to obtain the solution for diffraction by a half-plane 
with a rather specialized impedance variation differ- 
ing from the linear variation mentioned above. He 
has carried out an asymptotic evaluation yielding 
geometrical optics and diffraction effects. 

Concerning diffraction by a perfectly conducting 
semi-infinite cone, Felsen [1959b] has obtained the 
expected decomposition of the rigorous far-field solu- 
tion due to a radiating ring source concentric with 
the cone axis into geometrical optics, diffraction and 
transition effects. Explicit formulas are given for 
the geometrical optics and transition contributions, 
while the angular distribution of the diffracted field 
arising from the presence of the cone tip is repre- 
sented in terms of a canonical integral (which can be 
evaluated approximately) [Felsen, 1957a]. Felsen 
[1959a] has also analyzed the two-dimensional azi- 
muthally symmetric problem of scattering by a cone 
with a linearly varying surface impedance and has 
obtained results analogous to those described above 
for the similar wedge configuration. 

The problem of diffraction of a scalar plane wave 
by a large circular aperture in an infinite plane screen 
was investigated by Levine and Wu [1957] via an 
integral equation technique. By approximating the 
kernel of the integral equation for the aperture in a 
manner which highlights the straightedge-like be- 
havior of the aperture rim in the high-frequency 
limit, they solved the resulting integral equation and 
obtained the first few terms of an asymptotic expan- 
sion for the scattering cross section of the aperture in 
inverse fractional powers of ka, where k is the free- 
space wave number and a the aperture radius. They 
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also present a physical interpretation of the various 
contributions to the scattering cross section as arising 
from simply and multiply diffracted geometrical rays. 
An analogous procedure was employed by Wu and 
Seshadri * for the electromagnetic problem involving 
a vector plane wave, and by Wu [1958] and Tang 
[1959] for the plane-wave and cylindrical-wave scat- 
tering, respectively, by an infinite slit. 

The diffraction problems listed above give rise to 
asymptotic field solutions which contain geometrical 
optics, transition and either edge- or tip-diffraction 
effects. A considerable effort has also been expended 
on configurations which exhibit surface curvature. 
Suitable canonical structures in this category are 
the (two-dimensional) circular and elliptic cylinder 
and the (three-dimensional) sphere and spheroid. 
Emphasis has been placed on the extension and 
solidification of the approximate theory introduced 
by Fock [1946]. Wetzel,* Logan,’ Goodrich [1958] 
and Wait [1959a] have reformulated the problems of 
diffraction by a perfectly conducting cylinder or 
sphere in a manner which involves directly the 
“canonical” functions introduced by Fock and which 
permits the simple asymptotic evaluation of the 
field on the dark side of the obstacle surface, includ- 
ing the transition region surrounding the light- 
shadow boundary. Deep in the shadow, the solu- 
tion can be expressed in terms of the customary 
contributions from the ‘creeping’? waves which 
appear to be launched at the shadow boundary, 
propagate along the obstacle surface into the shadow 
region with an exponentially decaying amplitude, and 
radiate energy away from the obstacle surface 
during their progress. In the transition region one 
employs the functions tabulated by Fock. Wait 
and Conda [1958a] have applied this technique also to 
formulate the scattering by imperfectly conducting 
cylinders and spheres and have tabulated the values 
of the Fock functions for this case. They treat 
problems with observation points situated either on 
the obstacle or near the light-shadow boundary off 
the obstacle surface. For the latter case they have 
exhibited a correction factor to be added to the 
approximate result obtained from Kirchhoff theory 
[Wait and Conda, 1959b]. For wave propagation 
between two concentric spheres, Wait [1959a] has 
also studied the influence of transition regions 
(caustics), nd has calculated and plotted the cor- 
rection factors to be applied to the usual geometrical 
optics representations in and near the caustics. 
The problem of the propagation around the earth of 
an electromagnetic pulse produced by a vertical 
dipole source has been analyzed by Levy and Keller 
[1958]. They evaluate the distortion of the pulse 
shape as a function of distance and material con- 
stants. 

A useful technique for obtaining directly alterna- 
tive representations for the solution of separable 





38. R. Seshadri and T. T. Wu, High-frequency diffraction of electromagnetic 
waves by a circular aperture in an infinite plane conducting screen, presented at 
URSI meeting at Penn. State Univ., Oct. 1958. 

‘ This investigation, carried out just prior to the end of the time period covered 
by this report, is described in detail in King and Wu (1959). £ 

5N. A. Logan, Fresnel diffraction by convex surfaces, presented at URSI 
meeting, Washington, D.C., May 1959. 
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diffraction problems is the method of characteristic 
Green’s functions discussed by Marcuvitz [1951] 
and Felsen [1957b]. A refinement of this technique 
through the use of the Laplace transform has been 
carried out by Ritt [1958] and has been applied by 
Kazarinoff and Ritt [1959] to obtain alternative 
representations of the solution for the scattering of 
a scalar plane wave by a perfectly reflecting prolate 
spheroid. They have also obtained in this manner 
the two-dimensional Green’s function for a perfectly 
reflecting elliptic cylinder [Ritt and Kazarinoff, 
1959] and have evaluated the far field scattered in 
the forward direction due to an incident plane wave. 
The elliptic cylinder problem was also investigated 
via the conventional separation-of-variables tech- 
nique by Levy [1958]. Upon expanding the exact 
solution asymptotically for small wavelengths, Levy 
found that the field solution on the dark side of the 
obstacle admits of an interpretation in term: of 
“creeping waves” which are launched at the shadow 
boundary and progress into the shadow region with 
an exponentially decreasing amplitude (an identical 
result is inferred from the solution of Kazarinoff and 
Ritt which corrects a different interpretation pre- 
sented by Ritt [1958]). The amplitude and phase 
variation of the creeping waves is in agreement with 
that predicted by the approximate theory of Keller 
[1958; Keller and Levy, 1959a, c] for convex surfaces 
with variable curvature. Keller and Levy [1959b] 
have also investigated the spheroid problem and have 
obtained asymptotic results whose interpretatio is 
analogous to the above. By a different procedure 
involving Fourier integral techniques, Clemmow 
[1959a] obtained integral expressions for the scat- 
tered field, and for the total scattering cross section, 
of a circular cylinder. Although the results ob- 
tained are not new, several novel aspects are con- 
tained in this application of Fourier techni~ues 
[Clemmow, 1959b]. Clemmow also derived an 
infinite Legendre integral transform defined over an 
infinite domain of the engular variable and has 
analyzed thereby the problem of diffraction by a 
sphere [Clemmow, 1959c]. 

The above-mentioned smooth objects are defined 
by single-coordinate surfaces in various separable 
coordinate systems, with surface conditions such that 
the associated diffraction problems can be analyzed 
rigorously by separation-of-variables procedures. 
For nonseparable configurations no comparable 
methods of solution are available. However, if the 
surface conditions on an object depart only slightly 
from separable ones, one can employ perturbation 
methods involving a small parameter which exhibits 
the deviation from the separable case. Such a pro- 
cedure was employed by Clemmow and Weston 
[1959] in the approximate analysis of the plane wave 
scattering by a slightly noncircular, perfectly reflect- 
ing cylinder. For a sinusoidal deviation from a cir- 
cular periphery, they obtained a solution to the first 
order in the perturbation parameter (amplitude of 
the deviation) and verified, from an asymptotic eval- 





uation of the case where the impedance varies slowly 
over an interval of a wavelength, that the associated 
creeping waves around the cylinder have a decay 
rate which agrees with that predicted by Keller [1958] 
for objects of arbitrary surface curvature. In the 
iluminated region the field can be constructed ac- 
cording to geometric optics. A perturbation method 
was also applied by Felsen and Marcinkowski 
[Felsen, 1959b] to the somewhat similar problem of 
diffraction by a circular cylinder with a surface im- 
pedance which varies slightly (and sinusoidally) 
around the periphery. A general study of diffraction 
by noncircular cylinders was carried out by Wu and 
by Wu and Seshadri.® 

The structures considered so far have been im- 
penetrable. Comparatively little has been done dur- 
ing the past 30 months on large homogeneous pene- 
trable objects such as dielectric cylinders, spheres, 
etc. Work in this area has been carried out by 
Kodis [1959] who has studied alternative field repre- 
sentations for the scattering by a dielectric-coated 
cylinder and has obtained a formulation in terms of 
the perfectly conducting cylinder result plus correc- 
tion terms. A somewhat greater activity has been 
in evidence on problems of diffraction by certain in- 
homogeneous structures, and by homogeneous im- 
penetrable objects imbedded in an inhomogeneous 
medium. Concerning the former, Karp’ has ob- 
tained the (two-dimensional) solution for the re- 
flected and transmitted waves caused by a plane 
wave incident nose-on on a certain curved, variable 
dielectric medium which occupies the region between 
two confocal parabolic cylinders. The variation in 
dielectric constant is selected so as to permit a solu- 
tion by a separation-of-variables technique. Levy 
and Keller [1959] have analyzed the scalar problem 
of diffraction by a sphere with a radially varying re- 
fractive index. Flammer [1958] has calculated the 
electromagnetic field caused by a source at infinity 
in a medium whose dielectric constant varies like 
1+ (e/r), e=constant, r=radial distance, and has ob- 
tained an asymptotic representation of the formal 
solution for large values of r. Diffraction by planar 
objects imbedded in a linearly stratified medium and 
by cylindrical objects imbedded in a cylindrically 
stratified medium was studied by Seckler and Keller 
[1959] who obtained asymptotic solutions by the 
WKB method. As expected these solutions were 
found to be interpretable in terms of geometrical 
optics and diffracted ray contributions. For a cer- 
tain monotonic refractive index variation along a 
rectilinear coordinate, Felsen [1959c] has obtained 
exact solutions (and high-frequency asymptotic rep- 
resentations) for the diffraction of line source fields 
by various two-dimensional impenetrable objects in- 
cluding cylinders, wedges, half-planes, strips, etc. 
These formal solutions are obtained by showing the 
equivalence between a class of two-dimensional dif- 
fraction problems in a certain variable medium and 
a class of axially symmetric three-dimensional diffrac- 


tion problems. 
6 This work is described in the monograph by King and Wu (1959). 


7S.N. = Reflection and transmission by a class of curved dielectric layers 
presented at URSI meeting, Washington, D.C., Apr. 1958. 














1.2. Approximate Theories 


As predicted in the last Assembly Report, the two 
most actively investigated approximate theories are 
those due to Fock [1946] and Keller [1958]. While 
the theory of Fock and its extensions are concerned 
only with diffraction by smooth convex bodies, 
Keller’s geometrical theory of diffraction has also 
been applied to objects with edge and tip singu- 
larities [Keller, 1959; Siegel, 1958] and to diffraction 
by objects imbedded in variable media [Seckler and 
Keller, 1959]. In the original formulation of his 
theory, Fock was concerned with the behavior of 
the diffracted fields near the light-shadow boundary 
on the surface of a smooth, convex, perfectly con- 
ducting body. His solution for the field on the dark 
side of the body near the light-shadow boundary 
involves certain functions, now called “Fock func- 
tions,’ which contain for their distance parameter 
not the actual path length from the shadow boundary 
on the body to the observation point, but rather the 
projection of that path length onto the light-shadow 
boundary behind the object. While the difference 
between these distances is small for observation 
points near the shadow boundary, it may be appre- 
ciable for locations of observation points deep in the 
shadow. Keller suggested that the correct distance 
parameter is the actual path length on the object as 
measured along the geodesic and has proposed how 
to calculate the amplitude and phase of a wave 
“creeping” along the surface of the object. Goodrich 
[1958] has analyzed by this modified procedure the 
fields diffracted into the shadow region of a perfectly 
conducting cone. He applied his results to the recip- 
rocal probtem of radiation into the shadow region 
from an infinitesimal slot on a cone, and thence to 
the radiation from a slot array. The good agree- 
ment between the calculated results and measure- 
ments taken at the Hughes Aircraft Company 
[Goodrich, et al., 1959] serves as a confirmation of the 
validity of the procedures of Fock and Keller * for a 
configuration for which exact asymptotic solutions 
are not as yet available. 

Because of its characterization of high-frequency 
diffraction effects in terms of various classes of geo- 
metric optical and diffracted rays, Keller’s geomet- 
rical theory of diffraction highlights in a physically 
significant and systematic manner the mechanism of 
diffraction by a composite object. If the complete 
scattering properties of the various canonical con- 
stituents of the object, such as edges, corners, surface 
curvature, etc., are known (these can generally not 
be obtained from the geometrical theory) then the 
total scattered field at any point is obtained, accord- 
ing to Keller, by adding the contributions from the 
various geometric optical and diffracted rays ome 
through this point. The theory has been confirme 
for a variety of simple canonical configurations, and 
also for some nonelementary structures, at least as 
far as the first-order contributions to the scattered 





* Concerning diffraction by convex objects, it seems proper to credit Fock 
with the analysis of the transition range behavior and Keller with the formu- 
lation of the field behavior in the dark-shadow region. 
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field are concerned (singly diffracted ray contribu- 
tions). Concerning higher order effects arising from 
the contributions of multiple diffracted rays, a dis- 
crepancy in some higher order terms was noted, for 
the case of scattering by a large circular aperture, 
between the scattering cross section computed by 
Keller [1958a] and that obtained by Levine and Wu 
[1957] from an asymptotic analysis based on the 
rigorous integral equation for the problem. This 
difficulty has now been resolved by Keller [Karp and 
Keller, 1959] through the use of a canonical solution 
[Buchal and Keller, 1959] for the high-frequency 
diffraction by a curved edge, in contrast to the single 
straight-edge result employed originally by Keller. 
However, this example would seem to demonstrate 
that asimple “local’’ analysis of diffraction problems,** 
while straightforward for the determination of dom- 
inant effects, must be applied with great care for the 
evaluation of higher order effects associated with 
more general configurations. Moreover, the appli- 
cation of a “local” analysis to scattering by objects 
with variable surface properties is restricted to vari- 
ations which are gradual in an interval of a wave- 
length. For rapidly varying surface conditions, the 
local analysis inherent in Keller’s theory must be 
modified and requires the solution of a new canonical 
problem [Felsen, 1959b; Shmoys, 1959]. 

As mentioned above, Keller has made some very 
significant extensions and systematizations of dif- 
fracted ray theory and its application to the anal- 
ysis of diffraction by objects of relatively arbitrary 
shape, and has thereby illuminated the basic mech- 
anism of diffraction processes. However, approxi- 
mate solutions for simple composite objects have 
been constructed by quasi-optical techniques for 
some time. The treatment of diffraction by a wide 
slit in terms of multiple scattering from two isolated 
half-planes, for example, can be considered classical. 
More recently, Siegel [1958] has obtained by quasi- 
optic considerations an approximate solution for the 
axial plane wave back-scattering due to a finite 
cone. The same problem was analyzed subse- 
quently by Keller [1959] by a purely geometric 
treatment. (Due to the occurrence of algebraic 
errors in the course of both analyses, the solutions 
presented by Siegel [1958] and by Keller ° are incor- 
rect and differ from each other. Corrected ver- 
sions of these results, in agreement, are now avail- 
able (Keller, 1959; Siegel, Goodrich and Weston, 
1959]**) Karp [1959] and Karp and Zitron [1959] 
have employed a self-consistent field method in the 
analysis of the scattering by an aperture and by 
isolated cylinders, respectively. In this method, 
which can be applied to several simple obstacles or 
to a simple composite object, each scattering ele- 
ment is excited by the incident field plus the scat- 


‘ By a “local” analysis, the field along a diffracted ray is determined by the 
surface properties of the scattering object ‘‘at’’ the point of emergence of the ray. 

$J. B. Keller, Diffraction by a finite cone, presented at URSI meeting 
Washington, D.C., Apr. 1958. 

%s For a detailed discussion and comparison of results, see K. M. Siegel, The 
resonance region, to be published in Proc. URSI XIIIth Gen. Assembly. 
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tered far fields from all the other elements. The 
amplitudes of the various scattered fields are then 
determined in a self-consistent manner. Results so 
obtained have been compared and agree with those 
available from other less direct analyses. It is also 
pertinent to mention in this context the work of 
Wu and Levine [1958] on the evaluation of the scat- 
tering cross section of a row of circular cylinders. 

There is not need to dwell in detail at this time 
on the applications of the classical ‘Kirchhoff’ or 
“physical optics” procedure to the calculation of 
high-frequency diffraction effects. A discussion of 
results obtained recently by this method was given 
by Siegel [1958] in a talk presented at the last Gen- 
eral Assembly Meeting. A summary of this tech- 
nique and its application to an analysis of the scat- 
tering by the tip of a perfectly conducting cone has 
been given by Goodrich et al. [1959]. Briefly, in 
the Kirchhoff procedure one assumes that the induced 
currents at a given point on a (perfectly conducting) 
body are the same as those excited on an infinite 
perfectly conducting plane tangent to the object at 
that point (i.e., the obstacle currents have a strength 
equal to twice that of the tangential component of 
the incident magnetic field). The scattered field is 
then computed as that arising from the radiation 
due to these known currents. In the asymptotic 
evaluation of the Kirchhoff integrals in the limit of 
short wavelengths, the major contribution to the 
scattered fields arises from certain stationary points 
on the object and admits an interpretation of the 
result in terms of geometrical optics and diffracted 
ray effects. The diffracted wave amplitudes com- 
puted in this manner will differ in general from those 
obtained by more rigorous techniques. A modifica- 
tion of the Kirchhoff procedure was employed 
recently with good results by Shkarofsky et al. [1958]. 

The Kirchhoff procedure can be refined by assum- 
ing in the vicinity of a stationary point not the 
physical optics currents but the rigorous current 
distribution appropriate to a canonical configuration 
which has the same local geometry. For example, 
to compute the scattering from the base of a finite 
cone, one can employ for the local current distribu- 
tion near the curved edge the known currents for 
a perfectly conducting wedge. The resulting asymp- 
totic evaluation should then yield the same result 
as would be obtained more directly by Keller’s geo- 
metrical theory of diffraction. On the other hand, 
the Kirchhoff procedure can provide information 
about the field behavior in geometric optical transi- 
tion regions which cannot be directly inferred from 
Keller’s theory. In addition, a Kirchhoff analysis 
can yield approximate results for scatterer configura- 
tions whose canonical constituents have not been 
fully explored. 


The Kirchhoff approach to determining the scat- 
tering properties of very complex shapes as, for 
example, of aircraft at small wavelengths, involves, 
in essence, a formulation in terms of physical optics 
currents. It is then important to use random phase 








between the different contributors [Crispin, Good- 
rich, and Siegel, 1959]. This is especially true for 
mass-produced shapes such as aircraft and automo- 
biles which never emerge exactly the same. For a 
very complicated shape like an aircraft, geometrical 
optics would actually be all that is required, since 
corrections due to edge contributions would make 
little change in the results. 

To summarize the utility of the various approxi- 
mate techniques, we note that either the Keller or 
Kirchhoff procedure should certainly be used in pref- 
erence to simple geometrical optics for scattering 
problems wherein the main contributions arise from 
edges and corners. In these situations the geo- 
metrical optics result vanishes but the actual contri- 
bution can be quite large. When the solutions for 
the canonical configurations which comprise the 
object are available and exist in simple form, then 
Keller’s technique is more accurate and is to be pre- 
ferred over the Kirchhoff procedure. A typical 
example is again the finite cone. On the other hand, 
for problems which involve complicated shapes made 
up of many simple shapes, or for structures whose 
canonical constituents have not been investigated, 
the Kirchhoff procedure is more appropriate. More- 
over, as pointed out before, Keller’s theory does not 
directly vield information about the field behavior 
in caustic, focal, and transition regions. 


Summary 


Results of analyses of high-frequency scattering 
problems during the past 30 months involving im- 
penetrable objects with homogeneous, or certain 
inhomogeneous, surface conditions have served 
generally to confirm the previously proposed exten- 
sions of Fock theory and also the interpretation and 
evaluation of diffraction phenomena via Keller’s 
geometrical theory of diffraction, thereby strengthen- 
ing the understanding of the mechanism of high- 
frequency scattering processes for such objects. 

A number of new canonical diffraction problems 
have been solved. Results have been obtained for 
wedge-shaped surfaces whose surface impedance is 
constant and may have a reactive component which 
can support a surface wave. Other problems in- 
volve such configurations as perfectly reflecting 
cones, elliptic cylinders, spheroids, and imperfectly 
conducting cylinders and spheres. In addition to 
these constant impedance configurations, a variety 
of problems involving variable surface impedances or 
penetrable variable media have been treated. As- 
mig tay evaluations in the short-wavelength range 
1ave led to representations which can be interpreted 
in terms of geometrical optics, diffraction, and tran- 
sition effects. 


2. Rayleigh Scattering 


Although no new canonical problems of diffrac- 
tion at long wavelengths seem to have been solved 
during the past 30 months, novel integral equation 
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formulations for the scalar problem of diffraction by 
circular disks and apertures have received attention. 
Heins and MacCamy have treated the disk [Heins 
and MacCamy, 1959] while Bazer and Brown have 
considered the Babinet-equivalent problem of the 
aperture [Bazer and Brown, 1959]. Both studies 
depart from an integral equation formulation of 
Jones [1956]; the earlier work of Heins and MacCamy 
[1958] is also to be cited in this connection. Siegel 
and Senior’ have shown how higher order terms in 
the asymptotic expansion of the scattering amplitude 
for perfectly conducting bodies of certain selected 
shapes can be constructed at long wavelengths by an 
algebraic technique which is relatively straightfor- 
ward. This is in contrast to other methods which 
require the solution of differential equations for the 
evaluation of higher order terms. Concerning ap- 
proximate theories, Siegel [1958] discussed in some 
detail at the last General Assembly approximate 
procedures for the evaluation of diffraction effects in 
the Rayleigh region. One of his results implies that 
the scattering cross section of an axially illuminated 
body of revolution is independent of its detailed 
shape. This behavior has been verified experimen- 
tally for a finite cone by Hiatt [Brysk, Hiatt, et al., 
1959]. Later Hiatt found the same scattering cross 
section for nose-on and rear-on illumination." A 
study of the extent of the Rayleigh region in terms 
of the ratio of wavelength to maximum object di- 
mensions was also carried out [Brysk, Hiatt, et al., 
1959] and detailed experimental confirmation was 
obtained by Keys and Primich [1959]. 


3. The Resonance Region 


Although good progress has been made recently 
toward the solidification of the understanding of 
diffraction processes in the high and Jow frequency 
ranges, many questions remain concerning the 
scattering in the resonance region by certain specially 
shaped objects whose maximum dimension is com- 
parable to the wavelength. This is true despite the 
fact that for other simple shapes (such as a sphere), 
the inclusion of higher order quasi-optic diffraction 
contributions yields good agreement with exact 
calculation even for values of ka ~ 1, where k is the 
free-space wave number and a is the sphere radius. 
It is to be hoped that increased attention will be 
paid in the future to this interesting electromagnetic 
region from both the theoretical and experimental 
standpoints. 

Concerning contributions during the past 30 
months, Weston [1959] has solved exactly the 
problem of a pulse which is reflected by a perfectly 
conducting sphere. He has obtained the solution 
for the resonance region and has also investigated 
the high and low frequency behavior of the tail of 


1K. M., Siegel and T. B. A. Senior, The asymptotic expansion of electromag- 
netic scattering functions at long wavelengths, presented at the URSI-Toronto 
Svmp., Univ. of Toronto, June 1959. 

1 R. E. Hiatt, K. M. Siegel and H. Weil, The ineffectiveness eae 


objects illuminated by long wavelength radar, submitted to Proc. 
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the returned pulse as a function of sphere size and 
pulse length. It is found that a considerable amount 
of pulse lengthening can take place in the resonance 
region. Olte and Silver have obtained experimental 
results for the radar cross section of spheroids and 
cones in the resonance region [Olte and Silver, 1959]. 
The experimental work of Keys and Primich [1959] 
on finite cones should also be cited as well as the 
experimental work on cones by August and Angelakos 
[1959]. It might also be of interest in this connec- 
tion to call attention to the recent work of Belkina 
[1957] on the radiation characteristics of prolate 
spheroids. 


4. Future Activities 


Concerning high-frequency scattering it appears 
certain that the extended theory of Fock and 
Keller’s geometrical theory of diffraction will be 
applied to shapes of increased complexity. It is to 
be expected that the emphasis both in rigorous 
solutions and in the application of Keller’s geo- 
metrical theory will be placed on the construction 
of higher order corrections (multiply diffracted ray 
contributions) to the asymptotic representations 
of the scattered field. Scattering by impenetrable 
objects with variable surface properties and by 
penetrable homogeneous or inhomogeneous objects 
is also likely to receive further attention. 

At present, there is little evidence to expect any 
marked increase in activity on the study of diffrac- 
tion phenomena in the Rayleigh and resonance 
regions, per se, although unanswered questions still 
remain. However, it is to be hoped that the avail- 
ability of higher order diffraction contributions, as 
mentioned above, permitting an approach to the 
resonance region from the high-frequency end, will 
aid in the clarification of scattering phenomena in 
this frequency range. 

One of the new problems likely to receive some 
attention during the next 3 years concerns the 
effect of model dimensions and the need for repro- 
ducing exact dimensions by precise modeling theory. 
Results in this area are of direct interest for electro- 
magnetic modeling experiments for the determina- 
tion of the effective mechanical tolerances required 
to obtain a desired scattering behavior. (The topic 
of surface roughness related thereto is covered 
separately in the report by Twersky as noted in 
the Introduction.) In this connection one can expect 
increased efforts to be devoted to the study of non- 
linear modeling techniques [Belyea, Low, and Siegel, 
1959] which hold promise of ramoving some of the 
basic stumbling blocks associated with laboratory 
experiments designed on a linear modeling basis. 

There is Jittle doubt that problems involving the 
interaction of electromagnetic fields with anisotropic 
media, such as plasmas and the radiation from, or 
scattering by, objects embedded in a plasma medium 
or surrounded by a plasma sheath will receive a 
great deal of attention. However, as previously 
suggested, work in the plasma area should really 
be covered under a separate report. 
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Part 2. On Multiple Scattering of Waves 


V. Twersky ! 


1. Purpose 


The purpose of this report is to survey some of the 
recent analytical work on scattering of waves by 
many objects. It attempts to cover certain aspects 
of scattering by fixed configurations and by random 
distributions which have been dealt with in the U.S. 
literature in classical physics, applied mathematics, 
engineering, and chemistry. General analytical pro- 
cedures and treatments based on distinct scatterers 
(as opposed to those dealing with perturbed con- 
tinuous media) are emphasized. 

Inasmuch as no analogous previous reports on 
multiple scattering are available, the literature survey 
is prefaced by (and interlarded with) background and 
introductory material intended to indicate the roots 
of current activity, to introduce special terms, and 
to delineate the restricted viewpoint and coverage of 
this report. This Jast consideration is an essential 
one since the survey is quite limited: no attempt is 
made to cover the large number of physical phe- 
nomena which involve multiple scattering (or even 
to list the larger number of labels by which they are 
referenced in the literature) or to discuss the variety 
of analytical and heuristic procedures used in their 
treatment. 


2. General Considerations 


The essential features of a scattering problem are 
the effects arising when a given obstacle, or collection 
of obstacles, is placed in the path of a specified wave. 
We assume that we are dealing with a source whose 
field ‘when isolated” is known, and seek the redistri- 
bution of radiation arising from the presence of 
obstacles. Physically speaking, in electromagnetics, 
the “primary wave’ induces charges and currents in 
the obstacles, and these in turn give rise to the 
Pon all waves” that constitute the ‘scattered 

e Sag 

If we restrict consideration to continuous wave 
excitation and fixed scatterers whose location, 
orientation, etc. are not affected by the applied field, 
then we formulate the problem analytically as seeking 
a solution of appropriate wave equations, subject to 
prescribed boundary conditions at the objects, and 
subject to conditions at large distances from the 
region containing the objects. The wave equations 
describe local properties of the media in question; 
the boundary conditions take account of the physical 
characteristics, shapes, and sizes of the objects; and 
the conditions at infinity specify the forms of both 
incident and scattered components of the solution. 
We may be interested in the field arising from a 
particular object, or from some configuration of 
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objects of specified shapes, etc., or in the average 
field and energy flux to be expected for some sta- 
tistical distribution of configurations, shapes, etc. 
The “single body” wave problem as it is usually 
formulated corresponds to the limiting case of a 
practical situation involving one source of radiation 
and one fixed obstacle, such that the effects of the 
scattered radiation on the source, extraneous re- 
flections from other objects in the environment, 
etc., have been minimized. In general, such simple 
limiting cases lead to unsolvable integral equations. 
In a few special cases, for which the surface of a 
homogeneous scatterer coincides with one or more 
complete coordinate surfaces in one of the systems 
in which the wave equations are separable, solutions 
are obtained as infinite series of more or less tabulated 
special functions. Simple closed-form solutions in 
terms of elementary functions are rarer still. How- 
ever, through attalitical approximations valid for 
restricted values of the parameters, and through 
heuristic procedures motivated by the insight ob- 
tained in more elementary problems, one can now 
obtain explicit results which are adequate to describe 
many principal phenomena of physical interest. 
Although this subject is far from closed,’ it is con- 
venient in considering multiple scattering, to assume 
that solutions for the component scatterers when 
isolated are known, and that they may be regarded 
us “parameters” in the more general problem. 
Thus one seeks representations for scattering by 
many objects in which the effects of the component 
scatterers are “separated” from the effects of the 
particular configuration (or statistical distribution of 
configurations) in the sense that the forms of the re- 
sults are to hold independently of the type of scatter- 
ers involved. Of course, such representations can 
usually be obtained in the range of parameters where 
a single scattering approximation is valid, i.e., in 
which the results for a distribution of identical 
scatterers reduce to that for an isolated object 
times an “array factor’. We discount this range 
from the start, and seek in general a functional rela- 
tion for the many-body solution in terms of a single- 
body function. Thus if one can treat a particular 
spatial configuration (or statistical distribution of 
configurations) explicitly, and independently of the 
component scatterers, then the results for specific 
isolated objects, for particular ranges of the param- 
eters, etc., can be inserted for detailed applications. 
The above, in first regarding the single-body prob- 
lem as a limiting case of that of many bodies, and 
then regarding the distribution as composed of 
objects whose solutions when isolated are known, 
has emphasized the view to be taken in the following. 


2 Recent activity on scattering by isolated objects is surveyed by L. B, Felsen 
and K, M. Siegel in a companion report to URSI. 
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Related treatments of distributions of distinct ob- 
jects start essentially with Poisson’s [1821; 1823] 
molecular model of magnetic induction, and its appli- 
cation to dielectrics by Faraday [1839], Kelvin [1845], 
Mossotti [1847], and Clausius [1897]; the work of 
Maxwell [1873a] on the “bulk resistivity” (essentially 
the reciprocal of the dielectric constant) of a distri- 
bution of resistive spheres in a medium of different 
resistivity, and on the permeability of a distribution 
of perfectly conducting spheres [Maxwell, 1873b]; 
the work of Lorentz [1880] and Lorenz [1880] on the 
index of refraction; and Rayleigh’s [1892] investiga- 
tion of scatterig by rectangular arrays of parallel 
cylinders and spheres. These treatments were re- 
stricted to low frequencies, special scatterers, and 
limiting distributions; they range analytically from 
the intuitive development of Faraday to Rayleigh’s 
detailed analysis of “packing effects’? in terms of 
the ratio of scatterer size and spacing. 

More generally, a formal representation for the 
solution of any given configuration of arbitrary 
scatterers (a configuration specified by a set of 
position vectors to reference points on the objects, 
and the scatterers specified by their shapes and 
boundary conditions) may be obtained as follows: 
We apply Green’s theorem to the free-space Green’s 
function and to the required unknown solution in 
the region external to all scatterers, and thereby 
represent the scattered field as an integral over some 
surface inclosing the region. Contracting the surface 
and breaking it up into individual portions inclosing 
a single object, leads to a representation of the total 
scattered field as a sum of surface integrals; it is the 
terms of this sum (the integrals over the surfaces of 
the individual scatterers) that we identify as the 
“elementary scattered waves’. Then imposing the 
boundary conditions at each object leads to a de- 
terminate set of coupled integral equations for the 
fields on all scatterers, and could these values be 
obtained explicitly, the total field in space would 
follow on integration. 

This analytical procedure, or similar onesapplicable 
for relatively arbitrary scatterers, was used both for 
general considerations and specific applications by 
Ekstein [1951; 1953], Ignatowsky [1914a], Karp 
[1953], Lax [1952], Millar [1960], Row [1955], Storer 
and Sevick [1954], and Twersky [1956a, 1957a, 
1958a, 1959a, 1959b]. An analogous procedure 
leading to sets of algebraic equations for the sepa- 
rable problems of arbitrary configurations of circular 
cylinders was used by Zaviska [1913], Ignatowsky 
[1914a], Row [1955], and Twersky [1953a, 1953b, 
1954]; similarly Kasterin’s [1897] formalism for the 
scalar problem of a periodic array of spheres holds 
for all wavelengths and for any of the usual boundary 
conditions. Thus, for example, for circular cylinders 
and homogeneous boundary conditions, the Green’s 
functions procedure yields N coupled integral equa- 
tions for the surface fields (or for their normal 
derivatives, or for linear combinations of fields and 
derivatives); equivalently, separation of variables 
yields an N fold infinite set of algebraic equations 
for the scattering coefficients. 





There are essentially three different analytica 
procedures which may be used to obtain a represen- 
tation taking into account the effects of multiple 
scattering, or the coupling of the radiation fields of 
the objects: One may seek to solve the boundary 
value problem for the ‘compound body”; one may 
use a self-consistent procedure based on the known 
response of the isolated elements (the single-scat- 
tered results) such that each object is considered as 
excited by the primary wave ae the resultant of 
the initially unknown total scattered fields of the 
other objects; or one may use an iterative procedure 
corresponding to the ‘“‘successive scatterings” of the 
primary field. In the successive scattering ap- 
proach, which is essentially an iterated form of the 
self-consistent one, each object is initially regarded as 
excited solely by the primary field and radiating in 
consequence its “first order of scattering”; next in 
response to the sum of the first orders of the others, 
each scatters its ‘second order,” etc. The second 
and third methods differ essentially from the first in 
that they isolate the single-body solutions implicit 
in the problem. Thus they enable us to exploit 
known single-body results, or to seek them inde- 
pendently of the configuration (either analytically, 
or by direct measurement). 

The class of many-body problems for which one 
may obtain a solution for the compound body is small; 
it comprises apse arrays whose essential param- 
eter is a simple sinusoid (e.g., the sinusoidal profile of 
a reflection grating treated by Rayleigh [1907a], or the 
sinusoidal refractive index of a medium considered 
by Bragg [1915] and Laue [1931]). More generally, 
however, One must consider “multiple scattering” 
by an infinite set of such sinusoids, i.e., by the com- 
ponents of the complete “spectral representation” 
(Fourier series or Fourier integral) of the appropriate 
parameters of the collection of scatterers. Thus, 
for example, Rayleigh [1907a] represented the grating 
of arbitrary periodic profile as a Fourier series; 
Laue [1931] represented the crystal of arbitrary 
periodic index as a “triple”? Fourier series; Rice 
[1951] represented the randomly perturbed planar 
rough surface as a double Fourier integral; and Hoff- 
man [1959] represented a medium whose index was 
a slowly varying random function of position by a 
triple integral. The Fourier representations treat 
the spectral components of the parameters of the 
distribution as the “individual scatterers’; they 
lead to rapidly convergent approximations for values 
of the parameters such that the field arises essentially 
from one sinusoid (e.g., Bragg reflections in a crystal), 
or when the parameters are only slightly perturbed 
from those of a uniform region (e.g., slightly rough 
plane). 

A large variety of heuristic, self-consistent pro- 
cedures (starting with those of Mossotti [1847], 
Clausius [1897], and Maxwell [1873]) have been ap- 
plied to determine the macroscopic parameters of 
the coherent field for distributions of scatterers. 
Analytical self-consistent procedures for periodie 
structures are illustrated by Rayleigh’s [1892] work 
on lattices of cylinders and spheres, Ignatowsky’s 
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[1914a] treatment of the grating of arbitrary cylin- 
ders, and Ewald’s [1917] analysis of the lattice of 
dipoles. Anologous procedures to treat the coherent 
field in sparse random distributions were used by 
Born [1933] for dipoles, and by Foldy [1947] for 
monopoles; dense distributions of dipoles were 
treated by Brown [1950] (static case) and by Mazur 
and Mandel [1956]. 

The successive orders of scattering approach (dis- 
cussed by Heaviside [1893]) was used by Reiche [1916] 
(who also gave a self-consistent treatment) to derive 
the coherent field for a slab region of randomly dis- 
tributed dipoles. Twersky [1950a] obtained a cri- 
terion for the range of validity of Schaefer and 
Reiche’s [1911] single-scattering treatment of the 
grating of circular cylinders, and constructed a series 
solution for an arbitrary configuration, and series 
and closed form approximations for two cylinders 
and gratings [Twersky, 1952a, 1952b, 1952c]. Sim- 
ilarly Yvon [1937, 1935], Kirkwood [1936], and Jan- 
sen and Mazur [1955] averaged the scattering series 
for dipoles to treat the dielectric constants of dense 
gases. 

The papers mentioned above serve to illustrate 
approaches for treating many-body scattering prob- 
lems. Additional work will be cited in the sections 
on particular configurations. Thus we reserve dis- 
cussion of essentially particle scattering procedures 
based on transport equations until the topic of ‘in- 
coherent scattering” arises in its appropriate context. 

The above also serves to indicate the main lines 
we follow. Thus we do not consider ‘multiple 
scattering treatments of single-body problems’’ in 
the following sections. However, since we men- 
tioned single-body treatments of many scatterers, it 
may be appropriate to sketch the “inverse” situation. 
Thus a finite scatterer with sharp edges may be 
treated by exploiting Sommerfeld’s and Macdonald’s 
solution for the field on the semi-infinite wedge. 
For example, an infinite cylinder having a triangular 
cross section with sides large compared to wave- 
length may be regarded as a collection of three 
“infinite wedge edges” plus specularly reflecting 
planes. As a first approximation, each of the three 
edges may be treated as excited solely by the plane 
wave; then the “coupling effects” of the ‘single 
scattered edge waves’ on each other may be de- 
veloped in terms of higher order scattering processes 
(by regarding each edge as excited by the asymptotic 
forms of the waves leaving the other two in response 
to the primary excitation, etc.). More directly, the 
infinite wedge result may be used in a self-consistent 
procedure which treats each edge of the finite wedge 
as excited by the incident wave and by two cylin- 
drical edge waves of initially unknown amplitude. 
The solution for the degenerate case of the wedge of 
zero angle (i.e., the half-plane) was first used by 
Schwartzchild [1902] to construct the series solution 
and a single scattering approximation for a wide 
aperture in an infinite plane screen, and higher order 
scattering of the edge waves was recently treated by 
Clemmow [1956], Karp and Russek [1956], and Keller 
[1958, 1957]. Similarly, Braunbek, Clemmow, Kel- 





ler, and Levine treated the wide circular aperture by 
assuming that the edge field was approximately that 
on a half-plane locally coincident with the edge of 
the aperture, and Keller, and Siegel used the infinite 
wedge result to approximate the local field on the 
curved edge of the base of a finite cone; these treat- 
ments range from “single scattering” approxima- 
tions, to Keller’s detailed consideration of the ‘mul- 
tiple scattered” edge rays. (References yo these 
papers, and to analogous treatments of scattering by 
isolated objects are given in Felsen’s and Siegel’s 
URSI report, Diffraction and Scattering.) 


Breakdown of the Many-Body Problems 


In the preceding paragraphs, we more or less 
jumped into the literature in order to associate this 
general topic with such familiar names as Poisson, 
Faraday, Maxwell, Rayleigh, Lorentz, etc. Then, 
papers were cited to illustrate different procedures for 
taking into account the effects of multiple scattering. 
Since a representative selection of methods was in- 
sured at the expense of a systematic presentation of 
problems having physical interest, we now mention 
classes of problems; citations to the literature are 
reserved for the following sections. 

We distinguish two categories of multiple scatter- 
ing problems: In one, we deal with a fixed con- 
figuration; and in the other, with a statistical 
ensemble, or distribution of configurations. This 
breakdown is primarily for convenience; it serves to 
single out the well-defined boundary value problems 
of several scatterers, as well as the periodic structures 
for which a large variety of special analytical tech- 
niques are available. However, subsequently, we 
regard the fixed configuration as a limiting case of a 
general distribution. 

Fized configurations: Several two-body situations, 
general collections of N-bodies, and periodic arrays, 
have been treated in some detail. Explicit solutions 
for N-bodies have been derived for planar scatterers 
(e.g., infinite slabs, discontinuities on transmission 
lines, etc.). Explicit approximations (series and 
closed forms) have been obtained for completely 
bounded scatterers in ranges where, (1) the wave- 
length is large compared to the scatterer’s size, and 
the spacing is arbitrary, and (2) for arbitrary bodies 
and spacing large compared to wavelength; here 
the literature ranges from meson-deuteron scattering 
in quantum mechanics to coupling effects between 
transmitting antennas and scatterers arising in 
“single body” microwave measurements. 

The literature of scattering by periodic arrays 
covers diffraction gratings, planar lattices, dielectric 
constants, indices of refraction, crystal analysis, 
“artificial dielectrics”, obstacles in rectangular wave- 
guides, as well as the analogous antenna arrays. 
Single periodic layers, gratings, etc., are of interest 
in connection with their use as spectrum analyzers, 
polarizers, open-mesh reflectors, etc.; and the analy- 
sis of scattering by three-dimensional arrays facili- 
tates studies ranging from the exploration of crystal 
structure by X-rays to the design of practical micro- 
wave components. 
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In general, the field of an infinite periodic struc- 
ture consists of an infinite number of discrete plane 
waves; some are propagating (e.g., the usual spectral 
orders of a grating), and the rest are exponentially 
damped normal to the face planes. Analytically, 
one seeks to relate the amplitudes of the propagating 
modes of the transmitted and reflected fields to the 
spacings of the array,and to the single scattering 
characteristics of its elements. (The Fraunhofer 
form for a finite array is more or less a “blurred” 
version of the set of propagating modes.) 

To a large extent, the general problems of three 
Mimeamant periodic arrays hinge on the solution 
for a single planar lattice; once the results for the 
isolated component planes are known, one can use 
difference equations, matrix algebra, group theoretic 
procedures, and other equivalent “multimode trans- 
mission line” approaches to treat the crystal. Be- 
cause of this (as well as because of its intrinsic 
interest) the planar lattice has merited special con- 
sideration. Special attention has also been given 
to the essentially one-propagating-mode situations 
which arise when the spacings parallel to the face 
planes are small compared to wavelength (artificial 
dielectrics, obstacles in waveguides), or when the 
Bragg conditions are fulfilled. 

Statistical distributions: The other large class of 
many-body problems deals with statistical distribu- 
tions of scatterers. Such problems are basic in the 
use of scattering and propagation measurements as 
a diagnostic tool in discovering the fundamental 
pxpecte of matter, and in various practical prob- 
ems related to the transmission of information via 
radiation. The special distribution corresponding 
(more or less) to that of an “ideal gas’’ of elastic 
objects has received most extensive consideration, 
and some progress has been made in treating the 
“packing effects” in “dense gasses” and “liquid 
state” distributions. 

The previously mentioned formal representation 
for the field scattered by an arbitrary fixed config- 
uration may be applied to treat scattering by statis- 
tical distributions. One introduces an ensemble of 
configurations defined by an appropriate distribution 
function (giving the probability of occurrence of the 
component configurations) and seeks the expectation 
value of the field by averaging over all variables 
(positions of scatterers, scatterer sizes, etc.). One 
may attempt to first solve or approximate the original 
integral equations (e.g., by,an iterative procedure), 
and then introduce the “statistics”; or one may 
average the formal solution for a single configuration 
over the specified ensemble, and then attempt to 
solve the resultant set of equations. Similarly one 
averages the corresponding representations for the 
power density (and energy flux) over the ensemble, 
and obtains equations for the ‘coherent component” 
(essentially the absolute square of the average wave 
function), and for the “incoherent” or fluctuation 
scattering. Although not even the simplest of such 
problems has been treated rigorously by these 
procedures, useful approximations have been ob- 
tained for various ranges of parameters. (See 
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Foldy’s [1947] basic paper for a detailed introduction, 
and for a discussion of the relevance of such averages 
to quantities obtained by measurement.) 

We may regard the periodic configuration and the 
ideal gas, as special cases of a general ‘‘liquid state” 
distribution. Thus in terms of appropriate distribu- 
tion functions we may start with the limiting case 
of an ideal gas, and introduce “local order” in the 
distribution of a scatterer’s neighbors to model some 
of the characteristics of dense gases and liquids of 
elastic particles. Proceeding to the limit of an 
appropriate parameter (essentially ‘‘compressing”’ 
the distribution) yields results corresponding to a 
periodic array. 

The intensity pattern for the liquid lies “between” 
those of a gas and crystal. If we visualize a narrow 
beam incident on a slab region of a distribution of 
identical objects, then for the gas case we obtain 
coherent transmitted and reflected beams and a 
“background” of incoherent scattering (more or less 
resembling the single-scattered intensity pattern of a 
component object). As the ratio of average to min- 
imum separation of scatterers is decreased (a mini- 
mum in general greater than the scatterer’s size, 
and, say, of the order of several wavelengths) and 
the liquid state approached, the incoherent scatter- 
ing becomes men at angles in the vicinity of those 
corresponding to the propagating modes of the 
periodic limit. With increasing local order, these 
additional “beams” becomes better defined, and 
finally go over to the propagating modes of the 
appropriate crystal. 

Alternatively, instead of dealing with ensemble 
averages of configurations of distinct scatterers, one 
may seek to model statistically inhomogeneous 
regions by means of an appropriately perturbed 
continuum. Approximations for the coherent field 
may be specified in terms of the index of refraction, 
and corresponding approximations for the intensity 
depend on the autocorrelation of the values of the 
index at two different points. Representative papers 
are cited in subsequent sections. 


3. Survey 
3.1. Fixed Configurations of N Scatterers 


The static limits for two parallel circular cylinders, 
a grating of N parallel cylinders, two parallel co- 

laner strips, and two spheres, are convenientl 
ound in Wendt’s [1958] recent review article. He 
has many references to the recent literature, and a 
bibliography of texts going back to Maxwell’s. 
Other static problems of interest include Maxwell’s 
[1873c] treatments of stratified conductors (N slabs 
with characteristics alternating as +250 
composite dielectrics (N slabs ABC . . .). 

Silver [1949] discusses coupling between trans- 
mitter and receiver antennas from a multiple 
scattering point of view. King [1956] treats a 
variety of problems involving coupling between two 
linear antennas (parallel, colinear, perpendicular), 
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between N parallel linear antennas, between three 
parallel antennas at the vertices of an equilateral 
triangle, between four at the corners of a square, etc. 

Redheffer gives the solution for scattering by 
two parallel slabs of arbitrary physical parameters 
[Redheffer in Montgomery, 1947], and an elegant 
analytical discussion of N arbitrary parallel slabs 
[Redheffer, 1950, 1954]; for NV slabs (arbitrary spac- 
ings, and arbitrary reflection and transmission 
coefficients of the isolated slabs) he uses group 
theory, abstract multiplication, as well as conven- 
tional matrices, and difference equations. A detailed 
systematic successive scattering treatment for N 
arbitrary parallel slabs is given by Marcus [1946]. 
Their closed-form solutions for N identical equally 
spaced slabs were obtained originally by Darwin 
[1914] in his basic paper on the scattering of X-rays 
by crystals. Redheffer [1956] also gives an exact 
treatment of “limit-periodic dielectric media’ (the 
limit for N->o of WN identical inhomogeneous 
slabs of thickness 1/N), and Bazer [1959] considers 
the conditions for which an arbitrary configuration 
of N identical slabs may be analytically approxi- 
mated by an appropriate continuum. 

The above papers on collections of planar scatterers 
are but a few among the many to be found in the 
literature; see Hartree [1929], Luneberg [1947a, bl], 
Lurye [1951], Russek [1951], Keller [1953], Keller 
and Keller [1951], Schelkunoff [1951], Bremmer 
[1951], Landauer [1951], and Kay [1958]. The 
limiting case of the arbitrary stratified region is 
that of an inhomogeneous medium: recent work 
includes that of Kay [1955], Kay and Moses [1956, 
1955a, 1955b, 1955c, 1957], Saxon [1957; 1959], 
Schiff [1956], Saxon and Schiff [1957], Seckler and 
Keller [1959], and Hall [1958]. Additional references 
to the recent literature and discussions of procedures 
for treating such problems are given in Bremmer’s 
{1958] Handbuch review of radio wave propagation; 
and in the same volume (Electric Fields and Waves), 
King’s [1958] review of electric circuits, and the 
review of Borgnis and Papas [1958] on waveguides, 
include germane transmission line procedures for 
treating collections of planar scatterers. 

Turning to arbitrary collections of arbitrary, 
parallel circular cylinders, the separations of variables 
procedure of Zaviska [1913], Ignatowsky [1914al], 
Row [1955], and Twersky [1953a] gives infinite sets 
of linear algebraic equations which relate the 
multiple scattered coefficients of a cylinder to known 
single scattered values and to Hankel functions of 
the spacings. A Neumann iteration of these ‘‘self- 
consistent’? equations leads to the “orders of 
scattering’? series whose successive terms involve 
higher products of single scattered coefficients; 
Twersky [1952a] also obtained this series by 
successive application of the boundary conditions. 

For radii small compared to wavelength, Zaviska 
[1913] gives closed form approximations for two and 
three (equally spaced, coplanar) cylinders, such that 
E is parallel to their axes (henceforth E parallel), 
and the direction of propagation is perpendicular to 
the plane{of their"axes (henceforth & perpendicular) ; 





for this polarization, he also considers two cylinders 
and k parallel (i.e., #, k, and the axes all coplanar). 
In these approximations, the isolated scatterers are 
treated essentially as monopoles (isotropic scatterers), 
and all orders of scattering are taken into account; 
e.g., Zaviska’s multiple scattered coefficients for one 
of the two identical cylinders for EF parallel and k 
perpendicular may be written as A=a/(1—aH), 
where a is the single-scattered value, and H= HA) (kb) 
(the ‘configuration factor’’) equals the zeroth order 
Hankel function of spacing 6 and wavenumber k. 
[This elementary multiple scattering solution (in fact, 
the most elementary) serves to illustrate the termi- 
nology used previously. Thus the ‘‘self-consistent”’ 
equation leading to the closed form may be written 
A=a-+aH) (kb)A: the first term on the right is the 
response of the cylinder to the incident plane wave 
(the single scattered value a), and the second is its 
response to the field of its neighbor (i.e., to a cylin- 
drical wave of strength A originating from a source 
at distance b). Iterating the self-consistent equation, 
or expanding the closed form, gives the “orders of 
scattering”’ series A=a+a’?H-+-a*H’ .. . , which one 
would obtain directly from considerations of succes- 
sive scattering processes. Also note that the single 
scattered pes “ims a is essentially a “‘parameter” 
of the multiple scattered value A: the closed form 
holds for one element of all symmetrically excited 
pairs of identical monopoles. (Differences between 
results for various pairs arise from different single 
scattered coefficients; e.g., for perfect conductors in 
two dimensions, the circle involves the logarithm of 
the radius, and the ellipse, of the arithmetical mean of 
the major and minor axes.)] Zaviska [1913] also con- 
siders two identical cylinders for E perpendicular 
and k perpendicular and gives the first two orders 
of scattering for the monopole and dipole terms. He 
also shows that if two arbitrary sized cylinders are 
in each other’s far fields, then the problem reduces 
essentially to that of one cylinder excited by two 
plane waves (the incident wave, and a wave traveling 
in the plane of the axes); however, he fails to notice 
that this can be exploited to obtain closed forms. 

Twersky [1952b, c] obtains closed forms for several] 
cases by retaining only the largest terms involving 
the separation 6 in each order of scattering; e.g., 
a generalization of the above A for two different 
isotropic scatterers (not necessarily cylindrical) for 
arbitrary angle of incidence; closed forms for two 
scatterers with radii and spacing small compared to 
wave length; closed forms for two arbitrary cylinders 
each in the far field of the other (call this ‘‘far-mul- 
tiple-scattering’”’), and an analogous result that 
holds for N equispaced coplanar cylinders (a finite 
grating) when end effects are neglected. He also 
applies an image technique to these results to con- 
sider the analogous multiple scattering problems for 
semicylindrical protuberances on a ground plane; 
he shows that for F parallel, there are no far-mul- 
tiple-scattering contributions for an arbitrary con- 
figuration of arbitrary semicylindrical protuberances, 
and derives the first nonvanishing terms for special 
cases. 
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Row [1955] applies his general results to two iden- 
tical perfect conductors for # parallel and k perpen- 
dicular. He obtains numerical values by several 
methods (including truncating the system of alge- 
braic equations, and a diagonal approximation of 
their matrix). Comparisons with experiments are 
made for several wavelengths less than or equal to 
the diameter, for fixed spacing and a varying field 
point, and vice versa. In particular, he finds de- 
tailed agreement for a truncation procedure which 
keeps as many multiple scattered coefficients as 
single scattered coefficients called for by the 
analogous isolated cylinder problem. 

Storer and Sevick [1954] apply the variational 
procedure of Levine and Schwinger to their integral 
representation for N scatterers, and obtain a sta- 
tionary form for the far-field scattering amplitude. 
They specialize their results to treat two finite 
identical, parallel circular cylinders (radius small 
compared to spacing and to length) for F parallel. 
Using a “shifted cosine” trial function, they find 

od agreement between theory and experiment 
or backscattering and k perpendicular to half-wave 
and full-wavelength scatterers. Minkowski and Cas- 
sedy [1956] use the analogous procedure to treat 
the case of colinear cylinders. 

Karp [1959] gives a general discussion of the 
integral representation for N arbitrary scatterers, 
and considers the conditions for convergence of the 
orders of scattering series. Subject to far-multiple- 
scattering, the integral representation for an arbi- 
trary configuration of N arbitrary cylinders yields 
N simultaneous equations for the multiple scattered 
amplitudes in terms of their single scattered values; 
in particular, Karp [1959] gives the closed form for 
two arbitrary cylinders (the generalization of a result 
in Twersky’s [1952b] result for two circular cylinders). 

As discussed by Twersky [1952b], the closed forms 
that hold for far-multiple-scattering retain only the 
largest terms in kb>>1 of each order or scattering. 
Thus the series in powers of 1/ykb obtained on 
expanding the closed form for the multiple scattering 
amplitude is not the rigorous expansion of the 
function. Zitron and Karp [1959] show that for 
two cylinders, the ‘“far-multiple-scattering, orders 
of scattering” series is correct in its three leading 
terms (i.e., to 1/kb), and obtain the next term of the 
series for two arbitrary cylinders: in distinction to 
the leading terms, which involve only the far-field 
scattering amplitudes of the isolated cylinders (say 
J), the new term also involves derivatives of f. They 
specialize their result to the case of arbitrary circular 
cylinders, and show it agrees to appropriate order 
with the result obtained on approximating the 
complete series derived by separation of variables 
in Twersky [1952a]. They also obtain the cor- 
responding number of terms of the analogous series 
arising for the scalar problems of two arbitrary 
scatterers in three dimensions. 

Wu and Levine [1958] consider a row of large 
circular cylinders for & parallel, and obtain multiple- 
scattering corrections to the geometrical optics 
value of the total scattering cross section. 
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Millar [1960] considers the N simultaneous integrai 
equations obtained for the two cases of £ paralle! 
and EF perpendicular to a row of perfectly conducting 
cylinders of arbitrary shape. For elliptic cylinders 
with major axis small compared to wavelength, and 
arbitrary separation, he reduces the integral equa- 
tions to linear algebraic equations (using a procedure 
similar to Bouwkamp’s for the single strip). For 
two cylinders and EF parallel, his closed form ap- 
proximations for the multiple-scattered coefficients 
are identical with the forms for two arbitrary iso- 
tropic scatterers given in Twersky [1952b]. His 
plots of the real and imaginary parts of one coefficient 
as a function of kb, for three directions of incidence 
(k perpendicular, and k parallel, say, from the right, 
and from the left) show the effects of multiple 
scattering and “shielding.” 

The scattering of waves by two objects has also 
been recently considered in the literature of quantum 
mechanics. Thus Brueckner’s [1953] closed form 
for the impulse approximation for S-state scattering 
from a two-body system, is a result for two monopoles 
in three dimensions (identical with the form for two 
isotropic scatterers given in Twersky [1952b]); and 
his result for P-state meson scattering, is that for 
the scalar problem of two dipoles in three dimensions. 
Representative related papers are those of Watson 
[1953], Takeda and Watson [1955], Brueckner 
[1955], and Drell and Verlet [1955]. More complex 
systems are discussed by Gerjuoy [1958], and in 
the proceedings of the recent Grenoble lecture series 
on many-body problems edited by Dewitt [1959]. 


3.2. Infinite Planar Lattices 


Here we begin with the more general treatments, 
and then consider special procedures. 

As is well known, the field of an infinite grating of 
arbitrary identical cylinders excited by a mono- 
chromatic plane wave consists of an infinite discrete 
set of plane waves; some of these waves are “propa- 
gating modes” (the usual spectral orders) and these 
carry energy in specific directions determined by the 
wavelength, the spacing, and the angle of incidence; 
the remaining are ‘surface waves” (or “evanescent 
modes”) which are exponentially damped normal 
to the plane of the grating. The existence of these 
waves follows directly from the periodicity of the 
structure; i.e., the field must be representable as a 
Fourier series, and this has been the starting point 
of most rigorous approaches to the problem. But 
this is merely the starting point: it is the amplitudes 
of these waves which must be determined. Thus 
Rayleigh [1907a] represents the mode amplitudes 
in terms of an algebraic set of equations involving 
the Fourier components of the grating’s profile, 
and Ignatowsky [1914a] expresses them in terms of 
an integral equation for the current distribution 
on one element; and most expansion procedures 
in the literature are based on one of these two 
classic representations. However, alternative repre- 
sentations prove more tractable when strong coupling 
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occurs. Thus Twersky [1956a] starts with the set 
of multiple scattering surface integrals for the 
elements of the array, and proceeding initially in 
analogy with Ewald’s [1917] treatment of a lattice 
of dipoles, derives a “mixed representation.” The 
mode amplitudes are expressed in terms of the 
multiple scattered amplitude of a cylinder in the 
grating, and specified through a new functional 
equation involving its single scattered value (as 
the inhomogeneous term, and in the kernel of the 
operator). Differing from both Ignatowsky’s integral 
equation and Rayleigh’s “sum equation” (i.e., 
the set of algebraic equations), the operator in 
the new equation equals an integral minus the 
analogous sum (a relatively rapidly convergent 
representation). The new formulaism is applied 
[Twersky, 1956a, 1957b] to treat the grating reso- 
nances investigated experimentally by Wood and 
Strong; and the enhancement of one spectral order, 
or the diminution of another, as well as other 
“anomalies” with respect to single scattering theory, 
are interpreted in terms of surface wave coupling 
between the propagating spectral orders. Multiple 
scattering effects are significant for such resonances 
(which for normal incidence occur when the grating 
spacing is nearly an integral number of wavelengths), 
for near grazing incidence, and for relatively closely 
packed scatterers; for other situations, the multiple- 
scattered amplitude reduces to its single scattered 
value (the inhomogeneous term of the equation). 
Twersky [1958b] applies the general theory to circular 
cylinders (and obtains, for example, simple explicit 
results for the “packing effects” at low frequencies up 
to multipoles of order 2°), and Burke and Twersky 
{1960] apply it to elliptic cylinders. Analysis of 
such grating problems is facilitated by Ignatowsky’s 
[1914b] elementary function representations for the 
Schlémilch series that arise for normal incidence, 
and by the analogous forms for the more general 
series arising for arbitrary angle of incidence derived 
by Twersky [1958c]. 

The procedure discussed above is one of the 
few multiple scattering treatments of a grating of 
general elements which expresses the field in terms 
of the behavior of the elements when isolated. The 
first of this kind was Ignatowsky’s [1914a]. In addi- 
tion, the variational procedure discussed by Mar- 
cuvitz [1951], and applied to circular and elliptical 


elements with spacing and cross-sectional dimen- 


sions small compared to wavelength, is also quite 
general. Another initially general procedure is 
Karp’s [1955], which was applied by Karp and Rad- 
low [1956] to grating resonances subject to “far- 
multiple-scattering”’ (i.e., each scatterer in the far 
field of all others). 

The principal anomalies with the single scattering 
ee for the grating (an approximation 
obtained originally by Schwerd [1835]) indicated 
by the experiments of Wood [1902], Ingersoll 
[1921], Strong [1936], Palmer [1952], and others, 
are the “resonances” mentioned previously. With 
reference to these, Rayleigh [1907a] treats a per- 
fectly conducting grating, and finds that his repre- 





sentation of the perpendicular polarized amplitudes 
diverges if there is a grazing mode. Fano [1938] 
considers the same range for a grating of finite 
conductivity. _Artmann [1942] begins with Ray- 
leigh’s model (Fourier series expansion of the profile), 
but derives an alternative, convergent series repre- 
sentation for near grazing modes. Artmann’s 
expressions for the maxima correspond to the max- 
ima of the usuai Wood anomalies; and although he 
does not consider the associated minima (lying be- 
tween the Rayleigh wavelength and the maxima), 
these may also be treated using this model. Fano 
[1938] also presents a general expression (suggested 
by a quantum mechanical analogy) which can be 
adjusted to describe the anomalies, and he is the 
first to stress the role of the surface waves. Karp 
and Radlow [1956], and Lippmann and Oppenheim 
[1942] consider the anomalies, and a relatively de- 
tailed discussion is given by Twersky [1956a, 1957b, 
1958b]. 

A perhaps more intuitive approach may also be 
applied to consider the grating anomalies. Thus 
Twersky [1952c] gives an “orders of scattering’ 
treatment of the anomalies for a finite grating 
(perfectly conducting semicylinders on a plane, end- 
effects neglected): the extrema are interpreted as 
occurring at wavelengths which optimally fulfill the 
conditions that each order of scattering is a maxi- 
mum, and that successive orders are either in or out 
of phase. Here a suggestion made by Wood [1902], 
and originally elaborated by Artmann [1942], is 
developed into a ‘“‘vibration curve”? method based on 
a discrete analog of the Fresnel integral [Russek and 
Twersky, 1953]. 

The method of images provides a convenient 
means for obtaining solutions for reflection gratings 
from results for analogous transmission problems. 
The first treatments of the reflection grating based 
on this approach originally took into account single 
scattering |Twersky, 1950a, b, c], and then analogous 
multiple scattering results [Twersky, 1956a, 1957b, 
1958b] were obtained. The image technique itself 
(for wave problems) was first used by Rayleigh 
[1907b], who applies the results for a perfectly con- 
ducting cylinder with radius small compared to 
wavelength to obtain the analogous functions for 
a semicylinder on a perfectly conducting plane. 

In addition to papers mentioned above, there are 
a large number of treatments of transmission gratings 
of specific scatterers: For example, strips are treated 
by Vainshtein [1955], Heins [1954], and Miles [1949]; 
circles are treated by Shmoys [1951], Shmoys and 
Sollfrey [1952], and Reiche [1953]; and fine wires are 
treated by Wessel [1939], Honerjager [1948] and 
Franz [1949]. Fine wires, closely spaced, are also 
treated by Lamb [1945], and Gans [1920] (both giving 
incorrect results for polarization perpendicular to 
the axis—see Twersky [1958b] for details), and by 
Lewin [1951], and Marcuvitz [1951]. The most 
detailed treatment of circular cylinders appears to 
be that of Twersky [1958b], which also gives com- 
parisons with previous work. 

Additional treatments of gratings inclued those of 
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Voigt [1911] (who extended Rayleigh’s [1907a] 
procedure to a lossy interface), Tai [1948], Lippmann 
[1953], Meecham [1957, 1956a, b], Snow [1956], 
Primich [1957], Heaps [1957], Proud [1957], Parker 
[1957], Theissing and Caplan [1956], Hatcher and 
Rohrbaugh [1958, 1956], Palmer [1956], Rohrbaugh 
and others [1958] Wait [1958, 1955, 1959], Senior 
[1959], and Felsen [1959]. 

As for other two-dimensional planar lattices, 
Marcuvitz [1956] has given a general formulation for 
the planar lattice of arbitrary scatterers in terms of 
the periodicity factors of the array, and in terms of 
the amplitude of one element. Low frequency results 
for planar lattices of spheres, disks, etc., have been 
derived in connection with artificial dielectrics, and 
in connection with the related problems of obstacles 
in rectangular waveguides: see the recent review by 
Cohn [1960] for the literature of the first, and the 
texts by Marcuvitz [1951], and Lewin [1951] and 
others for the second. General scattering theorems 
for such structures are given by Schwinger, Dicke 
[1948], Redheffer [1950], Friedrichs [1949], and 
Twersky [1956b]. 

Additional papers dealing with planar periodic 
arrays are cited in recent reviews by Harvey [1959] 
and by Lysanov [1958]. 


3.3. Planar Random Distributions 


As in the previous section, we begin with the most 
general treatment of the problem; this minimizes 
repetition. 

a. Sparse Distribution (Two-Dimensional ‘Rare Gas’’) 


The scattering of a plane wave by a planar random 
distribution of arbitrary objects may be treated by 
averaging the set of multiple-scattering surface in- 
tegrals for one configuration over an appropriate 
distribution. In particular, for identical scatterers 
whose average separation is large compared to their 
minimum separation, we may assume that the one- 
particle and two-particle distribution functions are 
constant (as for a rare gas). 

For such sparse planar distributions of arbitrary 
scatterers, Twersky [1957a, 1955], using a procedure 
analogous to Foldy’s [1947], shows that the coherent 
scattered field consists of two plane waves—one in 
the direction of incidence, and one in the direction 
of specular reflection (with respect to the plane of 
the distribution). The amplitudes of these waves 
are proportional to corresponding values of the 
average multiple scattering amplitude of a scatterer 
fixed in the distribution; i.e., to the response of one 
fixed object to the incident field plus the fields of all 
other objects averaged over the configurations these 
other objects may assume. The average with one 
fixed scatterer is given [Twersky, 1957a] by an inte- 
gral relation whose kernel involves the same function 
averaged with two scatterers held fixed ; approximat- 
ing one by the other (as first done explicitly for a 
volume of monopoles by Foldy [1947], and as done 
‘fnstinctively” in earlier less analytical treatments of 
dielectric constants, etc.) leads to a simple expression 
for the unknown amplitudes in terms of their single- 
scattered values. (The validity of this approxima- 
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tion requires that the number of scatterers be large; 
see Foldy [1947] for discussion, and Bazer [1959] for 
an analytical treatment of the one-dimensional case.) 

To this approximation, the total excitation of a 
scatter within the distribution is proportional to the 
average of the coherent transmitted and reflected 
plane waves; and since the response of an isolated 
scatter to a plane wave is known, one obtains two 
algebraic equations which can be solved directly. 
This gives simple expressions for the multiple- 
scattered amplitudes in terms of their presumably 
known single-scattered values. The final transmis- 
sion and reflection coefficients take into account the 
major effects of coherent multiple scattering; in 
arcsec whereas their single-scattered values would 

ecome infinite as grazing incidence is approached, 
the total scattered field approaches the negative of 
the incident wave (which merely means that only 
surface wave, or inhomogeneous plane wave, solu- 
tions exist in the limit), i.e., the coherent field of the 
distribution becomes that of a perfect reflector. 

The value for the multiple scattering amplitude 
obtained by taking into account the coherent effects 
is also used [Twersky, 1957a, 1955] in the corre- 
sponding incoherent scattering (i.e., excitations aris- 
ing from multiple incoherent scattering are neg- 
lected) ; this leads to an approximation for the total 
scattered field which explicitly fulfills the energy 
theorem. Thus, the final results (expressed solely 
in terms of the known single scattered amplitude, 
the number of scatterers per unit area, the angles of 
incidence and observation, and the wavelength) 
state simply that the average power reflected, trans- 
mitted, absorbed, and scattered by the area of dis- 
tribution illuminated by unit area of incident wave 
is equal to the incident power density. 

The multiple-scattering amplitude of the “random 
screen” (for the case of scatterers symmetrical to 
the plane of the distribution) is also imaged 
[Twersky, 1957a, 1955] to obtain the corresponding 
function for the analogous distribution of arbitrary 
protuberances on a ground plane; this amplitude 
gives directly the reflection coefficients and differ- 
ential scattering cross sections per unit area for a 
relatively general model of ‘‘rough surfaces”. It is 
shown that for such surfaces the coherent field ful- 
fills an “impedance boundary condition”? on the 
plane of the distribution (i.e., the scalar field is 
proportional to its normal derivative, or, equiva- 
lently, the tangential component of F is proportional 
to the tangential component of H), and the imped- 
ance is expressed simply in terms of the scattering 
amplitude of an isolated protuberance. For both 
“vertical” and “horizontal” polarizations, the ratios 
of reflected to incident fields approach minus one as 
grazing incidence is approached; the corresponding 
coherent intensity reflection coefficients approach 
unity, and the incoherent backscattering cross sec- 
tions approach zero. More explicitly, for arbitrary 
protuberances on a ground plane, if the ‘‘horizon 
angle” (or grazing angle) approaches zero, then the 
reflection coefficients approach unity linearly and the 
backscattering for polarization perpendicular/or par- 





allel to the plane of incidence vanishes like the 
fourth/or second power of the angle respectively. 

This model for reflection and scattering from rough 
surfaces appears to be the only one which treats both 
coherent and incoherent scattering phenomena in 
parallel, and which relates them explicitly to each 
other through the energy principle. Theorems are 
derived to show that the sum of average powers 
coherently reflected, incoherently scattered, and ab- 
sorbed by the area of distribution ‘‘illuminated” by 
unit area of incident wave equals the incident 
power density; and (using a general theorem for an 
isolated protuberance [Twersky, 1954b]), it is shown 
that the forms for reflection coefficient and scatter- 
ing cross section (in terms of single scatterer results) 
explicitly fulfill the required theorems. Illustrative 
examples are obtained by specializing the general 
results to arbitrary hemispheres, and semicylinders, 
and explicit approximations in terms of elementary 
functions are given for scatterers very small or very 
large compared to wavelength [Twersky, 1957a, 
1955]. 

The above model is a generalization of the one 
introduced by Rayleigh [1907b] to consider inco- 
herent scattering from a striated surface; his paper 
gives a single-scattering treatment based on the 
field of a fine semicylindrical protuberance. Ray- 


leigh’s work was initially extended to obtain single- 
scattered coherent and incoherent intensities for dis- 
tributions of small semicylinders and hemispheres 
[Twersky, 1950a, b, c, 1953c], and of large semi- 
cylinders [Twersky, 1952d); then multiple-scatter- 
ing effects for separations large compared to wave- 


length were taken into account for semicylinders 
[Twersky, 1953a, d]. These special scatterers are 
considered as illustrations in the more general treat- 
ment mentioned previously [Twersky, 1957a, 1955]. 

The phase of the coherent reflected wave for the 
special case of small hemispheres on a plane is also 
considered by Biot [1958]. Neglecting incoherent 
scattering, Biot [1957] considers a monopole source, 
and Wait [1959] a dipole source exciting small hemi- 
spheres on a ground plane. In particular, Wait [1959] 
considers surface wave effects for lossy bosses and 
shows that the first approximation for the coherent 
effects may be described by a plane having an induc- 
tive surface reactance; he also considers the analo- 
gous problems for a curved ground plane, and for 
parallel (plane, and curved) guides. 

A variety of other models for random screens and 
rough surfaces exist in the literature. However, it 
is not the purpose of the report to consider these 
topics, except as they relate to multiple-scattering 
problems of distinct objects. The reader is referred 
to the works of Rice [1951], Booker, Ratcliffe, and 
Shinn [1950], Beckman [1957], Miles [1954], Magnus 
[1952], Schouten and De Hoop [1957], Ament [1956], 
Hoffman [1955], Lysanov [1958], Senior and Siegel 
[1959], Beard, Katz, and Spetner [1956], Beard and 
Katz [1957], Spetner [1958], LaCasce and Ta- 
markin [1956], LaCasce [1958], Berning [1957], 
Meecham [1956], Heaps [1956], Parker [1956], 
Jones and Barton [1958], Katzin [1957], Pollak [1958]. 





Additional papers are cited by Lysanov [1958] and 
by Twersky [1957a]. 


b. General Statistical Distribution 


The grating and the random screen of arbitrary 
cylinders are essentially the “‘crystalline”’ and ‘rare 
gas’’ limits of a one-dimensional “liquid” of perfectly 
elastic scatterers. To treat this general statistical 
distribution, Zernike and Prins [1927] take the one- 

article distribution to be constant and use proba- 

Dility considerations to derive a pair distribution 
function; the pair-function is expressed essentially 
in terms of an “elbow room parameter” (ZL) equal 
to the ratio of average to minimum separation of 
scatterer centers, a minimum generally greater 
than a scatterer’s width. They obtain a single 
scattering approximation for a large number of 
scatterers on a line, and show numerically that for 
L-1, both pair-function and intensity become 
sharply peaked; and that for L>1, both become 
relatively smooth. (Their basic paper introduces 
the now standard “inversion procedure” used in 
X-ray scattering by liquids. Inverting a corre- 
sponding approximation for the three-dimensional 
case, enables one to construct approximations for 
the “radial distribution function” in terms of scat- 
tered intensity measurements; see Gingrich’s [1943] 
review.) 

Twersky [1959b] considers the scattering of waves 
by a one-dimensional liquid of coplanar, parallel, 
arbitrary cylinders; he obtains a continuous transi- 
tional formalism from the rare gas limit [Twersky, 
1957a] to the periodic one [Twersky, 1956a]. The 
analysis is based on a Poisson one-particle distri- 
bution function, and on a more convergent trans- 
form of the pair-function introduced by Zernike 
and Prins [1927]. Representing the field of one 
configuration as a sum of surface integrals, and 
averaging over the distribution, gives an integral 
relation between the average fields with one and 
two particles held fixed; equating these to each other 
yields an integral equation involving the known 
distribution functions and the presumably known 
scattering amplitude of an isolated cylinder. The 
absolute square of the average field specifies the 
“coherent intensity.” A corresponding approxima- 
tion is constructed for the ‘“incoherent”’ differential 
scattering cross section by taking the average field 
with one scatterer held fixed as the excitation of a 
scatterer within the distribution. 

The total average intensity for this distribution 
depends critically on L, the relative ‘‘elbow room” 
per scatterer. As L->1, the “local order’’ increases; 
in the limit, it is shown [Twersky, 1959b] that the 
one and two particle distributions go over to 4 
functions, and that the scattered field reduces to 
the solution for the grating of equispaced arbitrary 
elements [Twersky, 1956a]. For this ‘crystalline”’ 
case, the field is all coherent and consists of the 
transmitted and reflected propagating spectral orders 
plus the infinite set of evanescent surface waves. 
At the other limit L—>, the local order disappears; 
the distribution functions become constants, and 
the results reduce to those of the analogous “rare 
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gas” [Twersky, 1957a]. For this case, the coherent 
field consists of the directly transmitted and specu- 
larly reflected plane waves, and the differential cross 
section is relatively smoothly varying (as determined 
by choice of scatterers). The coherent field for the 
general case of the “liquid” (of infinite ‘length’’) 
has the same form as for the gas, but the incoherent 
intensity is more or less a smudged version of the 
intensity pattern for the periodic case: it is peaked 
in the vicinity of the parameters corresponding to 
the noncentral spectral orders of the grating, and 
these maxima broaden and decrease away from the 
directly transmitted and specular directions. 

The results for scatterers symmetrical to the plane 
of the distribution are also imaged [Twersky, 1959b] 
to obtain corresponding functions for the general 
striated surface of arbitrary protuberances on a 
ground plane. Applications are given to illustrate 
multiple-scattering effects in certain resonance 
phenomena (‘‘near-grating’”’ anomalies), in the be- 
havior near grazing incidence, and in the effects of 
packing for small scatterers. 


3.4. Periodic Volume Distributions 


The main lines for treating scattering of X-rays by 
crystals follow the works of Ewald [1917], Darwin 
[1914], Bragg [1915], and Laue [1931]. Ewald [1917] 
obtains a multiple-scattering solution for the lattice 
of dipoles. Laue [1931, 1935] works with a Fourier 
series representation for a general periodic index of 
refraction. Darwin [1914] uses a single-scattering 
approximation for the fields of the planar lattices 
parallel to the interface of a semi-infinite lattice, and 
takes into account multiple scattering between 
planes. He introduces the “transmission line” pro- 
cedure for treating such problems; and, for the 
situation corresponding to Bragg [1913] and Laue 
[1913] resonances, Darwin’s 1914 paper gives the 
associated pair of coupled difference equations, since 
rediscovered many times in connection with one- 
mode propagation in periodically loaded lines, guides, 
and artificial dielectrics. Prins [1930] applies Dar- 
win’s procedure to take into account absorption. 

Laue’s procedure is applied by Kohler [1933] to 
treat the one-mode case for the bounded periodically 
perturbed medium, and Mayer [1928] and Lamla 
[1939] consider the case of three strong modes. 
Essentially Darwin’s procedure (but taking into 
account some multiple-scattering effects in the com- 
ponent planes) is used by Twersky [1954a] to treat 
the lattice of circular cylinders; and the general case 
is treated by this means by Marcuvitz [1956], whose 
results are applied to special problems by Barone and 
Schneider [1956]. 

A broad, relatively elementary survey of analytical 
techniques for treating scattering by periodic struc- 
tures (methods introduced for scattering of X-rays 
by crystals) is given by James [1950], and some 
additional results are included in Partington’s [1951] 
comprehensive treatise on physical chemistry (par- 
ticularly vol. 3). Fourier methods for treating 


scattering (of anything) by periodic structures are 
reviewed by Slater [1958]. 
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The lattice of spheres is treated by separating 
variables in the static limit by Rayleigh [1892], and 
for arbitrary wavelengths, by Kasterin [1897], and 
by Morse [1956]. Various approximations also exist 
in the literature of artificial dielectrics, a subject 
whose modern aspects start essentially with the 
work of Kock [1948]. The literature to 1952 is 
surveyed in Brown’s [1953] monograph on micro- 
wave lenses, to 1957 in Cohn’s [1960] review chapter 
of the Antenna Engineering Handbook, and to 1958 
in Harvey’s [1959] survey article on optical tech- 
niques at microwave frequencies. Recent papers in 
the U.S. literature include those of Lippmann and 
Oppenheim [1954], Storer [1952], Jones, Morita, 
and Cohn [1956], Morita and Cohn [1956], Collin 
[1959], Ward, Puro, and Bowie [1956], Kaprielian 
[1956a, 1956b, 1956c], Cohn [1956], and Hickman, 
Risty, and Stewart [1957]. 


3.5. Random Volume Distributions 


The earliest analytical treatment of the scattering 
of waves by random distributions of objects (or 
potentials) is essentially Rayleigh’s theory of the 
color of the sky [Rayleigh, 1899]. The subject has 
since received much attention in the literature, but 
much of the work has been heuristic. 

Foldy’s [1947] treatment of scattering by mono- 
poles serves as a model for those seeking to treat 
more arbitrary scatterers. Thus Lax [1952], and 
Twersky [1958a, 1959a| give different generalizations 
for the coherent field. Foldy’s self-consistent treat- 
ment of monopoles is extended essentially three 
different ways to obtain the propagation coefficient 
(say K) of the coherent field for a random distribution 
of relatively arbitrary scatterers excited by a wave 
having propagation coefficient k. Each procedure 
expresses K in terms of an isolated object’s scattering 
amplitude, say /; but Twersky [1958a] uses f(k—h), 
the amplitude of the object in free space; Lax [1952] 
uses {(K—>K), the amplitude in the new medium 
associated with the coherent field; and later Twersky 
[1959a] uses f(K-—k), the amplitude of an object 
excited in A-space but radiating into k-space. 
Twersky [1958d] obtains f(K-—k) by introducing a 
new class of single-body scattering problems, in 
which the source and radiated terms of the solution 
satisfy different wave equations. [This type of 
scatterer may be more palatable if its limiting form 
for a monopole is recognized in the usual volume 
integral representation for the field scattered by a 
constant potential k?— K?, i.e., in the integral whose 
kernel comprises a monopole (the free k-space 
Green’s function) weighted by the local field: since 
the local field travels in K-space, these monopoles 
radiating into k-space are elementary forms of the 
“schizoid scatterer” characterized by {(K—k).] 

The new formalism is applied [Twersky, 1959a] 
to a slab region of large tenous scatterers, and simple 
explicit forms are obtained for the coherent and in- 
coherent intensities, and for the average phase. 
Theoretical results are compared with a series of 
detailed experiments by Beard and Twersky [1958, 
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1960a, 1960b] on a large scale dynamical model of 
a “compressible gas’? of spheres. Measurements 
were made from a relatively rare gas (average sepa- 
ration of centers 10 times scatterer diameter) to 


practically a “liquid state’ case (average separation | 


about one-eighth larger than diameter). [Here the 
“molecules” were 11;-in. styrofoam spheres and the 
measurements were made with }4-cm radiation; a 
system of blowers and turbulence-creating wedges 
produced the distribution, and the required statis- 
tical functions were measured separately by optical 
methods.] The recent computed and measured 
intensities are in accord over the full range investi- 
gated. 

The three extensions [Lax, 1952; Twersky, 1958a, 
1959a] of Foldy’s [1947] procedure are among the 
more recent extensions of Rayleigh’s original model. 
For a volume distribution of small scatterers, Ray- 
leigh [1899] gives a leading term approximation in- 
on tn S(k—k). Other results for wave scattering 
in terms of forms of f(k-—>k) appropriate for special 
objects, are given in Reiche [1916] (slab region of 
dipoles), Urick and Ament [1949] (slab of small 
spheres), and Twersky [1953b] (slab region of cyl- 
inders). Similarly, expansions in terms of f(k->k) 
are used in the work on dense distributions of dipoles 
by Yvon [1937], Kirkwood [1936], Brown [1950], 
Mazur and Mandel [1956], Green [1952], Jansen and 
Mazur [1955], Jansen [1955], Fixman [1955], Born 
and Green [1946], and Green [1957]; these papers 
are particularly noteworthy for their care with the 
probabilistic aspects of the problem. Alternative 
approaches, still based on well-defined elementary 
scatterers, are discussed by Onsager [1936], Béttcher 
[1952], De Loor [1956], and others. 

Brief, relatively comprehensive, introductions to 
various aspects of the subjects involved in the above, 
and additional references, are given in several articles 
of the Handbook of Physics edited by Condon and 
Odishaw [1958]: see “Dielectrics” by von Hippel; 
“Molecular Optics’? by Condon; ‘Principles of Sta- 
tistical Mechanics and Kinetic Theory of Gases,” 
and “Vibrations of Crystal Lattices and Thermo- 
dynamic Properties of a Solid” by Montroll; and 
“The Equations of State and Transport Properties 
of Gases and Liquids” by Bird, Hirschfelder, and 
Curtiss. A detailed review of the literature of di- 
electrics is given by Partington [1951-1955], vol. 4 
and 5. See also Frenkel [1956], Debye [1945], 
Hartshorn and Saxton [1958], Van Vleck [1932], 
Von Hippel [1954], and, in particular, the excellent 
recent review by Brown [1956]. Fournet [1957] 
gives the latest review on the structure of liquids; 
and the recent article by Montroll and Ward [1958] 
on the statistical mechanincs of interacting particles, 
and the references it gives to the classical statistics 
literature, indicate the more fundamental models of 
matter now under study. 

Much work on multiple scattering of incoherent 
radiation has been done from essentially a particle 
scattering viewpoint. Instead of the wave equation, 
one works with the Boltzman integro-differential 
equation for transport processes. See Hopf [1934], 
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Chandrasekhar [1950], Case [1957], Woolley and 
Stibbs [1953], Fano, Spencer, and Berger [1959], and 
Goldstein [1959] for fundamentals, applications, 
and reviews of computational procedures. 

An alternative approach to problems of scattering 
and propagation in random media is to work with a 
perturbed continuum—see papers of Einstein [1910], 
Smoluchowski [1908], Pekeris [1947], Debye [1954], 
Booker and Gordon [1950], Villars and Weisskopf 
[1954], Silverman [1957, 1958], Staras [1955], Wheelon 
[1957], the scatter-propagation issue of the Proceed- 
ings of the IRE [1959], Bremmer’s Handbuch article 
[1958], and the recent review of tropospheric propa- 
gation by Staras and Wheelon [1959]. References 
to the literature of physical chemistry involving 
this approach are cited by Fishman [1957] and 
Stacey [1956]. 

Recent papers on the topic of this section include 
Booker [1956], Kraichman [1956], Chu and Churchill 
[1956, 1955], Gordon [1958], Zink and Delsasso [1958], 
Skydrzyk [1957], Silverman [1956, 1957, 1958], 
Stein [1958], Phillips [1959], Smith [1956], Zweig 
[1956], Buckingham [1956], Buckingham and Stephen 
[1957], Yvon [1958], Prins and Prins [1957], Longuet- 
Higgins and Pople [1956], Goldstein and Michalik 
[1955], Fixman [1955], Jefferies [1955], Megaw [1957], 
Peterlin [1957], Nakagaki and Heller [1956], Steven- 
son [1957], Richards [1955], Sekera [1957], Richards 
[1956], Ament [1952], Meeron [1960], Digest of 
Literature of Dielectrics, Conference on Electrical 
Insulation, National Academy of Sciences—National 
Research Council, Vols. 20, 21, 22 [1956, 1957, 1958]. 

Additional categories of phenomena involving 
“multiple scattering”, and additional references 
(particularly to the literature of quantum mechanics), 
are given by Lax [1951, 1952]. 


References 


Ament, W. 8., Wave propagation in suspensions, Rept. 5307, 
U.S. Naval Research Lab. (1952). 

Ament, W.S. Foward and backscattering from certain rough 
surfaces, IRE Trans. AP-4, 369 (1956). 

Artman, K., On the theory of the anomalous reflection at 
diffraction gratings, Z. Physik 119, 529 (1942). 

Barone, 8. and 8. Schneider, Analysis of periodic structures, 
Series of Repts., Electrophys. Group. Polytech. Inst. 
Brooklyn (1956). 

Bazer, J., Multiple scattering in one dimension, Research 
Rept. EM-122, Inst. Math. Sci., NYU (1959). 

Beard, C. I. and I. Katz, The dependence of microwave radio 
signal spectra on ocean roughness and wave spectra, IRE 
Trans. AP-5, 183 (1957). 

Beard, C. I., I. Katz, and L. M. Spetner, Phenomenological 
vector model of microwave reflection from the ocean, 
IRE Trans. AP—4, 162 (1956). 

Beard, C. I. and V. Twersky, Propagation through random 
distributions of spheres, 1958 WESCON Conf. Record, pt. 
1, Rept. EDL-M156, Sylvania Electron. Defense Labs. 
(1958). 

Beard, C. I. and’ V. Twersky, Forward coherent and inco- 
herent scattering from random volume distributions of 
spheres, Rept. EDL-E46, Sylvania Electron. Defense 
Labs. (1960a). 

Beard, C. I. and V. Twersky, Angular scattering from ran- 
dom volume distributions of spheres, Rept. EDL-E47, 
Sylvania Electron. Defense Labs. (1960b). 









Beckmann, P., A new approach to the problem of reflection 
from a rough surface, Acta Tech. CSAV 2, 311 (1957). 

Berning, J. A., Performance of diffraction gratings with ran- 
dom errors in the positions of the grating grooves, J. Opt. 
Soc. Am. 47, 339 (1957). 

Biot, M. A., Reflection on a rough surface from an acoustic 
point source, J. Acoust. Soc. Am. 29, 1193 (1957). 

Biot, M. A., On the reflection of electromagnetic waves on a 
rough surface, J. Appl. Phys. 28, 1455 (1957); 29, 998 
(1958). 

Booker, H. G., A theory of scattering by nonisotropic ir- 
regularities with applications to radar reflections from the 
aurora, J. Pret and Terrest. Phys. 8, 204 (1956). 

Booker, H. G. and W. E. Gordon, A theory of radio scattering 
in the troposphere, Proc. IRE 38, 401 (1950). 

Booker, H. G., J. A. Ratclife, and D. H. Shinn, Diffraction 
from an irregular screen with applications to ionospheric 
—— Phil. Trans. Roy. Soc. (London) [A,] 856, 579 
(1950). 

Borgnis, F. E. and C. H. Papas, Electromagnetic waveguides 
and resonators, Handbuch der Phys. 16, 285 (Springer, 
Berlin, Germany, 1958). 

Born, M. and H.S. Green, A general kinetic theory of liquids, 
I, The molecular distribution functions, Proc. Roy. Soc. 
(London) [A] 188, 10 (1946). 

Born, M., Optik, p. 313 (Springer, Berlin, Germany, 1933). 

Bottcher, C. J. F., Theory of electric polarization (Elsevier, 
New York, 1952). 

Bragg, W. H., X-rays and crystal structure, Phil. 

Roy. Soc. (London) [A] 215, 253 (1915). 

Bragg, W. L., Diffraction of short electromagnetic waves by a 
crystal, Proc. Cambridge Phil. Soc. 17, 43 (1913). 

Bremmer, H., The WKB approximation as the first term of a 
geometrical-optical series; NYU Symp. on the theory of 
Electromagnetic Waves, 169 (Interscience Publishers, Inc., 
New York, N.Y., 1951). 

Bremmer, H., Propagation of electromagnetic waves, Hand- 
buch der Phys. 16, 423 (Springer, Berlin, Germany, 1958). 

Brown, J., Microwave lenses (Methuen and Co., London, 
England, 1953). 

Brown, W. F., Jr., Dielectric constants of non-polar fluids, I 
and II, J. Chem. Phys. 18, 1193 (1950). 

Brown, W. F., Jr., Dielectrics, Handbuch der Phys. 17, 1-154 
(Springer, Berlin, Germany, 1956). 

Brueckner, K. A., Multiple scattering corrections to the impulse 
approximation in the two-body system, Phys. Rev. 89, 
834 (1953). 

Brueckner, K. A., Two-body forces and nuclear saturation, 
Phys. Rev. 97, 1353 (1955). 

Buckingham, A. D., The molecular refraction of an imper- 
fect gas, Trans. Faraday Soc. 52, 747 (1956). 

Buckingham, A. D. and M. J. Stephen, A theory of the 
depolarization of light scattered by a dense medium, Trans. 
Faraday Soc. 53, 884 (1957). 

Burke, J. E. and V. Twersky, On scattering of waves by the 
grating of elliptic cylinders, Rept. EDL—-E44, Sylvania 
Electron. Defense Labs. (1960). 

Case, K. M., Transfer problems and the reciprocity principle, 
Rev. Mod. Phys. 29, 651 (1957). 

Chandrasekar, S., Radiative transfer, (Oxford Univ. 
London, England, 1950). 

Chu, C. M. and 8. W. Churchill, Numerical solution of prob- 
lems in multiple scattering of electromagnetic radiation, 
J. Phys. Chem. 59, 855 (1955). 

Chu, C. and S. W. Churchill, Multiple scattering by ran- 
domly distri Methods of solution, IRE 
Trans. AP-4, 581 (1956). 

Clausius, R., Die mechanische wirmetheorie 2, p. 70 (Vieweg, 
Braunschweig, 1897). 

Clemmow, P. C., Edge currents in diffraction, Trans. IRE 
AP-4, 282 (1956). 

Cohn, 8. B., Dielectric properties of a lattice of anisotropic 
particles, J. Appl. Phys. 27, 1106 (1956). 

Cohn, S. B., Lens-type radiators, Antenna Engineering 
Handbook (McGraw-Hill Book Co., Inc., New York, 
N.Y., 1960). 

Collin, R. E., Properties of slotted dielectric interfaces, IRE 

Trans. AP-7, 62 (1959). 


Trans. 


Press, 














726 








Condon, E. V. and H. Odeshaw, Handbook ¢ ae (Me- 
Graw-Hill Book Co., Inc. New York, N.Y., 1958). 

Darwin, C. G., The theory of X-ray reflection, Phi Mag. 27, 
pt. & 315; Pt. II, 675 (1914). 

Debye, a Polar molecules (Dover Publications, New York, 


N. 8 945). 
Debye, DP. J. W., The collected papers of P. J. W. Debye 
(Interscience Publishers, Ine., New York, N.Y., 1954). 


deLoor, G. P., Dielectric properties of heterogeneous mix- 
tures, Thesis Monograph (Lab. Phys. RVO-TNO, The 
Hague, 1956) 

Dewitt, C., The many body problem (John Wiley & Sons, 
Inc., New York, N.Y., 1959). 

Dicke, R. H., Principles of microwave circuits, ch. 5 (MceGraw- 
Hill Book Co., Inc., New York, N.Y., 1948). 

Drell, S. D., and L. Verlet, Multiple scattering corrections in 
a+deuteron scattering, Phys. Rev. 99, 849 (1955). 

Einstein, A., Theorie der Opaleszenz von homogenen Filiis- 
sigkeiten und Flissigkeitsgemischen in der Nahe des 
kritischen Zustandes, Ann. Phys. 33, 1275 (1910). 

Ekstein, H., Multiple elastic scattering and radiation damp- 
ing, Pt. I, Phys. Rev. 83, 721 (1951); Pt. II, 89, 490 (1953). 

Ewald, P. P., Optics of crystals, Ann. Phys. 49, 1, 117 (1916); 
Foundations of the optics of crystals 54, 519 (1917). 

Fano, U., Theory of intensity anomalies in diffraction, Ann. 
Phys. 32, 393 (1938). 

Fano, U., L. V. Spencer, and M. Berger, Penetration and 
diffusion of X-rays, Handbuch der Phys. 38/2, 660 
(Springer, Berlin, Germany, 1959). 

Faraday, M., Experimental researches in electricity 1, 409, 
418, 534 (1839). 

Felsen, L. B., The scattering of electromagnetic waves by a 
corrugated sheet, Can. J. Phys. 37, 1565 (1959). 

Fishman, M. M., Light scattering by colloidal systems—An 
annotated bibliography, Tech. Service Labs., River Edge, 
N.Y. (1957). 

Fixman, M., Molecular theory of light scattering, J. Chem 
Phys. 23, 2074 (1955). 

Foldy, L. L., The multiple scattering of waves, Phys. Rev. 
67, 107 (1945); E. I. Carstensten and L. L. Foldy, Propa- 
gation of sound through a liquid containing bubbles, J. 
Acoust. Soc. Am. 19, 481 (1947). 

Fournet, G., Etude de la structure des fluides de la substances 
amorphes au moyen de la diffusion des rayons X, Hand- 
buch der Phys. 32, 239 (Springer, Berlin, Germany, 1957). 

Franz, W., Durchlassigkeit von Drahtgittern fur elektrische 
Wellen, 7. Angew. Phys. 9, 416 (1949). 

Frenkel, z. Kinetic theory of liquids (Oxford Univ. 
London, England, 1946). 

Friedrichs, K. O., Recent developments in the theory of wave 
propagation, sec. III b, Inst. Math. Sci. NYU (1949). 

Gans, R., Dasverhalten Hertzscher Gitter, Ann. Phys. 61, 
447 (1920). 

Gingrich, N. 8., Diffraction of X-rays by liquid elements, 
Rev. Mod. Phys. 15, 90 (1943). 

Gerjuoy, E., Time-independent nonrelavistic collision theory, 
Ann, Phys. 5, 58 (1958). 

Goldstein, H., Fundamental aspects of reactor shielding (Addi- 
son-Wesley Publishing Co., Inc., Reading, Mass., 1959). 

Goldstein, M. and E. R. Michalik, Theory of scattering by 
an inhomogeneous solid possessing fluctuations in density 
and anisotropy, J. Appl. Phys. 26, 1450 (1955). 

Gordon, W. E., Incoherent scattering of radio waves by free 
electrons with applications to space exploration by radar, 
Proc. IRE 46, 1824 (1958). 

Green, H. S., The molecular theory of fluids (Interscience 
Publishers, Inc., New York, N.Y., 1952). 

Hall, J. F., Jr., Reflection coefficient of optically inhomogene- 
ous layers, J. Opt. Soc. Am. 48, 654 (1958). 

Hart, J. and R. A. Soderman, Digest of literature on dielec- 
tries, Conf. on Elec. Insulation, Nat. Acad. Sci.—Nat. 
Research Council 22 (1958) ; 21 (1957). 

Hartree, D. R., The propagation of electromagnetic waves 
in a stratified medium, Cambridge Phil. Soc. Proc. 25, 
97 (1929). 

Hartshorn, L. and J. A. Saxton, The dispersion and absorp- 

tion of electromagnetic waves, Handbuch der Phys. 16, 

640 (Springer, Berlin, Germany, 1958). 


Press, 








Me- 
. 27; 
ork, 
ebye 
mix- 

The 
Sons, 
Taw- 


ns in 


Fliis- 
- des 


amp- 
953). 
916); 


Ann. 


. and 
660 


409, 


by a 


—An 
Edge, 


‘hem. 


Rev. 
-ropa- 
es, J. 


ances 
Tand- 
1957). 
rische 


Press, 
wave 
1949). 
s. 61, 
nents, 


heory, 


(Addi- 
1959). 
ng by 
lensity 


vy free 
radar, 


science 
ogene- 


dielec- 
—Nat. 


waves 
10. 25s 


ubsorp- 
ys. 16, 


Proc. IRE 106B, 141 (1959). 

Hatcher, R. D., and J. H. Rohrbaugh, Theory of the echelette 
grating, J. Opt. Soc. Am. 46, 104 (1956). 

Hatcher, R. D., and J. H. Rohrbaugh, Theory of the echelette 
grating II, J. Opt. Soc. Am. 48, 704 (1958). 

Heaps, H. 8., Reflection of a plane acoustic wave from a 
surface of non-uniform impedance, J. Acoust. Soc. Am. 
28, 666 (1956). 

Heaps, H. S., Reflection of plane waves of sound from a 
sinusoidal surface, J. Appl. Phys. 28, 815 (1957). 

Heaviside, O., Electromagnetic theory, Sec. 182 (Dover 
Reprint, New York, N.Y. 1950) (originally published 
in Electrician, 1893). 

Heins, A. E. and G. L. Baldwin, On the diffraction of a plane 
wave by an infinite plane grating, Math. Scand. 2, 103 

1954). 

i sesem: J.8., Donald E. Risty, and E. 8. Stewart, Proper- 
ties of sandwich-type structures as acoustic windows, J. 
Acoust. Soc. Am. 29, 858 (1957). 

Hoffman, J. D. and J. Hart, Digest of literature on dielectrics, 
Conf. Elec. Insulation, Natl. Acad. Sci.—Natl. Research 
Council 20 (1956). 

Hoffman, W. C., The electromagnetic field in a randomly in- 
homogeneous medium, IRE Trans. AP-7, S301 (1959). 

Hoffman, W. C., Scattering of electromagnetic waves from a 
random surface, Quart. Appl. Math. 13, 291 (1956); and 
IRE Trans. AP-3, 96 (1955). 

Honerjager, R., On the diffraction of electromagnetic waves 
by a wire grating, Ann. Phys. 4, 6th Ser., 25 (1948). 

Hopf, E., Mathematical problems of radiative equilibrium 
(Cambridge Univ. Press, London, England, 1934). 

Ignatowsky, W. v., Zur Theorie der Gitter, Ann. Phys. 44, 
23, 369 (1914a). 

Ignatowsky, W. v., Uber Reihen mit zylinder funktion nach 
dem vielfachen des argumentes, Arch. Math. und Phys. 
23, 193 (1914b). 

Ingersoll, L. R., Polarization of radiation by gratings, J. 
Astrophys. 51, 129 (1920); Some peculiarities of polariza- 
tion and energy distribution by specular gratings, Phys. 
Rev. 17, 493 (1921). 

James, R. W., The optical principles of the diffraction of X- 
rays (G. Bell & Sons, Ltd., London, England, 1950). 

Jansen, L., Some aspects of molecular interactions in dense 
media, Monograph (Martines Nijhoff, The Hague, 1955). 

Jansen, L. and P. Mazur, On the theory of molecular polari- 
zation in gases, Physica 21, 193 (1955). 

Jeffries, J. T., Radiative transfer in two dimensions, Optica 
Acta (Paris) 2, 163 (1955). 

Jones, J. L. and L. E. Barton, Acoustic characteristics of a 
lake bottom, J. Acoust. Soc. Am. 30, 142 (1958). 

Jones, E. M. T., T. Morita, and 8. B. Cohn, Measured per- 
formance of matched dielectric lenses, IRE Trans. AP-4, 
31 (1956). 

Kaprielian, Z. A., Anisotropic effects in geometrically iso- 
tropic lattices, J. Appl. Phys. 29, 1952 (1958). 

Kaprielian, Z. A., Dielectric properties of a lattice of aniso- 
tropic particles, J. Appl. Phys. 27, 24 (1956). 

Kaprielian, Z. A., Electromagnetic transmission characteris- 
ties of a lattice of infinitely long conducting cylinders, J. 
Appl. Phys. 27, 1491 (1956). 

Karp, S. N., Diffraction by an infinite grating of cylinders, Re- 
search Rept. EM-85, Inst. Math. Sci., NYU (1955). 

Karp, 8. N., Diffraction by combinations of obstacles, Proc. 
McGill Symp. Microw. Opt. 198 (1953) (Electron. Re- 
search Directorate, AFCRC (1959)), 

Karp, 8. N. and A. Russek, Diffraction by a wide slit, J. Appl. 
Phys. 27, 886 (1956). 

Karp, 8. N. and N. Zitron, Higher order approximations in 
multiple scattering, Research Rept. EM-126, Inst. Math. 
Sci., NYU (1959). 

Karp, 8. N. and J. Radlow, On resonance in infinite gratings of 
cylinders, IRE Trans. AP-4, 654 (1956). a 

Kasterin, N., Uber die dispersion der akustischen wellen in 
einem nichthomogenen medium, Koning. Akd. Wentens 
VI, 460 (1897). 


Harvey, A. F., See techniques at microwave frequencies, 
? 


727 





Katzin, M., On the mechanism of radar sea clutter, Proe. 
IRE 45, 44 (1957). 

Kay, I., Reflection from inhomogeneous plane stratified 
(ageey Research Rept. WP-1, Inst. Math. Sci... NYU 

= I., The inverse scattering problem, Research Rept. 

M-74, Inst. Math. Sci., NYU (1955). 

Kay, I. and H. E. Moses, Reflectionless transmission through 
dielectrics and scattering potentials, Research Rept. EM- 
91, Inst. Math. Sei., NYU (1956). 

Kay, I. and H. E. Moses, The determination of the scattering 
potential from the spectral measure function, Research 
Rept. CX-—18, Inst. Math. Sci., NYU (1955a). 

Kay, I. and H. E. Moses, The determination of the scattering 
potential from the spectral measure function, Part II: 
Point Eigenvalues and proper Eigenfunctions, Research 
Rept. CX—19, Inst. Math. Sci., NYU (1955b). 

Kay, I. and H. E. Moses, The determination of the scattering 
potential from the spectral measure function, Part III: Cal- 
culation of the scattering potential from the scattering 
operator for the one-dimensional Schrédinger equation, 
Research Rept. CX-20, Inst. Math. Sei., NYU (1955c). 

Kay, I. and H. E. Moses, The determination of the scattering 
potential from the spectral measure function, Part IV: 
Pathological scattering problems in one dimension, Re- 
search Rept. CX-32, Inst. Math. Sci., NYU (1957). 

Keller, H. B. and J. B. Keller, On systems of linear ordinary 
differential equations, Research Report EM-33, Inst. 
Math. Sci., NYU (1951). 

Keller, H. B., Ionosphere propagation of plane waves, Re- 
search Report EM-—56, Inst. Math., NYU (1953). 

Keller, J. B., A geometrical theory of diffraction, in calculus 
of variations and its applications edited by L. M. Graves 
(McGraw-Hill Book Co., Inc., New York, N.Y., 1958), 
and also as Research Rept. EM-115, Inst. of Math. Sei., 
N.Y. (1958). See also Diffraction by an aperture, J. Appl. 
Phys. 28, 426 (1957), and other references cited in first 


paper. 

Kelvin, Lord, On the mathematical theory of electricity in 
— Cambridge and Dub. Math. J. I, 75 (Nov. 
1845). 

King, R. W. P., Quasi-stationary and non-stationary currents 
in electric circuits, Handbuch der Phys., 16, 165 (Springer, 
Berlin, Germany, 1958). 

King, R. W. P., Linear antennas, ch. 3 (Harvard Univ. 
Press, Cambridge, England, 1956). 

Kirkwood, J. G., On the theory of dielectric polarization, 
J. Chem. Phys. 4, 592 (1936). 

Kock, W. E., Metallic delay lenses, Bell System Tech. J. 
27, 58 (1948). 

Kohler, M., Reflection of X-rays by absorbing crystals, Ann. 
Phys. 18, 265 (1933). 

Kraichnan, Scattering of sound in a turbulent medium, J. 
Acoust. Soc. Am. 28, 314 (1956). 

LaCasce, E. O., Jr., Note on the backscattering of sound 
from the sea surface, J. Acoust. Soc. Am. 30, 578 (1958). 

LaCasce, E. O., Jr. and P. Tamarkin, Underwater sound 
reflection from a corrugated surface, J. Appl. Phys. 27, 
138 (1956). 

Lamb, H., Hydrodynamics, p. 357 (Dover Publications, New 
York, N.Y., 1945). 

Lamla, E., Indirect excitation of X-ray interferences, Ann. 
Phys. 36, 194 (1939). 

Landauer, R., Reflections in one dimensional wave mechan- 
ics, Phys. Rev. 82, 80 (1951). 

Laue, M. v., Interferenzerscheinungen bei réntgenstrahlen, 
Ann. Phys. 41, 971 (1913). 

Laue, M. v., Rontgenstrall-Interferenzen (Geest and Portig, 
Leipzig, 1948); Ergeb. der exact Naturwiss 10, 133 (1931); 
Ann. Phys. 23, 705 (1935). 

Lax, M., Multiple scattering of waves, pt. I, Rev. Mod. 
Phys. 23, 287 (1951); pt. II, The effective field in dense 
systems, Phys. Rev. 80, 621 (1952). 

Lewin, L., Advance theory of waveguides, ch. 7 (Ilffe and 
Sons, London, England, 1951). 

Lippmann, B. A., Reflection from a periodic surface, Nuclear 
Development Associates, Inc., Rept. 18-8, (1953); also 
Note on the theory of gratings, J. Opt. Soc. Am. 43, 408 
(1953). 











Lippmann, B. A. and A. Oppenheim, Equivalent circuit 
approach to radome problems (series of reports) Tech. 
Research Group N.Y. (1954). 

——— B. A. and A. Oppenheim, Towards a theory of 

Wood’s anomalies, Tech. Research Group (N.Y., 1954). 

Longuet-Higgins, H. C. and J. A. Pople, Transport proper- 
ies of a dense fluid of hard spheres, J. Chem. Phys. 25, 
884 (1956). 

Lorentz, H. A., Wied. Ann. 9, 641 (1880); Theory of elec- 
trons, p. 137 ff. (Tuebner, Leipzig, 1909). 

Lorenz, L., Uber die refractionsconstante, Ann. Phys. Chem. 
11, 70 (1880). 

Luneberg, R. K., Propagation of electromagnetic waves from 
an arbitrary source through inhomogeneous stratified 
atmospheres, Research Rept. 172-6, Inst. Math. Sci., 
NYU (1947a). 

Luneberg, R. K., The propagation of electromagnetic plane 
waves in parallel layers, Research Rept. 172-3, Inst. Math. 
Sei., NYU (1947b). 

Lurye, J. R., Electromagnetic scattering matrices of strati- 
fied anisotropic media, Research Rept. EM-31, Inst. Math. 
Sci., NYU (1951). 

Lysanov, I. P., Theory of the scattering of waves at period- 
ically uneven surfaces, A review, Soviet Phys. Acoust. 4, 
3 (1958). 

Magnus, W. 
face, Research Rept. 
(1952 

Marcus, 'P. M., 
transmission line, Mass. Inst. Technol., 
930 (1946). 

Marcuvitz, N., On the calculation of the band properties of 
electrons in crystals, Memo No. 9, Electrophys. Group, 
Polytech. Inst. of Brooklyn (1956). 

Marcuvitz, N., Waveguide handbook eo 286ff (McGraw- 
Hill Book Co., Ine., New York, N.Y., 1951). 

A treatise on a and magnetism, 

York, N.Y., 1954) 

sec. 841; ¢, 

328-330 


On the scattering effect of a rough plane sur- 
EM-40, Inst. Math. Sci., NYU 


The interactions of discontinuities on a 
Rad. Lab. Rept., 


Maxwell, J. C., 
Third ed. (Dover Publications, New 
(first ed. published in 1873); a, sec. 314; b, 
secs. 319-321 (Stratified conductor) and secs. 
(stratified dielectric). 

Mayer, G., Z., Uber Anfhellungen in Réntgenspektrogram- 

}:. men, Kristalloger 66, 585 (1928). 

Mazur, P. and M. Mandel, On the theory of the refractive 
index of non-polar gases, Physica 22, 289 (1956). 

Meecham, W. C., A method for the calculation of the dis- 
tribution of energy reflected from a periodic surface, IRE 
Trans. AP-4, 581 (1956). 

Meecham, W. C., Fourier transform method for the treat- 
ment of the problem of the reflection of radiation from 
irregular surfaces, J. Acoust. Soc. Am. 28, 370 (1956). 

Meecham, W. C., Variational method for the calculation of 
the distribution of energy reflected from a periodic surface, 
J. Appl. Phys. 27, 361 (1956). 

Meecham, W. C. and C. W. Peters, Reflection of plane-polar- 
ized, electromagnetic radiation from an echelette diffraction 
grating, J. Appl. Phys. 28, 216 (1957). 

Meeron, E., Exact integral equations for particle correlation 
rota Rept. 22, Boeing Scientific Research Labs. 

1 , 

Megaw, E. C. S., Fundamental radio scatter propagation 
theory, Proc. IRE, Monograph 236 R, 441-445 (1957). 

Miles, J. W., The diffraction of a plane wave through a grat- 
ing, Quart. Appl. Math. 7, 45 (1949). 

Miles, J. W., On non-specular reflection at a sea surface, J. 
Acoust. Soc. Am. 26, 191 (1954). 

Millar, R. F., The scattering of a plane wave by a row of small 
cylinders, Can. J. Phys. 38, 272 (1960). 

Minkowsky, J. M. and E. 8. Cassedy, Cross section of colinear 
arrays at normal incidence, J. Appl. Phys. 27, 313 (1956). 

Montroll, E. W. and J. C. Ward, Quantum statistics of inter- 
acting particles; general theory and some remarks on prop- 
erties of an electron gas, Phys. of Fluids 1, 55 (1958). 

















728 





Morita, T. and 8. B. Cohn, Microwave lens matching by 
simulated quarter wave transformers, IRE Trans. AP-4, 
33 (1956 

Morse, P. M., Waves in a lattice of spherical particles, Proc. 
Nat. Acad. Sci. 42, 276 (1956). 

Mossotti, O. F., Recherches théoriques sur l’induction électro- 
statique, envisagée d’aprés les idées de Faraday, Bibl. Univ. 
Arch. 6, 193 (1847). Discussione analitica sull’ influenza 
che l’azione di un mezzo dielettrico ha sulla distribuzione 
dell’elettricita alla superficie di pid corpi elettrici dis- 
seminati in esso, Mem. Mat. Fis. Soc. Ital. Sci. Modena 14, 
49 (1850). 

Nakagaki, M. and W. Heller, Effect of light scattering upon 
the refractive index of dispersed colloidal spheres, J. Appl. 
Phys. 27, 975 (1956). 

Onsager, L., Electric moments of molecules in liquids, J. Am. 
Chem. Soc. 58, 1486 (1936). 

Palmer, C. H., Parallel diffraction grating anomalies, J. Opt. 
Soc. Am. 42, 269 (1952). 

Palmer, H. C., Jr., Diffraction grating anomalies. II. Coarse 
gratings, J. Opt. Soc. Am. 46, 50 (1956). 

Parker, J. G., Reflection of plane sound waves from an irregu- 
lar surface, J. Acoust. Soc. Am. 28, 672 (1956). 

Parker, J. G., Reflection of plane sound waves from a sinus- 
oidal surface, J. Acoust. Soc. Am. 29, 377 (1957). 

Partington, J. R., An advanced treatise on physical chemistry 
5 volumes (Longmann’s Green, London, England, 1951- 
1955). 

Pekeris, C. L., Note on the scattering of radiation in an in- 
homogeneous medium, Phys. Rev. 71, 268 (1947). 

Peterlin, A., W. Heller, and M. Nakagaki, Light scattering 
and statistical shape of streaming freely flexible linear 
macromolecules, J. Chem. Phys. 28, 470 (1957). 

Phillips, C. E., Microwave scattering by turbulent air, IRE 
Trans. AP—7, 245 (1959). 

Pits, E. and A. Marriage, Relation between granularity and 
autocorrelation, J. Opt. Soc. Am. 47, 321 (1957). 

Poisson, 8. D., Deux mémoires sur la théorie du magnétisme, 
Mem. Acad. Sci, 5, 247 (1821); Mémoire sur la theorie du 
magnétisme en mouvement 6, 441 (1823). 

Pollak, M. J., Surface reflection of sound at 100 ke, J. Acoust. 
Soc. Am. 30, 343 (1958). 

Primich, R. I., Some electromagnetic transmission and re- 
flection properties of a strip grating, IRE Trans. AP-5, 
176 (1957). 

Prins, J. A., Die reflexion von réntgenstrahlen an absorbie- 
renden idealen kristallen, Z. Phys. 68, 477 (1930). 

Prins, J. A., and W. Prins, Influence of molecular orientation 

on X-ray and optical scattering by liquids, Physica 23, 

253 (1957). 


Proud, J., ie Reflection of sound from a surface of saw-tooth 
profile, J Appl. Phys. 28, 1298 (1957). 
Rayleigh, Lor a On the influence of obstacles arranged in 


rectangular order upon the properties of a medium, Phil. 
Mag. 34, 481 (1892) (Collected works, Cambridge Univ. 
Press, Cambridge, England 4, 19 (1903)). 

Rayleigh, Lord, Transmission of light through an atmosphere 

ons small particles in suspension, Phil. Mag. 47, 375 
1899). 

Rayleigh, Lord, Dynamical theory of the grating, Proc. Roy. 
Soe. (London) [A]79, 399 (1907a). 

Rayleigh, Lord, Light dispersed from fine lines ruled upon 
reflecting surfaces or transmitted by very narrow slits, 
Phil. Mag. 14, 350 (1907b). 

Redheffer, R. M., In C. G. Montgomery’s Technique of 
Microwave Measurements, Rad. Lab. 11, 564 ff. (McGraw- 
Hill, Book Co., Ine., New York, N.Y., 1947). 

Redheffer, R. M., Remarks on the basis of network theory J. 
Math. and Phys. 28, 237 (1950). 

Redheffer, R. M., Novel uses of functional equations, J. Rat. 
Mech. and Ann. 8, 271 (1954); the Riccati equation: Initial 
values and inequalities, Math. Ann. 133, 235 (1957). 

Redheffer, R. M., Limit periodic dielectric media, J. Appl. 
Phys. 27, 1136 (1956) ; 28, 820 (1957). 

Reiche, F., On diffraction by an infinite grating, Research 
Rept. EM- 61, Inst. Math. Sci., NYU (1953). 

Reiche, F., Zur Theorie der Dispersion in Gasen und Dimpfen, 

Ann. Phys. 50, 1, 121(1916). 









roc. 
tro- 
niv. 
NZ 
one 
dis- 

14, 


pon 
ppl. 


Am. 
Opt. 
arse 
egu- 
nus- 


istry 
951— 


1 in- 


ring 
near 


IRE 
and 


sme, 
ie du 


oust. 


1 re- 
P-5, 


wr bie- 


ation 
1 23, 


tooth 
ed in 

Phil. 
Univ. 


phere 
|, 375 


Roy. 


upon 
slits, 


ne of 
7raw- 


ory J. 


. Rat. 
initial 


Appl. 
search 


apfen, 


Rice, S. O., Reflection of electromagnetic waves from slightly 
rough surfaces, Commun. Pure and Appl. Math. 4, 351 
(1951). 

Richards, P. I., Multiple isotropic scattering, Phys. Rev. 100, 
517 (1955). 

Richards, P. I., Scattering from a point source in plane 
clouds, J. Opt. Soc. Am. 46, 927 (1956). 

Rohrbaugh, J. H., C. Pine, W. G. Zoellner, and R. D. Hatcher, 
Theory of the echelette grating III, J. Opt. Soc. Am. 48, 
410 (1958). 

Row, R. V., Theoretical and experimental study of electro- 
magnetic scattering by two identical conducting cylinders, 
J. Appl. Phys. 26, 666 (1955). 

Russek, A., Scattering matrices for ionosphere models, 
Research Rept. EM-38, Inst. Math. Sci., NYU (1951). 

Russek, J. and Twersky, V., Graphs of the function E(N, 4) 


N 

=) ) ei/Vn, Research Rept. EM-49, Inst. Math. Sci., NYU 
n=1 
(1953). 

£axon, D.S. and L. I. Schiff, High energy potential scattering, 
Nuovo cimento 6, 614 (1957). 

Saxon, D. S., Modified WKB methods for the propagation 
and scattering of electromagnetic waves, IRE Trans. 
AP-7, S—320 (1959). 

Saxon, D. 8., Formulation of high-energy potential scattering 
problems, Phys. Rev. 107, 871 (1957). 

Schaefer, C. and F. Reiche, Zur Theorie des beugunsgittels, 
Ann. Phys. 35, 817 (1911). 

Schelkunoff, S. A., Remarks concerning wave propagation in 
stratified media, NYU Symp. on the Theory of Electro- 
magnetic Waves, p. 181 (Interscience Publishers, Inc., New 
York, N.Y., 1951). 

Schiff, L. I., Approximation method for short wavelength or 
high energy scattering, Phys. Rev. 104, 1481 (1956). 

Schouten, J. P., and A. T. deHoop, On the reflection of an 
electromagnetic plane wave by a perfectly conducting 
rough surface, Ann. Telecomm. 12, 211 (1957). 

Schwarzschild, K., Die Beugung und Polarization des Lichts 
durch einen Spalt, Math. Ann. 55, 177 (1902). 

Schwerd, F. M.; Die Beugungserscheinungen aus den Funda- 
mental-Gesctzen der Undulations theorie analytisch entwic- 
kelt, Mannheim (1835). 

Schwinger, J., Harvard lectures on scattering. 

Seckler, B. D. and J. B. Keller, Geometrical theory of diffrac- 
tion in inhomogeneous media, J. Acoust. Soc. Am. 31, 192 
(1959a). 

Seckler, B. D. and J. B. Keller, Asymptotic theory of diffrac- 
tion in inhomogeneous media, J. Acoust. Soc. Am. 31, 206 
(1959b). 

Sekera, Z., Light scattering in the atmosphere and the 
polarization of sky light, J. Opt. Soc. Am. 47, 484 (1957). 

Senior, T. B. A., The scattering of electromagnetic waves by a 
corrugated sheet, Can. J. Phys. 37, 787, 1563 (1959). 

Senior, T. B. A. and K. M. Siegel, Radar reflection character- 
istics of the moon, in Paris Symposium on Radio Astronomy, 
pp. 29-45, edited by R. N. Bracewell (Stanford Univ. 
Press, Stanford, Calif., 1959). 

Shmoys, J., Diffraction of electromagnetic waves by a plane 
wire grating, J. Opt. Soc. Am. 41, 324 (1951). 

Silver, S., Microwave antenna theory and design, Rad. Lab. 
12, p. 45 ff., p. 587 ff. (McGraw-Hill Book Co., Inc., New 
York, N.Y., 1949). 

Silverman, R. A., Scattering of plane waves by locally homo- 
geneous dielectric noise, IRE Trans. IT-38, 182 (1957); 
Proc. Cambridge Phil. Soc. 54, 530 (1958). 

Silverman, R. A., Fading of radio waves scattered by dielectric 
turbulence, J. Appl. Phys. 28, 506 (1957). 

Silverman, R. A., Turbulent mixing theory applied to radio 
scattering, J. Appl. Phys. 27, 699 (1956). 

Skudrzyk, E., Scattering in an inhomogeneous medium, J 
Acoust. Soc. Am. 29, 50 (1957). 

Slater, J. C., Interaction of waves in crystals, Rev. Mod. 
phys. 30, 197 (1958). 

Smith, R. E., Effective dielectric constant of heterogeneous 
media, J. Appl. Phys. 27, 824 (1956). 
Smoluchowski, M., Molekular-kinetische, Theorie der Opal- 
eszenz von Gasen im kritischen Zustande, sowie einiger 

verwandter Erscheinungen, Ann. Phys. 25, 205 (1908). 





Snow, O. J., Transmission characteristics of inclined wire 
gratings, IRE Trans. AP—4, 650 (1956). 

Soderman, R. A. and L. J. Fresco, Digest of literature on 
dielectrics, Conference on Electrical Insulation, Natl. 
Acad. Sci.-Natl. Research Council 22 (1958). 

Sollfrey, W. and J. Shmoys, Gratings of circular cylinders, 
Research Rept. EM-—41, Inst. Math. Sei., NYU (1952). 
Spetner, L. M., A statistical model for forward scattering of 
waves off a rough surface, IRE Trans. AP-6, 88 (1958). 
Stacey, K. A., Light-scattering in physical chemistry (Butter- 
worth’s Scientific Publications, London, England, 1956). 
Staras, H., Forward scattering of radio waves by anisotropic 

turbulence, Proc. IRE 43, 1374 (1955). 

Staras, H. and A. D. Wheelon, Theoretical research on 
tropospheric scatter propagation in the United States, 
1954-1957, IRE Trans. AP-7, 80 (1959). 

Stein. S., Some observations on scattering by turbulent. 
inhomogeneities, IRE Trans. AP-6, 299 (1958). 

Stevenson, A. F., Note on Krishnan’s reciprocity relation in 
light scattering, J. Appl. Phys. 28, 1015 (1957). 

Stokes, A. R., The theory of light scattered by suspensions of 
randomly oriented long prisms, Proc. Phys. Soc. (London) 
[B] 70, 379 (1957). 

Strong, J., Effect of evaporated films on energy distribution 
in grating spectra, Phys. Rev. 49, 291 (1936). 

Storer, J. E., Wave propagation in a two-dimensional periodic 
medium, Rept. 152, Cruft Lab., Harvard, Mass. (1952). 
Storer, J. E. and J. Sevick, General theory of plane wave 
scattering from finite, conducting obstacles with application 
to the two antenna problem, J. Appl. Phys. 25, 269 (1954). 

Tai, C. T., Reflection and refraction of a plane electromagnetic 
wave at a periodical surface, Tech. Rept. 28, Cruft Lab., 
Harvard, Mass. (1948). 

Takeda, G. and K. M. Watson, Scattering of fast neutrons and 
protons by atomic nucleii, Phys. Rev. 97, 1136 (1955). 

Theissing, H. H. and P. J. Caplan, Measurement of the solar 
millimeter spectrum, J. Opt. Soc. Am. 46, 971 (1956). 

Twersky, V., On the nonspecular reflection of plane waves of 
sound, J. Acoust. Soc. Am. 22, 539 (1950a). 

Twersky, V., On the nonspecular reflection of sound from 
planes with absorbent bosses, J. Acoust. Soc. Am 23, 336 
(1951) (part of Research Rept. EM-—22, Inst. Math. Sci., 
NYU, 1950b). 

Twersky, V., On the nonspecular reflection of electromagnetic 
waves, J. Appl. Phys. 22, 825 (1951) (part of Research 
Rept. EM-26, Inst. Math. Sci., NYU, 1950c). 

Twersky, V., Multiple scattering of radiation by an arbitrary 
configuration of parallel cylinders, J. Acoust. Soc. Am. 24, 
42 (1952a). 

Twersky, V., Multiple scattering of radiation by an arbitrary 
planar configuration of parallel cylinders and by two 
parallel cylinders, J. Appl. Phys. 23, 407 (1952b) ; additional 
results are given in Research Rept. EM-34, Inst. Math. 
Sci., NYU (1951). 

Twersky, V., On a multiple scattering theory of the finite 
grating and the Wood anomalies, J. Appl. Phys. 23, 1099 
(1952c). Remarks on the theory of grating anomalies, J. 
Opt. Soc. Am. 42, 855 (1952). 

Twersky, V., On the reflection of waves from planar distribu- 
tions of parallel cylindrical mirrors, Rept. NDA 13-3, 
Nuclear Develop. Assoc. (1952d). 

Twersky, V., Multiple scattering of waves by planar random 
distributions of parallel cylinders and bosses, Research 
Rept. EM-58, Inst. Math. Sci., NYU (1953a). 

Twersky, V., Multiple scattering of waves by a volume 
distribution of parallel cylinders, Research Rept. EM-59, 
Inst. Math. Sei., NYU (1953b). 

Twersky, V., Reflection coefficients for certain rough surfaces, 
J. Appl. Phys. 24, 659 (1953c). 

Twersky, V., Reflection from semicylindrical mirrors on a 
plane; shadow forming beams and multiple scattering, 
Rept. NDA 18-10, Nuclear Develop. Assoc. (1953d). 

Twersky, V., On the scattering of electromagnetic waves by 
a bounded lattice of parallel cylinders, Rept. EDL-El, 
Sylvania Electron. Defense Labs. (1954a). 

Twersky, V., Certain transmission and reflection theorems, 
J. Appl. Phys. 25, 859 (1954b). 


729 











Twersky, V., On scattering and reflection of electromagnetic 
waves by rough surfaces, IRE Trans. AP-5, 81 (1957) 
(part of EDL-E9, Sylvania Electron. Defense Labs., 1955). 

Twersky, V., On the scattering of waves by an infinite grating, 
IRE Trans. AP-4, 330 (1956a). 

Twersky, V., Scattering theorems for bounded periodic 
structures, J. Appl. Phys. 27, 1118 (1956b). 

Twersky, V., On scattering and reflection of sound by rough 
surfaces, J. Acoust. Soc. Am. 29, 209 (1957a). 

Twersky, V., Notes on scattering by gratings, Rept. EDL- 
M105, Sylvania Electron. Defense Labs. (1957b). 

Twersky, V., On scattering of waves by a slab region of 
randomly distributed objects, Rept. EDL—E26, Sylvania 
Electron. Defense Labs. (1958a). e 

Twersky, V., On scattering of waves by the infinite grating of 
circular cylinders, Rept. EDL-E28, Sylvania Electron. 
Defense Laboratories (1958b). 

Twersky, V., Elementary function representations of 
Schlémilch series, Rept. EDL-E24, Sylvania Electron. 
Defense Labs. (1958c). 

Twersky, V., On a new class of boundary value problems of 
the wave equations, Rept. EDL—E32, Sylvania Electron. 
Defense Labs. (1958d). 

Twersky, V., On a new scattering formalism for the macro- 
scopic electromagnetic parameters, Rept. EDL—E36, 
Sylvania Electron. Defense Labs. (1959a). 

Twersky, V., On scattering by quasi-periodic and quasi- 
random distributions, IRE Trans. AP-7, (special supple- 
ment) 85307-319 (1959b). 

Urick, R. J. and W. S. Ament, Propagation of sound in 
composite media, J. Acoust. Soc. Am. 21, 115 (1949). 

Vainshtein, L. A., The diffraction of electromagnetic waves by 
a grid which consists of parallel conducting strips, J. Tech. 
Phys. 25, 847 (1955) (AF-34 Translation). 

Van Vleck, J. H., The theory of electric and magnetic suscepti- 
bilities (Oxford Univ. Press, London, England, 1932). 

Villars, F., and V. F. Weisskopf, The scattering of electro- 
magnetic waves by turbulent atmospheric fluctuations, 
Phys. Rev. 94, 232 (1954); On scattering of radio waves by 
turbulent fluctuations of the atmosphere, Proc. IRE 43, 
1232 (1955). 

bes W., Grating diffraction, G6ttinger Nachrichten, p. 40 

1911). 

von Hippel, A. R., Dielectrics and waves (John Wiley & Sons, 
Ine., New York, N.Y., 1954). 

Wait, J. R., Reflection at arbitrary incidence from a parallel 
wire grid, Appl. Sci. Research B 4, 393 (1955). 

Wait, J. R., On the theory of reflection from a wire grid 
parallel to an interface between homogeneous media (II), 
Appl. Sci. Research B, 7, 355 (1958). 

Wait, J. R., The calculation of the field in a homogeneous 

















conductor with a wavy interface, Proc. IRE 47, 1155 
(1959a). 

Wait, J. R., Guidin 
rough surfaces, I 
$163 (1959b). 

Ward, H. T., W. O. Puro, and D. M. Bowie, Artificial 
dielectrics utilizing cylindrical and spherical voids, Proc. 
IRE 44, 71 (1956). 

Watson, K. M., Multiple scattering and the many-body 
problem—Applications to photomeson production in com- 
plex media, Phys. Rev. 87, 575 (1953). 

Wendt, G., Statische Felder und Stationaire Stréme, Hand- 
buch der Phys. v. 16, p. 1-164 (Springer, Berlin, Germany, 
1958). 

Wessel, W., Uber den Durchgang Elektrischer Wellen durch 
Drahtgitter, Hochfreq. und Elektroak 54, 62 (1939). 

Wheelon, A. D., Relation of radio measurements to the 
spectrum of tropospheric dielectric fluctuations, J. Appl. 
Phys. 28, 684 (1957). 

Wood, R. W., Anomalous diffractive gratings, Phys. Rev. 48, 
928 (1935); On a remarkable case of uneven distribution of 
light in a diffraction grating spectrum, Phil. Mag. 4, 396 
(1902); Diffraction gratings with controlled groove form 
with abnormal distribution of intensity, Phil. Mag. 23, 
310 (1912). 

Woolley, R. v. d. R., and D. W. N. Stibbs, The outer layers 
of a star (Oxford Univ. Press, London, England, 1953). 

Wu, T. T., and H. Levine, The scattering cross section of a 
row of circular cylinders, Rept. 73, Dept. of Math. (Stan- 
ford Univ. Press, Stanford, Calif., 1958). 

Yvon, J., The scattering of a particle by a complex bound 
system, Nuclear Phys. 5, 150 (1958). 

Yvon, J., Recherches sur la theories cinetique des liquides. I. 
Fluctuations en densite; II. La propagation et la diffusion 
de Ja lumiere, Actualites Sci. et Ind., Nos. 542 and 543 
(Hermann et Cie, Paris, France, 1937); Compt. Rend. 
202, 35 (1936). La theories statistique des fluides et 
Vequation d’etat, Act. Sci. Ind., No. 203 (1935). 

Zaviska, F., Uber die Beugung Elektromagnetisher Wellen an 
paralleln Unendlich langen Kreiszylindern, Ann. Phys. 40, 
1023 (1913). 

Zernike, F. and J. A. Prins, Die Beugung von Réntgen- 
Strahlen in Fliissigkeiten als Effekt der Molekiilanordung, 
Physik 41, 184 (1927). 

Zink, J. W. and L. P. Delsasso, Attenuation and dispersion 
of sound by solid particles suspended in a gas, J. Acoust. 
Soc. Am. 30, 765 (1958). 

Zweig, H. J., Autocorrelation and granularity, Part I. Theory; 

Part II. Results on flashed black and white emulsions. 

J. Opt. Soc. Am. 46, 805, 812 (1956). 


of electromagnetic waves by uniformly 
E Trans. AP-7, pt. I, 8154; pt. II, 











155 Part 3. Antennas 1957-59 





nly 
Il, 
sta) R. W. Bickmore* and R. C. Hansen** 
roc. 
ody Developments in antenna theory during 1957 to 1959 are summarized, with emphasis on 
om- the definitive papers. Work of U.S. authors published in United States and English lan- 
guage foreign journals is included. The survey is divided into four sections: Broadband 
nd- antennas, dynamic antennas, large aperture antennas, and small aperture antennas. Surface 
ny, wave antennas are not included in this paper. 
Major progress has been made in the broadband antenna field with the appearance of 
irch log-periodic structures and unidirectional spirals. Pattern bandwidths of 10:1 have been 
achieved with the former. 
the Newest in the field are the developments arising from application of communication 
ppl. theory to antennas, treating the antenna as a spatial filter. Developments include: Ex- 
change of bandwidth for aperture size or density, time modulation of certain antenna param- 
48, eters to obtain multiple simultaneous modes of operation or to obtain enhanced perform- 
n of ance, and time processing of multiple antenna outputs to obtain increased resolution or 
396 decreased array density. Thus the antenna is in general a multiterminal time varying 
orm (dynamic) device which must be considered as an integral part of the system. 
23, Important advances in large antennas include: Application of array and electronic 
scanning techniques to conical geometries; electronically scanned two-dimensional arrays 
ers using frequency shift or ferrite phase shifters; use of unequal spacing between elements in 
J53). an array to obtain depressed secondary responses and to utilize lower array density; annual 
of a slot arrays consisting of annuli of half-wave slots, with the advantage of a simple mechanical 
tan- structure; a UHF dipole array coupled electromagnetically to a two-wire transmission line; 
focusing and control of radiation in the Fresnel region; determination of the constituents of 
ound antenna noise temperature. 
Another important accomplishment has been the evaluation of HF aircraft antennas 
es. I. considering pattern, efficiency, and bandwidth. 
ision 
| 543 
tend. 
2s et 
eon an 
s. 40, 
ian 1. Introduction 2. Broadband Antennas 
dung, , : 

The three-year period between the 12th and 13th Introduction. The term “broadband antenna,” 
srsion General Assemblies has seen substantial progress in | by definition, denotes an antenna having essentially 
oust. many of the fields recommended for study in the | constant pattern characteristics, as well as input 
ee “Resolutions and Recommendations” of the URSI standing wave ratio, over at least an octave of fre- 
sions. Proceedings. In addition to surveying these topics, | quencies and usually several octaves. Intrinsic in 





this report endeavors to cover those aspects of an- 
tenna research and development which are of pri- 
mary interest to URSI and on which significant 
progress has been made. 

The progress in the U.S.A. during 1957, 1958, and 
1959 on antennas is broken down into the following 
topics: Broadband antennas; dynamic antennas, 
including data processing arrays and modulated 
antennas; large aperture antennas, including radio 
astronomy, array, and scanning antennas; and small 
aperture antennas, including those for space vehicles. 
Surface and leaky wave antennas and scattering and 
diffraction are covered in separate reports. The sur- 
vey is based mainly on the definitive papers and re- 
ports in the field with a bibliography of supporting 
developments, and is not a catalog of all antenna 
papers. All important U.S. journals have been 
covered, but only papers with U.S. authors are in- 
cluded herein. In addition, papers by U.S. authors 
in certain English language foreign journals have 
been included, along with unclassified technical 
reports from major antenna establishments in the 
United States. 
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this definition is the assumption that the efficiency 
of the antenna remains above some specific value, 
for efficiency is as pertinent a characteristic of 
broadband antennas as impedance and directivity. 
Often the term ‘broadband antenna”’ also carries a 
connotation of omnidirectionality, since it is an 
order of magnitude more difficult to design a broad- 
band array of broadband elements than the broad- 
band element alone. Thus, as is evident from 
Proceedings of the 12th General Assembly, early 
work tended to concentrate on the easier of the two 
problems; namely, single element broadband an- 
tennas of limited directivity. It is encouraging to 
note that some headway is being made on the 
problem of more directive broadband antennas. 
Spiral antennas. The infinite equiangular spiral 
antenna is a device which is specified entirely by 
angles and is obviously frequency independent in its 
ideal state. Rumsey [1957] has reviewed frequency 
independent antennas of which the plane spiral and 
conical spiral represent particularly useful) specializa- 
tions. These antennas have been investigated on a 
continuing basis during the past three vears primarily 
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by Rumsey ! and Dyson [1959a]. The necessity of 
having an antenna of finite size, of course, requires 
the specification of at least one Jength. Thus there 
is a rather definite “cut-off” frequency below which 
the antenna functions either with very low efficiency 
or not at all. The effective size of the antenna at 
higher frequencies is apparently bounded quite 
effectively by radiation damping, since excellent 
pattern constancy is obtained (as well as low standing 
wave ratio) over bandwidths of 20 or 30 to 1. 

Dyson [1959b] has also sbown that by extending 
the planar equiangular spiral into a conical spiral, 
the usual disadvantage of bidirectional radiation 
can be effectively overcome. Using this technique, 
bandwidths of the order of 12 to 1 have been obtained 
with 20 or 30 to 1 probable in the future. If flush 
mounting is required, some sacrifice in bandwidth or 
efficiency is necessary, at least with the current state 
of the art. 

Log periodic antennas. The previous section dealt 
with circularly polarized radiating elements which 
are, theoretically, made independent of frequency 
through the application of the “angle concept” 
and the “self-complementary principle.”’ The prac- 
tical antenna, however, is frequency sensitive by 
virtue of the inability to construct an ideal model. 
If one starts with a mathematical model which is 
not quite frequency independent, the practical 
approximation can sometimes produce results super- 
ior to those of the practical approximation to the 
theoretically perfect antenna. Such a device is the 
log periodic antenna which is defined as a radiator 
having characteristics which vary periodically as the 
logarithm of the frequency [DuHamel, Isbell, 1957]. 
The basic log periodic antenna can be obtained by a 
simple modification of the angular antenna and the 
result is a predominantly linearly polarized antenna 
(although circularly polarized versions are available) 
having reduced end effects caused by the necessary 
finite size. 

While there are an unlimited variety of log 
periodic antenna configurations, the class which has 
received the greatest amount of attention is the self- 
complementary ‘‘bow-tie” structure having tooth- 
like discontinuities along its radial edges. DuHamel 
and Isbell [1957] and DuHamel and Ore [1958] have 
obtained bandwidths of over 10 to 1 with such an- 
tennas, and in addition have found that the beam- 
width could be controlled over a considerable range 
by varying the periodicity of the teeth. In general, 
however, the latter effect is also accompanied by a 
change in the low frequency “cut-off” wavelength. 
DuHamel and Berry [1958, 1959] have started 
investigation of several other designs including 
three Dassen versions and trapezoidal toothed 
structures which have promise for antennas of 
higher gain. 

High gain broadband antennas. Two approaches 
to highly directive broadband antennas have recently 
been used. These are expansion of the effective 
aperture size of conventional antennas and the form- 
ing of a broadband array of broadband elements. 


1 Cheo, Rumsey, and Welch, A solution to the equiangular spiral antenna 
problem, paper presented at the 1959 Fall IRE-URSI Meeting, San Diego, Calif. 








732 





An example of the use of a resonance mechanism to 
control the effective aperture is the ‘Pin Wall Horn’’ 
of Parker and Anderson [1957] wherein two walls of 
a horn radiator are serrated with rectangular holes 
of ever increasing size as one proceeds from the 
throat to the mouth. Constant patterns in both 
principal planes have been obtained over a 4 to | 
bandwidth. 

DuHamel and Ore [1959] and Isbell [1959] have 
shown that the effective aperture of a log periodic 
antenna can be increased by optical magnification. 
Log periodic feeds were constructed for paraboloidal 
reflectors, giving bandwidths between 10 and 20 to 1 
and a VSWR of 2. Gains up to 30 db were obtained. 

DuHamel and Berry [1958] have also investigated 
arrays of log periodic antennas of trapezoidal type 
which have gains of 15 to 20 db. These arrays are 
ingeniously designed so that the element spacing is 
given in terms of angles rather than distances. As 
a result, excellent patterns and VSWR of the order 
of 2 are obtained over a bandwidth approaching 10 
to 1. The typical very narrow bandwidth of an 
array of many elements has been greatly exceeded 
by McCoy et al. [1958]; they have obtained a 35- 
percent bandwidth with a linear array of 80 wave- 
guide horns with corporate feed structure. Sidelobe 
ratios near 25 db and VSWR of the order of 1.3 are 
maintained throughout the band (S-band). Hybrid 
junctions are not used for power division, hence the 
efficiency is high. 

It is encouraging to see that someone has finally 
realized the advantages of an array of unequally 
spaced elements. D. D. King [1959] has shown 
analytically that a linear array, capable of being 
steered +90° with respect to broadside over a 2 to 1 
frequency band, can be designed to maintain its 
collimate characteristics with no sidelobe higher 
than —7 db. Also, fewer elements are needed than 
with an array of equally spaced elements. 

Summary. In reviewing the progress represented 
by the above mentioned reports, several conclusions 
seem evident. In spite of some recent attempts, a 
satisfactory theory describing the operation of the 
newer types of broadband antennas is still lacking. 
At the moment it is impossible to choose between 
the infinite number of theoretical broadband con- 
figurations except from a constructional viewpoint. 

The most important area for further work, how- 
ever, would appear to be in really broadband, elec- 
trically scannable, two dimensional arrays for such 
applications as radio astronomy and space communi- 
cations. 
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3. Dynamic Antennas 


Introduction. The past three years have seen a 
modest but concerted effort threughout the country 
to adapt many of the successful techniques of circuit 
theory to antenna design. Of particular interest 
have been attempts to incorporate the concepts and 
formulations of communications theory to the anal- 
ysis of antenna performance. Under this philosophy 
an antenna is considered to be a spatial filter whose 
characteristics are completely defined in terms of a 
transfer function which is identical in form to that 
used in conventional circuit theory. The objective 
of the communication theory approach is to optimize 
the transfer function in terms of criteria which are 
determined on the basis of the operating antenna 
environment. For example, terms are introduced 
such as the ‘fidelity defect,’’ which is a root mean 
square measure of the ability of a mapping or scan- 
ning antenna to provide an output signal which is 
an accurate reproduction of the target distribution. 
Unfortunately, many of the error criteria which are 
based on circuit theory concepts are not pertinent 
in applications to antenna design. The “fidelity 
defect”’ as an illustration is much too restrictive in 
some cases since it doesn’t weigh the parameters 
which are important in system operation. As a 
result, the fundamental system concepts are often 
lost sight of because of the mathematical formulation. 
There is an urgent need, then, to reformulate the 
communication theory concepts in a way that takes 
into account the inherently different characteristics 
of antennas and their associated systems. In addi- 
tion, care should be taken to keep from utilizing 
communication theory techniques in areas where 
conventional methods are clearer and simpler. 

In addition to the use of communication theory as 
a tool in the rating of antenna performance, the basic 
concepts have been utilized to achieve new operating 
techniques which are capable of considerably improv- 
ing the information gathering efficiency of an antenna 
system. This achievement has come about through 
the recognition that the antenna, viewed as a spatial 
filter, may be made nonstationary by the process of 
time modulation of the transfer function, in such a 
way that a direct correlation is obtained between 
spatially dependent and time dependent signals. 
More accurately, a series of orthogonal time depend- 
ent signals is generated, each one of which is modu- 





lated in accordance with a different spatial pattern. 
Time domain processing of these signals then pro- 
duces a multitude of spatial patterns which can be 
used in the conventional way. These techniques 
result in a considerably greater quantity of spatial 
information than would be obtained with conven- 
tional antenna operation, and it is felt that future 
antenna systems will place a greater reliance on these 
techniques. 

Unfortunately, in reporting on this exciting new 
field of antenna theory, the authors must be content 
with giving merely a blanket acknowledgement to a 
substantial amount of work done in connection with 
various military projects which, obviously, is un- 
available as reference material. 

Communication theory applied to antennas. One of 
the earliest attempts to utilize the concepts of com- 
munication theory in the analysis of antenna per- 
formance was by White [1957]. The objective of 
this work was the determination of the fundamental 
limits on the information available from antenna 
systems. White demonstrated that an antenna (a 
linear array in particular) viewed as a spatial filter 
has a bandwidth which is determined by the aperture 
extent and that, therefore, it will reproduce only a 
finite number of the space harmonics representing a 
desired spatial pattern. By the same reasoning, in 
a two-way radar situation, the received voltage @(@) 
will not exactly reproduce the target distribution F(@) 
because of the finite spatial bandwidth of the antenna 
system. Thus from a basic standpoint, the antenna 
resolution is limited by the highest space harmonic 
within the bandwidth of the spatial filter; this band- 
width is in turn determined by the aperture size. 
It should be pointed out, as White has neglected to 
mention, that antenna resolution can be increased 
theoretically without limit, by the use of supergain 
techniques. This is equivalent to artificially increas- 
ing the space bandwidth of the antenna by producing 
additional spatial harmonics which contribute large 
amounts of reactive power. Although this technique 
is of little practical value for well-known reasons, it 
is of interest with respect to the concept of spatial 
filtering. Additionally, this well-known limitation 
on antenna resolution may be overcome by the use 
of correlation type processing of the antenna signals. 
For radar operation, White points out that improved 
resolution may be accomplished by correlating the 
signal returns with any a priori information that is 
available about the target distribution. In other 
applications, such as radio astronomy, the interfer- 
ometer antenna structures are utilized in conjunction 
with correlation processing to achieve high resolution 
with low gain. Unfortunately, in addition to their 
low-gain characteristics, interferometric-correlation 
schemes are unreliable in radar operation because of 
the three-dimensional type of target distribution 
which permits the possibility of false correlations. 

Raabe [1958] has also considered the antenna as 
a spatial filter, and he has utilized this concept in a 
discussion of antenna pattern synthesis. His ideas 
are based on the recognition that the finite spatial 
bandwidth of an antenna limits the highest harmonic 
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variation which can be contained in the radiation 
peers: It is thus ae pay that the bandwidth 
imited pattern be utilized as the desired waveform 
rather than the pattern of infinite harmonic content. 
The sampling theorem is then used to determine 
the optimum sample characteristics; the samples 
are taken as properly spaced “sinc” beams which 
are weighted according to the desired waveform. 
The spectrum represented by these samples is then 
said to be matched to the filter (antenna) charac- 
teristics, and the desired waveform is reproduced. 
This technique is very similar to Woodward’s 
method of synthesis and Raabe presents an analysis 
of the similiarity. Unfortunately, detailed numerical 
examples of actual synthesized patterns are not 
presented for comparison. Nevertheless, Raabe’s 
ideas are fundamentally correct and represent an 
interesting application of communication theory 
to one of the more familiar aspects of antenna theory. 


Two attempts to utilize the communication 
theory concepts of processing and filtering in the 
actual design of antennas for special application 
have been reported by Anderson [1958] and Dausin 
et al. [1959]. Essentially, Anderson considers a 
displaced-phase-center antenna with correlation type 
processing to reduce platform and scanning noise 
in airborne moving target radar. The work of 
Dausin, et al., deserves a more detailed discussion 
since it presents concepts which have not been 
mentioned previously. In this work, the spatial 
frequency bandwidth (and hence the angular reso- 
lution) of an antenna system is shown to depend 
not only on the aperture extent but also on the time 
frequency bandwidth of the received signal. This 
is not too strange, however, since the aperture 
extent is only uniquely defined in terms of wave- 
lengths and, hence, the signal bandwidth should 
play a part in determining the spatial filter charac- 
teristics. The major conclusion from this work, 
then, is that signal bandwidth can be utilized in 
place of aperture size or density of sources to produce 
equivalent radiation patterns. Operationally, this 
is achieved by summing the autocorrelated spectral 
outputs from each element, weighted according to 
a given aperture illumination. Formulas are derived 
which permit the determination of the required 
aperture and source distribution for a given signal 
bandwidth characteristic. An illustrative example 
of this technique is presented in which a 10-percent 
signal bandwidth is sufficient to produce a normal 
200-element pattern from a 66-element array— 
a 65-percent reduction in the number of elements! 
Obviously, the same percentage reduction will not 
hold for arrays with a few number of elements. 

Time domain antennas. Shanks and Bickmore 
[1959] have presented an excellent tutorial discussion 
of the use of time modulation techniques in advanced 
antenna design. The basic concept introduced in 
this presentation is that of periodic time modulation 
of selected antenna parameters to improve the 
operating characteristics of an antenna system. 
This modulation technique produces a correlation 
between spatial information and time dependent 





signals which permits time-domain processing to 
provide increased spatial information. Not only 
does this concept provide improved pattern control, 
as in sidelobe suppression, but it also indicates new 
operating techniques which are shown to have appli- 
cation to electronic seanning and multipattern 
operations. In addition, Shanks and Bickmore 
consider possible physical configurations which are 
capable of producing this type of operation and 
present some of the system problems of detection 
and processing which must be studied. Finally, an 
elementary experimental demonstration of the basic 
concepts is reported. 

In an elaboration of the above work, Shanks ? has 
discussed in detail the application of time modulation 
techniques to electronic scanning. It is shown that 
with the proper aperture modulation applied to a 
linear array, a series of directive-beam patterns is 
generated, and that the information from each may 
be separated by time domain processing of the 
received signals. The required aperture excitation is 
equivalent to a coherent pulse, of length much 
shorter than the antenna length, sweeping across 
the aperture. In practice this is achieved by on-off 
devices which are switched progressively. This 
technique promises to overcome many of the disad- 
vantages which are normally associated with the 
conventional control devices used in _ electronic 
scanning operations. 

The concept of modulated antennas has been 
utilized in a more restricted sense by other researchers 
in the field. Drane [1959] has applied periodic 
modulation to the relative phases of a multiple 
antenna system to achieve improved resolution. In 
particular, he considers a system comprising a num- 
ber of 2-element interferometers alined colinearly 
with a single linear array; the overall length of this 
system is many times the length of the single linear 
array. When the output signals from each inter- 
ferometer are phase modulated and added (in a 
nonlinear detector) to the array output, simple time 
domain processing produces a pattern having no 
angle ambiguities and a resolution which is equiv- 
alent to that obtained from a continuous linear 
array with a length of the entire system. Drane 
also demonstrates that correlation type devices can 
be used in place of modulation and time domain 
processing to achieve the same type of results. In 
this case, a direct multiplication of the various 
element outputs is performed and this allows the 
addition of as many interferometer elements as 
desired. The major advantages in Drane’s type of 
system is the large saving in the number of elements 
which are required to achieve a given angular 
resolution. However, two disadvantages are ap- 
parent which limit the range of application of this 
technique. First, the system is inherently low-gain, 
thereby restricting its use to applications such as 
radio astronomy, where long integration times can 
be used. Secondly, the system is unilateral because 
of the processing methods which are used. 


2H. E. Shanks, A new technique for electronic scanning, paper presented at 
1959 URSI Fall Meeting, San Diego, Calif. 
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Bracewell * has presented an interesting review of 
switched interferometer techniques which have long 
been used in the field of radio astronomy. This 

resentation was largely an attempt to provide a 
Scie physical understanding among antenna people 
of the concepts which are common in the astronomy 
field. Of particular interest is his graphical method 
of constructing a spectral sensitivity diagram for 
interferometer-type structures. This technique pro- 
vides a simple method of visualizing the effectiveness 
of these systems. 


A study of correlation techniques in antenna pat- 
tern control has been reported by Band and Walsh * 
in what is actually a companion paper to Drane’s 
work. No new operating principles are introduced, 
but rather a description of several practical correla- 
tion and multiplication devices is presented. The 
work of Band and Walsh represents the first known 
effort to develop correlation devices which are 
specifically suited for the special signal output 
characteristics found in antenna applications; other 
work is by Smythe.° 

Summary. Based on the above survey of the past 
three years of work in the field of dynamic antennas, 
it may be concluded that antennas are acquiring a 
“new look.”’ The conventional concepts of antennas 
are gradually being pushed aside to make way for the 
new philosophy of integrated antenna systems. 
Whereas the processes of correlation, filtering, and 
integration have in the past been associated with 
systems design, these same ideas are now rightfully 
within the province of the antenna art. This new 
philosophy has important implications to antenna 
people, in that they can no longer rely on supporting 
personnel for systems inputs, but must adopt an 
integrated antenna-systems approach to their prob- 
lems. 
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4. Large Aperture Antennas 


Radio astronomy and large antennas. Emberson 
and Ashton [1958] have reviewed in detail the design 
of a 140-ft paraboloidal antenna for the telescope 
program of the National Radio Astronomy Observa- 
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tory; the paper presages the design of a 600-ft dish. 
Another large radio telescope antenna is the fixed 
standing parabolic reflector and tiltable flat sheet 
reflector which has been designed by Kraus [1958]. 
This antenna allows elevation scanning through tilt- 
ing of the sheet reflector on an E.-W. axis and 
azimuth scanning through primary feed rotation. 
Scale model tests have been completed and are 
summarized [Kraus, 1958]. 

Bracewell [1958], in an important paper on radio 
interferometry, derives the relation between spacing 
of ground observation points and resolution of dis- 
crete sources as a function of frequency. His 
conclusions are that in the case of the sun, independ- 
ent data are available only at points on the ground 
separated by at least 100\. Bracewell [1957] has 
also considered the design problems of cross interfer- 
ometers using dishes as elements. Swarup and 
Yang [1959] have also studied phasing problems for 
cross interferometers at microwave frequencies. A 
general theory in which switching antennas, such as 
cross-arm types, may be included is covered under 
Dynamic Antennas. An interesting scanning tech- 
nique reported by Miller et al. [1958] uses a 
linear array of dishes, each of which is fed by a helix. 
Rotation of the helices produces phase shift and 
consequent scanning of the beam. Scans of the order 
of +4 beamwidths have been obtained. Another 
array for radio astronomy purposes consists of two 
parallel line sources with Yagi elements (Gallagher, 
1958]. 

Sletten et al. [1958a] have developed shunt slot 
arrays for use as corrective line source feeds for para- 
boloids. These feeds allow an elevation fan beam 
yet maintain well-focused narrow beam azimuth 
patterns over the entire elevation interval. Another 
use of a line source feed is for the 1000 ft diam 
spherical reflector to be erected in Puerto Rico for 
radar astronomy studies. This fixed bowl with 
movable feed will allow wide angle scanning and is 
being designed by AFCRC and Cornell. The bowl 
should be useful at 21 cm, and if the tolerances can 
be achieved, this bowl will have at 21 cm the highest 
gain of any antenna, over 68 db, allowing 2 db for 
gain loss due to spherical aperture. Also to be men- 
tioned is the very low sidelobe parabolic horn de- 
veloped at Bell Laboratories [Friis, May, 1958], with 
first sidelobes below —40 db and back loves below 
—70 db. 

Array antennas. The previous triennium (1954 
to 1956) saw completion of a very extensive program 
on the properties and design of array antennas, 
particularly waveguide slot arrays. This work is 
reported in the 1957 Commission 6.3 report [Cot- 
tony et al., 1959]. Efforts in the triennium 1957 to 
1959 have been concentrated on extending both the 
theory and practice to shapes other than planar, 
and on new configurations, e.g., annular slot arrays 
and arrays of unequally spaced elements. Goodrich, 
Siegel, Chernin, et al. [1959] have summarized the 
work by University of Michigan and Hughes Aircraft 
Company authors on producing a pencil beam from 
an array on a conicai surface. Although this is also 
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an electronic scanning problem, the conical surface 
is the unique feature of the problem. The theoreti- 
cal analysis of radiation from current distributions 
on a cone used Geometrical Optics and Fock theory, 
the latter being used in the shadow region. Physical 
Optics was used to account for tip diffraction. A 
more complete discussion of the analysis problem is 
a paper by Goodrich et al. [1957]. A multiplicity of 
array configurations were studied: axial, circum- 
ferential, spiral, etc. The final design [Goodrich et 
al., 1959] consisted of a stack of parallel plate trans- 
mission lines, all coaxial with the cone and terminat- 
ing on the conical surface. Excitation of the stacked 
parallel plates was provided by a central slot array, 
arranged to be sufficiently dispersive as to allow 
elevation frequency scan. Azimuth scan was ac- 
complished by a rotation of the central waveguide 
feed structure. Other work on conical surface ele- 
ments near the tip is by Held et al. [1958]. A paper 
which concerns synthesis over a conical surface is by 
Unz [1958]. Also investigated is the equivalence of 
a slot array and a continuous current distribution 
with particular application to a conical surface 
{Mayes, James, 1958]. Other papers on synthesis 
include a technique which uses multiple sets of ele- 
ments in an interference or supergain fashion [Sletten 
et al., 1957a] and strip sources [Mittra, 1959]. Wait 
and Householder have extended the Tschebyscheff 
array design of Dolph to an array of axial slots dis- 
posed circumferentially about a circular cylinder 
{Wait, Householder, 1959]. 

Secondary main beams of two-dimensional slot 
arrays due to alternating inclination or displacement 
of elements have been studied by Kurtz and Yee 
[1957]. They treated the array as having virtual 
elements consisting of a pair of adjacent elements; 
all virtual elements were then alike. Also covered 
in this paper is the successful use of baffles to reduce 
the secondary beams. 

As mentioned earlier, arrays of unequally spaced 
elements constitute a promising configuration. D. 
D. King and others * have demonstrated that such 
effects as amplitude taper (in an equally spaced 
array) can be simulated with proper spacing. Ir- 
regular spacing suppresses undesirable effects such 
as secondary beams (usually caused by regular spac- 
ing) and may reduce the number of elements needed. 
This work is a continuation of earlier work of Unz. 

A novel departure from the conventional array of 
half-wave elements wherein the element and array 
factors can be separated is given by Ronold King 
[1959]. Here, an array of full-wave dipoles is con- 
sidered and the pattern derived from an integral 
equation of dipole current distributions. King shows 
that the assumption of equal, sinusoidal current 
distributions may produce appreciable errors in the 
region of minor lobes. However, the extreme dif- 
ficulty of synthesizing patterns will probably severely 
restrict use of the analysis. 

Constructional advantages over the rectangular 
array are offered by the annular slot arrays developed 


6 Steerable antenna focusing techniques, Electron. Comm., Inc., reports dur- 


ing 1959 to Rome Air Development Center. 
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by Kelly [1957]. Several rings of discrete slots are 
fed by a single radial line, offering an extremely 
simple yet flexible design. Excitation of the n=1 
circumferential mode produces a beam in the normal 
direction; the modes for n=0 and higher than n=1 
produce nulls on the axis. Schell and Bouche [1958] 
have developed a concentric loop array in’ which 
the loops are large in wavelengths and in which two 
feeds are used, allowing rotation of the pattern. 

Some interesting developments have appeared in 
arbitrarily polarized slot arrays. Hougardy and 
Shanks [1958] have developed a linear array consist- 
ing of crossed slots in a square waveguide fed with 
two dominant orthogonal modes. Appropriate mi- 
crowave plumbing allows the relative phase and 
amplitude and hence radiated polarizations to be 
adjusted. The annular arrays of Kelly [1959] above 
can also be excited with two modes for variable 
polariaztion. Hines and Upson [1958] have devel- 
oped an interesting concept wherein a parallel plate 
pillbox is fed with a line source guide containing 
45° inclined slots. The spacing between guide and 
mouth controls the polarization since the two modes 
have different phase velocities. 

Although the emphasis has been on slot arrays, 
one important development has arisen in the field 
of dipole arrays. Sletten et al. [1957b] developed a 
dipole array wherein the dipoles are coupled electro- 
magnetically to a two-wire transmission line. The 
shorted folded dipoles are in a plane parallel to the 
line and are spaced as in an array. Coupling is 
controlled by the angle and spacing between the 
dipole and the line; an analysis of the coupling is 
given by Seshadri and Iizuka [1959]. This array 
offers simplicity of construction in the UHF region 
comparable to that of microwave slot arrays. 
Cottony and others [1959] at the National Bureau of 
Standards have fed a large corner reflector by a 
collinear dipole line source, obtaining 40-db first side 
lobes, with a narrow azimuth beam and a broad 
elevation beam. The collinear array allows close 
realization of the design values; the 40 db is better 
than that obtained with waveguide slot arrays. 

Electronic scanning. Electronic scanning of two- 
dimensional slot arrays has been achieved in practice 
by several means including frequency shift scanning 
and dielectric and ferrite phase shifters. An array 
which is scanned by frequency in one plane and by 
dielectric stub phase shifters in the other plane is 
described by Spradley [1958]. A serpentine (snake) 
main feed guide couples energy to the branch guides, 
allowing a small frequency swing to produce the 
large phase progression needed for large scan angles. 
Goodwin and Senf [1959] have developed a prototype 
10,000—Me/s ferrite phase shifter scanning array 
where a set of main line phase shifters produce 
elevation scanning and a set of phase shifters, one 
at each element, is used for azimuth scanning. All 
phase shifters are relay programed, with a TV-type 
raster scan. The term “volumetric scanning’’ has 
been used to describe these arrays, and means that 
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the beam can be scanned in two planes so as to 
sweep out a volume. Gabriel et al [1957, 1958] 
have developed an ‘organ pipe scanner” in which 
a large lens is fed by a two-dimensional array of 
horns which in turn is excited by a feed moving 
across the matrix of waveguide ends. An improve- 
ment on the use of ferrite phase shifters with attend- 
ant nonlinearities is to use quadrature coils and pro- 
gressive frequency harmonics to produce linear 
progressive phase shifts [Clavin, 1959]. 

Another phase shifting device is the helical trom- 
bone phase shifter of Stark [1957] where movable 
double coupling loops are used. This device has 
been very successful in the UHF region. A general 
investigation of beam scanning for large antennas 
has been conducted at Stanford Research Institute 
[1958]. A technique which allows scanning to be 
accomplished through amplitude variations rather 
than through the usual phase front adjustments 
has been proposed [Sletten et al.,1958b]. However, 
amplitude scanning is similar to a supergain phe- 
nomenon in that adjacent elements operate with 
fixed phase in an interferometric fashion to produce 
a net small radiating current in the proper direction, 
except exactly at broadside and end fire. 

One of the most promising developments in the 
electronic scanning tield is the ferrite excited slot 
developed by Shanks [1959]. This is a radiating 
element suitable for inclusion into two-dimensional 
arrays, in which the phase and amplitude of the 
element can be controlled. Slot coupling changes 
result from a shifting and rotation of the field inside 
the waveguide by means of two ferrite post irises. 
This is an extension of the slot developed by Tang 
which uses movable mechanical irises. Individual 
control of each element will allow maximum flexi- 
bility for both scanning and data processing type 
antennas. Although nonlinearity is a severe pro- 
graming problem, this development offers great 
promise. The end-fed array appears to incur serious 
mutual impedance changes for large scan angles. 
Blasi and Elliott [1959] show that the changes of 
mutual impedance for uniform amplitude linear 
phase arrays make end feeding unsuitable due to 
the change in coupling as the wave proceeds down 
the feed line. However, corporate feeding does not 
suffer from this disability. Another investigation 
has shown that the popular cos 6 approximation for 
effective aperture must be modified for large scan 
angles. Bickmore [1958] has derived the correct 
result which yields the end fire value in the limit 
as it must. The cos @ result is very good to a point 
(typically 60°), beyond which the value drops rapidly 
before entering the end fire region. Tolerances con- 
tinue to be an important subject in antenna array 
design. Elliott [1958] has summarized the quanti- 
tative effects of mechanical and electrical tolerances. 
Of these, translation errors in element position are 
most important. The effect of random errors on 
beam pointing has also been investigated [Rondi- 
nelli, 1959]. A quality factor has been derived for 
evaluating the system performance of search scan- 





ning antennas, taking into account such things as 
scan rate and hits per scan [Gardiner, 1957]. 

Considerable progress has been made in the re- 
flector field. One of the most notable examples is 
the parabolic torus antenna [Mavroides, Provencher, 
1958]. A particularly interesting version of the 
torus, developed by Barab et al. [1958] of Melpar, 
and Klaherty, and Kadak [1958] of Westinghouse, is 
made of wires inclined at 45° so that an internal 
rotating horn affords 360° scan. Another *-rsion 
uses a ring array of dipoles outside the torus [Fulli- 
love et al., 1959]. These devices should be appli- 
cable to astronomy. 

Li [1959] has shown that a spherical reflector can 
be used for wide angle scanning with good side lobes 
at a cost of gain. A typical gain loss for wide angle 
scanning is 9 db. This can be reduced below 2 db 
using a corrective line source feed as mentioned 
earlier. Another development in optical scanning 
devices is the double-layer pillbox of Rotman [1958]. 
The feed is placed in one layer with the mouth in 
the other, with a consequent reduction of shadowing 
and reflection, which in a single-layer pillbox is due 
to energy reflected back into the feed. Also, aber- 
rations can be corrected either in object or image 
space. Zoned mirrors can be corrected to be coma- 
free according to Geometrical Optics. This con- 
clusion has been refined on the basis of diffraction 
theory [Dasgupta, Lo, 1959]. Additional work on 
mirror lenses for scanning has been done at the 
Naval Research Laboratory [Marston, Brown, 1958]. 

An important generalization of symmetric lens 
design has been made by Morgan [1959] of BTL. 
He has given a general solution for the spherically 
symmetric lens with variable index of refraction 
which includes Luneberg and Eaton lenses. Proctor 
has given a design technique for constrained scanning 
lenses, i.e., lenses in which the wave propagation 
direction is constrained to be parallel to the beam 
axis [Proctor, Rees, 1957]. 

Near zone studies. A focusing concept developed 
by Bickmore has led to some interesting applications. 
This allows optimum transfer of energy between 
two unequal size apertures [Bickmore, 1957a]. 
Furthermore, it allows measurements with a narrow 
beam antenna inside the Fresnel region with the 
same resolution obtained in the far field region 
[Bickmore, 1957b]._ This is accomplished in a linear 
array simply by introducing a slight spherical 
curvature of the appropriate amount into the array. 
In two-dimensional arrays, the requisite phase change 
can be introduced into the phase shifter or feed 
devices. With this technique, it has been possible 
to measure far field patterns as near as 2 percent of 
the normal distance 2D?/A._ Another technique for 
measurement of far field patterns in the Fresnel 
region is that of Cheng [1957]; this uses a defocused 
primary source. Goodrich and Hiatt [1959] have 
considered the transfer of — from a point source 
to a point sink using an ellipsoidal reflector. A 
complete ellipsoid would yield according to scalar 
theory 100 percent transfer. The focusing properties 
of the ellipsoid are concomitantly studied. Harring- 
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ton, Villeneuve and Hu [1959] and Harrington [1958] 
investigated near field gain and derived a near field 
synthesis technique. The-near field gain study ob- 
tained the widely used physical limitations on an- 
tenna gain and Q, originally derived by Chu, in a 
different fashion. This interesting method expands 
the antenna pattern in spherical harmonics and re- 
lates the maximum gain to the number of harmonics 
used. ‘his is then heuristically related to physical 
aperture size. For the synthesis problem, the trans- 
form of the Fourier series for the aperture field is 
matched point by point to the pattern transform, 
over a surface in the near field; this is similar to 
Woodward’s method. Both the Michigan work 
(Goodrich) and the Syracuse University work 
(Harrington et al) were supported by subcontract 
from General Electric Company. 

Although the subject of Fresnel diffraction dates 
to the nineteenth century, several interesting analyt- 
ical techniques have appeared. Barrar and Wilcox 
[1958] used the Sommerfeld 1/r” expansion with 
success in the Fresnel region. Hu [1957] has applied 
Fresnel approximations to the problem of coupling 
between circular aperture antennas with tapered 
illuminations. Hansen and Bailin [1959] have com- 
puted circular aperture near field data by a computer 
evaluation of a series derived from the exact field 
formulation. This formulation produces angular 
integrals independent of illumination and radial 
integrals independent of source attitude. Results 
are compared with various Fresnel formulas and 
side lobe behavior in the Fresnel region. The side 
lobe ratio may actually increase over the far field 
value in some regions, as the side lobes decay more 
rapidly than the main beam amplitude. How to 
calculate safe radiation regions (safe against irre- 
versible tissue damage) in the Fresnel region of 
high power antennas has been shown by Bickmore 
and Hansen [1959]. On-axis power density and 
defocusing factors are given. 

Antenna noise and breakdown. The advent of low 
noise preamplifiers such as parametric amplifiers and 
Masers has made the evaluation of antenna or radi- 
ation noise temperature essential. Hansen [1959] 
has made a survey of methods for finding the effec- 
tive noise temperature of a microwave antenna. 
Hogg [19259] gives the effect of oxygen and water 
vapor absorption upon antenna temperature. De 
Grasse et al. [1959] report very careful measure- 
ments of antenna effective noise temperature at 
5,600 Me/s using a parabolic horn antenna with 
very low side and back lobes (see Friis, May, 1958). 
A zenith temperature as low as 18 °K has been 
achieved. At the other end of the frequency spec- 
trum, the precipitation particle noise mechanism 
for dielectric covered antennas has been shown by 
Tanner [1957] to be an acquisition of charge upon 
impact by individual precipitation particles. This 
has resulted in the development of successful static 
reduction devices. The space age has necessitated 
a more careful study of antenna breakdown due to 
high power and high altitudes. Chown et al. [1959] 
report on the effects of breakdown upon VSWR, 





pulse shape, power, and pattern. Linder and Steele 
[1959] provide data for calculating breakdown for 
various antenna configurations as a function of 
frequency. An additional paper surveys the earlier 
state of the art [Ashwell et al., 1957]. 

Summary. Antennas for radio astronomy are 
advancing along two fronts: Mechanical design im- 
provements allowing construction of larger single 
aperture dish-type antennas; and switching or data 
processing antenna systems wherein multiple anten- 
nas are used to obtain some performance parameters 
of a larger single aperture. The advance obtained 
by the Mill’s Cross should be furthered by more 
sophisticated systems. These are discussed further 
in Dynamic Antennas. The quasi-optical fixed re- 
flector scanning devices such as the parabolic torus 
should find use in the astronomy field. 

In the array field, new techniques are needed for 
feeding and constructing millimeter wavelength ar- 
rays. Effort on nonconventional slot arrays such as 
the radial line annular slot arrays should be extended 
to other configurations. 

The largest problems remaining in electronic scan- 
ning arrays are how to obtain the requisite phase 
shift, for arrays with all elements coupled together, 
and how to simplify the components in data pro- 
cessing arrays. ‘The individually controlled element, 
of which the ferrite slot is a prototype, appears to 
offer most promise and should be broadly investi- 
gated. Application of solid state circuitry to data 
processing arrays, where various mixing or amplifying 
functions could take place at each element without 
severe space and weight penalties, represents another 
promising area. 

Focusing of antennas is most easily done in data 
processing antennas, especially those of the time- 
processing type. 
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5. Small Aperture Antennas 


Low gain antennas for air and space vehicles. 
Antennas discussed in this section are primarily 
simple element types such as loops, dipoles, and 
slots. In general, boundary value problems, such 
as dipoles over reactive surfaces, are covered in the 
companion paper on Surface Waves. Ronold King 
and others at Cruft Lab. have investigated — 
antennas carefully and have shown that the small 
loop contains small electric multipoles as well as the 
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magnetic dipole and that the loop equations reduce 
to those for the folded dipole as the length approaches 
zero [King, 1959; Prasad, 1959]. Small antennas 
of both loop and dipole type have been treated by 
Wheeler [1959, 1958a]. For small coils or small 
loaded dipoles, the performance available is essen- 
tially dependent upon length and volume and inde- 
pendent of configuration within the two types. 
Oliner [1957] has obtained an improved formulation 
for series and shunt waveguide slots using a varia- 
tional technique. Wall thickness is taken into 
account by a microwave network. Shape of the 
slot end is also considered. Radiation from the 
end of a waveguide loaded with ferrite has been 
attacked [Tyras, Held, 1958] in a manner similar to 
an earlier paper of Angelakos. 

Radiation from many types of cylindrical struc- 
tures including wedges, cylinders, half planes, and 
sheets has been covered in a book by Wait [1959a]. 
This work is an excellent compendium of the state 
of the art and describes in detail the mathematical 
techniques and solutions. Other papers include 
slots on spheres [Mushiake, Webster, 1957], sphe- 
roidal dipoles [Weeks, 1958; Flammer, 1957], and 
radial dipoles on a circular cylinder [Levis, 1959]. 
Wait and collaborators have studied slotted circular 
{[Wait, 1957], elliptic [Wait, Mientka, 1959], and 
dielectric coated [Wait, Conda, 1959] cylinders. The 
circularly polarized element consisting of crossed 
slots on a waveguide broad wall has been investigated 
by Simmons [1957]. The way in which a curved 
and/or lossy surface effects an antenna pattern has 
been studied by Wait and Conda [1958], using a 
combination of residue series, Fock functions, and 
geometrical optics. An electric monopole exciting 
a finite cone has been studied by Adachi and Kou- 
youmjian [1959]. Cruzan [1959] and Weeks [1957] 

ave treated the receiving loop antenna with a 
ferrite core. The important parameters for the 
receiving loop are the area, number of turns, and 
effective permeability [Wheeler, 1958b]. Polk [1959] 
has studied ferrite loaded biconical dipole antennas 
and shows, as predicted by Schelkunoff and Friis 
[1952], that in general, effective length is decreased 
by the addition of ferrite or dielectric loading except 
for high loss supergain conditions which are un- 
desirable. Grimes [1958] reaches similar conclu- 
sions. A closely related subject is that of an antenna 
immersed in a lossy medium. Wait [1959b, 1958] 
shows that the field of a buried loop is essentially 
that of a loop on the surface plus an exponential 
attenuation with depth. 

Air frame antennas using shunt or notch feeding 
have been put on a sound engineering basis by 
Tanner [1958]. This is a definitive paper and sum- 
marizes these types of antennas. An investigation 
similar to that by Infeld [1947] of a few years back 
on the input admittance singularity of a dipole 
antenna due to the delta function generator has 
appeared [Wu, King, 1959]. In this paper, as in 
Infeld, the admittance is separated into a gap 
capacity term and a bounded term. 


In the larger realm of antenna _ systems, 





a paper by Turner [1959] summarizes several 
types of submarine communication antenna 
systems. Antenna multicoupler systems, so im- 
portant in LF and HF ranges where antenna effi- 
ciencies are typically very low, have been extensively 
studied in a series of reports from Stanford Research 
Institute [Cline]. This series is an excellent summary 
of the state of the art in exciting HF airframe or 
satellite antennas. 

Medium gain antennas. Klopfenstein [1957] and 
Woodward [1957] have carefully reinvestigated 
corner reflectors with various dipole and apex angles 
both from the sophisticated dyadic Green’s function 
and from the image point of view. Cottony and 
Wilson [1958] present excellent design curves; other 
limited data also are available [Neff, Tillman, 1959]. 
Rhombic antennas of large size have also been 
investigated in a paper by Decker [1959]. which 
gives design for maximum gain. Design data for 
helical antennas for lengths up to 10 has been 
augmented by Maclean and Kouyoumjian [1959]. 
They applied Sensiper’s infinite helix solution and 
obtained results valid up to a length of 10A. A 
new and very interesting antenna configuration is 
the trough waveguide invented by Rotman and 
Oliner [1958]. A continuous trough waveguide is 
suitable for end fire radiation and a periodic asym- 
metrical design covers a number of radiation direc- 
tions including broadside [Rotman, Oliner, 1959). 
Although the transverse resonance method is best 
applied to nonleaky structures, it has yielded good 
values for propagation characteristics in this case. 

An excellent survey of the printed technique is 
given by McDonough et al. [1957]. They cover 
such different types as ladders, rhombics, cigars, 
and capacity-coupled collinear arrays. Another 
type of printed antenna is the sandwich wire antenna 
of Rotman and Karas [1957, 1959]. This is an array 
of undulating wire strips wherein each wire acts as 
a quasi-discrete leaky radiator. 

Evaluation. A most important paper on the effect 
of satellite spin on radiation performance has been 
contributed by Bolljahn [1958]. He shows that 
when the satellite spin axis and the antenna axis are 
not alined, the ground-received signal (with a CW 
signal radiated) splits into three spectral components. 
The variation of these with the geometry of the 
configuration is derived. 

The evaluation of aircraft and satellite antennas 
has always been difficult, especially the comparison 
of different types of antennas, since impedance, 
pattern, and gain performance vary widely among 
types and even among variations within each type. 
This evaluation problem has now been satisfac- 
torily solved by a series of papers. Lucke [1958] 
uses a channel capacity formula to weight patterns 
and impedances over frequency and space. Moore 
[1958] compares the various rating schemes, the 
three most important of which are the average 
channel capacity method of Lucke, the radiation 
pattern distribution function of Ellis, and the radi- 
tion pattern efficiency method of Granger. He 
shows that if carefully applied, all methods give 
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essentially similar results, and he therefore recom- 
mends use of the simplest method, that is, the radia- 
tion pattern efficiency technique. This defines the 
quality in terms of the fraction of power radiated 
in useful directions. Impedance compensation or 
broadbanding of HF antennas has long been an art 
without suitable boundaries. However, the broad- 
banding potential of such antennas has now been 
bounded by two important papers. Vassiliadis and 
Tanner [1957] have approximated the impedance by 
a rational algebraic function from which the broad- 
banding capability is readily determined. Levis 
[1957] has used a different approach, that of relating 
the impedance bandwidth to the far field polarization 
characteristics and to the stored energy. These 
papers allow determination of the best broadbanding 
available so that a bound can be placed on attempts 
to realize this performance physically. A final paper 
gives numerical integration computer techniques for 
antenna pattern calculations [Allen, 1959]. 

Summary. As the effect of the counterpoise shape 
and size upon antenna radiation pattern and im- 
pedance becomes better understood, it should be 
possible to devise quasi-empirical synthesis tech- 
niques which would allow optimum advantage to be 
taken of this effect. The search for new and ad- 
vantageous radiator configurations, e.g., the sand- 
wich-wire, should continue. 


The authors thank Mary Lee Buschkotter for 
diligent effort in correcting and typing the manu- 
script. 
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A Bibliography on Coherence Theory 


G. B. Parrent, Jr.* 


The inadequacy of the concepts of complete co- 
herence and complete incoherence for the description 
of physically interesting phenomena was recognized 
by Verdet in 1869 when he showed that sunlight 
could produce fringes in a Young’s interference 
experiment. After Verdet the development of 
coherence theory before 1940 was associated with 
the names of Von Laue [1907], Van Cittert [1935], and 
F. Zernike [1937]. Each of these investigators 
introduced his own, apparently different, formula- 
tion of the theory—each formulation being well 
suited to the problems considered by the particular 
investigator. In [1951], H. H. Hopkins again re- 
formulated the theory in a manner which was par- 
ticularly suited to the treatment of imaging prob- 
lems. While each of these theories took account of 
intermediate states (partial coherence), they each 
suffered from one or more of the following restric- 
tions: (1) They were applicable only to fields created 
by incoherent sources; (2) they were applicable only 
to nearly monochromatic fields; (3) they were formu- 
lated in terms of undefined complex functions. 

These shortcomings were all removed in the new 
formulations of the theory of partial coherence 
introduced independently by Wolf [1955], and by 
Blanc-Lapierre and Dumontet [1955]. While these 
formulations are equivalent, it is much more con- 
venient to work with the definitions introduced by 
Wolf. Working with the Wolf theory of partial 
coherence, Parrent [1958-1960] has extended the 
theory by finding several of the implications of the 
formulation and existence theorems for the basic 
functions of the theory and by showing how the 
approximate propagation laws of earlier theories are 
related to the solution of the wave equations that 
describe the propagation of partially coherent radia- 
tion. Using these theorems it was possible to formu- 
late the imaging or mapping problem in a general and 
rigorous way for partially coherent illumination of 
arbitrary spectral width. 

Thus, finally, the formulation and structure of a 
rigorous theory of partial coherence for scalar fields 
is complete enough to be considered as an available 
tool for the solution of problems involving statistical 
radiation. Part A of this bibliography provides a 
reasonably complete survey of the principal works 
on the subject. 

The problem of discussing the behavior of, and 
formulating a calculus for, the description of vector 
fields is considerably more complex than the cor- 
responding scalar problem. Consequently in this 
area very little has been accomplished by comparison. 
The general problem of discussing statistical vector 
fields consists in two essential concepts: Partial co- 
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herence (the correlation between the disturbance at 
two different points), and partial polarization (the 
correlation of the various components at the same 
point). Limiting our attention to a plane wave 
eliminates coherence problems and isolates partial 
polarization effects. Wolf has treated this class of 
problems at some length in the last few years, and 
recently Parrent and Roman have used the results 
of Wolf’s work as a basis for constructing a matrix 
calculus for the study of partial polarization effects. 
Nonplane waves have not been extensively dis- 
cussed as yet; however, Roman has succeeded in 
generalizing the Stokes parameters to a set applicable 
to nonplane waves. This is, of course, an important 
first step in the understanding of this field. Part B 
of this bibliography is an attempt to list the most 
important papers related to the description of 
statistical vector fields. 
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A Bibliography of Automatic Antenna Data Processing 


C. J. Drane* 


Many source detection applications have required 
ever higher. antenna resolving power to distinguish 
distant sources from adjacent sources. In the optical 
region, the limitation to the increase of resolution 
has been the fluctuations existing in the earth’s 
atmosphere. In the radio region, on the other 
hand, the most immediately apparent limitation 
to high resolution has been largely an economic 
one, the high cost of materials, as well as the dif- 
ficult problem of construction tolerance. Addi- 
tionally, recent work by (Skinner, 1960] has brought 
to light certain limitations on the gain and resolving 
power of antennas used for the reception of ran- 
domly varying signals due to statistical fluctuations 
of the source distribution and/or of the intervening 
medium characteristics. 

In both the optical and radio regions interfero- 
metric techniques of one sort or another have yielded 
greater resolution than obtainable with equal size 
dishes or mattress arrays. Conventional inter- 
ferometry suffers from pattern ambiguity, but 
diverse methods of data processing can be used to 
overcome this ambiguity, and to optimize different 
aspects of the antenna systems performance. 

In view of the fact that the resolving power of an 
interferometer is generally proportional to //A, where / 
is the separation of interferometer elements while 
\ is the wavelength of radiation, it would seem that 
one should either increase the separation (baseline) 
or the frequency or both. To increase the frequency 
without limit would be impractical, first because of 
the decrease in source intensity with wavelength, 
then because the construction of large antennas and 
sensitive receivers is more difficult as the wave- 
length decreases, and finally because one sometimes 
wishes to study the diameter of a source as a function 
of frequency. All of these reasons favor increasing 
the interferometer baseline. 

Mills [1952] describes a radio transmission link 
as a means of increasing the baseline of the inter- 
ferometer—and thus the resolution of this instrument 
—with phase preserved in the following manner. 
The received signal frequency at one element of the 
interferometer is converted to a radiofrequency 
which is transmitted along with the local oscillator 
frequency over the same path to a receiver located 
near the other element. This signal is then recon- 
verted to the original frequency and combined with 
the signal from the other antenna, the latter signal 
having been delayed by an amount equivalent to the 
propagation time across the radio link. There is, 
however, a limitation on the length of this radio 
link, which is introduced by the effect of turbulence 
of the intervening medium on the phase stability 
of the transmitted signal. When converting the 
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radio frequency signals at each antenna element of 
the interferometer to a low frequency, transmitting 
by a radio link one of these low-frequency signals 
as an amplitude modulation of a radiofrequency 
carrier, and cross-correlating the two low-frequency 
signals, it has been shown [Brown & Twiss, 1954; 
Brown et al., 1952] that several advantages arise. 
The relative phase of the two low-frequency signals 
is more easily preserved than that of the radio 
frequency signals, and it is equal to the latter in 
this particular arrangement. In view of this, the 
baseline of this interferometer can be made much 
larger, possibly indefinitely so by recording the 
interferometer element signals separately on mag- 
netic tape and cross-correlating later. The system 
also happens to be less sensitive to ionospheric 
disturbances. One disadvantage is that the antenna 
yields information only about the amplitude dis- 
tribution across the source. It is also relatively 
insensitive to weak sources inasmuch as the signal- 
to-noise ratio is proportional (P,/(P,+P,))*, whereas 
for the usual interferometer it is proportional to 
just P,/(P,+P,.), where P,=power in source signal, 
P,=receiver noise power, P.=cosmic noise power. 

To improve the detection of weak ‘‘point”’ sources 
in the presence of much more intense extended 
sources or continuous background radiation, Ryle 
[1952] suggested the periodic introduction of a half 
wavelength of cable into one of the antenna lines of 
an interferometer. The interference pattern has 
an alternating component in addition to a steady 
component as a result of the alternately in-phase 
and out-of-phase relationship between the two 
antennas. Upon separating the alternating term 
from the steady one by means of a phase-sensiti-re 
detector, one can separate the background radiation 
from the “point” sources. Additionally, this system 
provides a means of more accurate determination of 
the position of radio sources in such a way as to be 
reasonably independent of rapid variations in the 
intensity of the radiation. The improvement of the 
ability to detect and localize weak signals by using 
correlators has been investigated by Faran and 
Hills [1952]. They have pointed out that in some 
instances signal-to-noise ratios can be improved in 
some interferometers, but by no more than 3 db, 
while in others a decrease in this ratio is seen, 
compared to a conventional antenna system. Any 
disadvantage here may be offset in part at least by 
the opportunity to use much higher gain recording 
instruments after the correlator in view of the fact 
that the amount of background noise does not 
contribute largely to the average output of the 
correlator. They also suggest the possibility of 
trading signal-processing time for physical antenna 
size. 
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These systems previously described possess mul- 
tiple principal lobes and are, hence, ambiguous when 
several sources are present. By considering inter- 
ferometer elements whose patterns differ essentially 
from one another, unidirectional interferometer 
patterns can be obtained. Ryle suggested that a 
decrease in the solid angle of the principal lobe of 
the reception pattern could be dsiena without 
necessarily increasing the total antenna area thus 
permitting an increase in the number of detectable 
sources. Mills and Little [1953] have emphasized 
that the number of discrete sources with intensities 
above the detectable threshold will normally greatly 
exceed the number which may be separately re- 
solved, so that one may attempt to design antennas 
of increased resolving power but relatively low gain 
that may lack very little of the usefulness of conven- 
tional antennas, and cost a great deal less. They 
have introduced a system consisting of two linear 
arrays mutually perpendicular in the form of a cross, 
such that phase centers are coincident. When the 
technique of phase switching of the signal in one 
antenna channel is coupled with synchronous de- 
tection of the product of the fan-shaped patterns of 
the two antennas, a pencil-shaped single-lobed pat- 
tern is produced. Covington and Broten [1957] 
have investigated an interferometer similarly com- 
posed of two dissimilar linear antenna elements; 
however, these are arranged along the same axis 
end-to-end. The two elements, one a nonresonant 
slotted waveguide array, the other a two-element 
interferometer, are coupled by a rotary phase shifter, 
to produce upon synchronous detection of the alter- 
nating component in the radiation pattern a single- 
lobed fan-shaped beam with a twofold increase in 
resolving power in one plane over that of a uniform 
array of equal dimension. To produce a nonam- 
biguous radiation pattern, also with an economy of 
the number of antenna elements, Band and Walsh 
[1959] have used two linear additive arrays of uni- 
formly spaced nondirectional elements—the common 
spacing being different in each and greater than a 
wavelength—as inputs to a correlator. Nonam- 
biguity was also achieved by them when they re- 
placed one of the linear arrays by a closely spaced or 
continuous aperture antenna. These techniques 
have resulted in the use of fewer elements, as well 
as an improvement in signal-to-noise ratio over an 
equivalent additive array. For reasons of stability 
of the multiplication process, amplitude modulation 
is imposed on the radio frequency signal. The 
desired correlation signal is the output of an audio- 
filter tuned to the modulation frequency and fol- 
lowing the multiplier. 

Berman and Clay [1957] have considered non- 
uniformly-spaced omnidirectional detectors whose 
outputs are selectively multiplied together and time 
averaged according to a prescribed plan, such that 
a directional pattern results that is equivalent to 
that of a linear additive array of a larger number 
of elements. Here, too, the length of the multi- 
plicative array often turns out to be half that of the 


equivalent one. 
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A comparison between the arrays of Faran and 
Hill and those of Berman and Clay has been made 
by Fakley [1959] for three applications: (a) The de- 
tection of a “point” source in a noisy background; 
(b) . the resolution of two closely spaced point sources; 
and (c) the measurement of intensity distribution 
across an extended source. It was shown that the 
type of arrays described by Berman and Clay for 
four receiving elements, under idealized conditions, 
has no particular advantage over the other for the 
applications mentioned. It was also suggested that 
this conclusion could be extended to arrays consisting 
of more than four elements. 

Drane [1959] has studied the coupling of a direc- 
tional array with nonuniformly spaced omnidirec- 
tional elements after the fashion of Berman and Clay, 
but modified by the addition of continuously rotating 
phase shifters selectively used in conjunction with 
synchronous detection to yield nonambiguous radia- 
tion patterns. The suggested application has been 
to the tracking of moving targets which can be 
considered essentially ‘‘point” sources. Walsh and 
Band [1960] have also investigated such systems. 

Time can be used as a degree of freedom supple- 
mentary to the three dimesions of space to achieve 
greater flexibility in the design of antennas. For 
example, it has been shown by Shanks and Bickmore 
[1959] that, in general, by periodic modulation of one 
or more of the antenna parameters (phase distribu- 
tion, — size, frequency, etc.) one obtains a 
temporally fluctuating radiation pattern. This pat- 
tern can be analyzed as an infinite sum of harmonics, 
and associated with each such frequency channel is 
a characteristic spatial distribution. They have 
applied such techniques to multipattern operation, 
simultaneous scanning [Shanks, 1959a], and sidelobe 
suppression [Shanks, 1959b]. 

Barber [1958] points out that on interpreting the 
“compound interferometer” of Covington and Broten 
as an array of essentially omnidirectional elementary 
detectors, two widely spaced ones forming the simple 
interferometer with several closely and uniformly 
spaced elements comprising the slotted waveguide, 
the receiving pattern can be considered the sum of 
all possible mean products of one element of the 
interferometer and one element of the long array. 
He suggests that one can also obtain the same mem- 
bers of the sum with several other configurations, all 
consisting essentially of two arrays in a line each 
having uniformly spaced elements of common spacing 
different from the other array of the configuration. 
The system with the fewest number of elements (for 
constant overall length) is that in which the number 
of detectors of one array differs from that of the other 
by at most unity. Covington and Broten [1958] 
have extended their system in just this fashion by 
adding two elements separated hose each other and 
the extreme element of the simple interferometer by 
a distance equal to the length of the long array, i.e., 
by the separation of the interferometer elements. 
To ensure that all necessary signal products are ob- 
tained appropriate switches are used. It is to be 
noted that since the length of the long array remained 
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the same, the resolving power was doubled, but the 
analytical properties of the radiation pattern re- 
mained unchanged. In the system discussed by 
Drane the overall length is extended not by producing 
two different but uniformly spaced arrays, but by 
using a uniformly and closely spaced array (to 
simulate the continuous array), another array whose 
interelement spacing increases in accordance with a 
geometric progression, as well as appropriately 
placed frequency shifters. Dausin, Niebuhr, and 
Nilsson [1959] while examining the problem of the 
reception of wideband signals have arrived at just 
such an “optimum” spacing on considering elemental 
arrays of variable spacing with the elements coupled 
by matched filters. 

The work of Kock and Stone [1958] on the equiva- 
lence between dimensional properties of antennas 
and frequency content of signal in the production of 
a given response is in essential agreement with the 
results of Dausin, Niebuhr, and Nilsson for multi- 
element arrays, wide-band sources, and with those 
of Covington and Broten, Drane, Walsh, and Band 
for complex interferometric arrays and monochro- 
matic sources (artificially made multifrequency). 
They have shown that in a detection system antenna 
size and space complexity can be reduced for the 
detection of wide-band (continuous or discrete spec- 
trum) signals by using a two-receiver cross-correla- 
tion antenna system. With such a system direc- 
tional patterns equivalent to those characteristic of 
multielement, additive, narrow-band arrays are 
obtainable. Here, there exists the limitation im- 
posed by the requirement that the antennas used in 
the interferometer complex be fairly broadband. 


White, Ball, and Deckett [1959] have made a com- 
prehensive study of nonlinear antennas of the various 
types considered above, comparing each one with 
linear antennas. They have found that the per- 
formance of any nonlinear antenna in the presence of 
continuous interference is inferior to a linear one in 
the same environment. Power gain and directivity 
of the nonlinear antenna are likewise generally in- 
ferior to those of the linear antenna. By artificially 
broadbanding the transmitted signal or confining the 
application to low-duty-cycle transmission these 
disadvantages may be made less significant. How- 
ever, a nonlinear antenna of the space-coincidence 
type is described to provide a spatial selectivity not 
obtainable with a linear antenna. 

We have been talking about situations in which it 
may be said that the data processing is done essen- 
tially automatically by the antenna system. Much 
work has been done and thoroughly discussed in the 
literature [Astia AD117067, 1957; Bracewell & 
Robert, 1954; Arsac, 1957] on the subject of the 
extraction of information about and reconstruction 
of the source intensity distribution from a knowledge 
of the information actually received by a conven- 
tional antenna, as well as of the properties (shape 
and aperture field distribution) peculiar to the 
antenna itself. Here,Qthe term space-frequency— 
periodic spatial intensity distribution—is introduced. 
In both the optical and radio regions the receptor 





acts effectively as a low pass space frequency filter 
whose cutoff frequency is proportional to the physical 
extent of the receptor’s aperture. This provides a 
distinct limitation to the extent to which the source 
characteristics may be reconstructed from the signal 
distribution actually observed. 
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1957; Hines and Upson, 1958]. 


Though both surface and leaky wave antennas belong to the general class of traveling 
wave radiators, they differ essentially in radiation mechanism, design principles, and per- 
Surface waves are guided by the real or artificial dielectric 
structure along which they travel, and radiate only at discontinuities; usually there is just 
The total antenna pattern, which is endfire, is formed by 
superposition of terminal radiation and direct radiation from the feed. Beam shaping possi- 
bilities are limited. This type of radiator is nevertheless important whenever antenna 
height (as of a dish) must be traded for length. Leaky waves, by contrast, radiate continu- 
ously as they travel along the aperture, and very precise pattern control can be achieved. 
The beam is non-endfire and can be scanned over wide angles with negligible pattern 


formance characteristics. 


one of these, the termination. 


deterioration. 


1. Surface Wave Antennas 


The excitation of surface waves, a problem that 
received considerable attention in the period before 
1957 [Cottony and others, 1959; Friedman and 
Williams, 1958], was further examined. Wait [1957; 
1958] gave a unified treatment of surface wave 
excitation by a dipole over diversely modified inter- 
faces. While it had been known previously that 
efficiency of excitation depends on endfire directivity 
of the feed [Kay and Zucker, 1959], Brown now 
shows [1959] in a paper with interesting design im- 
plications that in the absence of supergaining, the 
efficiency of a source is limited to a maximum value 
that is a function of its physical size. In continua- 
tion of earlier work, Reynolds and Sigelman [1959] 
report that very clean sin ¢/f patterns are obtainable 
by using feeds that are distributed over the first 
third of the antenna length. Turning our attention 
to more specific structures, we find a precise analysis, 
using Wiener-Hopf techniques, of the launching of 
TM surface waves by a parallel plate waveguide 
(Angulo and Chang [1959a]). Duncan [1958] gives a 
Sommerfeld-type treatment of the excitation of 
dielectric rods; the mode he considers (lowest TM) 
is not that used in antenna applications, but this is 
the first time that the excitation problem on a rod 
has been tackled at all. In a paper of considerable 
practical interest, DuHamel and Duncan [1958] 
measure the efficiency with which diverse slot and 
wire feeds excite the HE,, mode on a rod. 

The terminal discontinuity of a dielectric slab 
was examined in detail by Angulo [1957], who used 
variational techniques to find the terminal impedance 
and stationary phase methods for the radiation 
pattern. Angulo and Chang [1959b] calculated the 
terminal impedance of the loved TM mode on a 
dielectric rod, Arbel [1959] analyzed the terminated 


*Air Force Cambridge Research Center. 


Progress During the Past Three Years In Surface and 
Leaky Wave Antennas 
F. J. Zucker* 


This summary report begins where the previous URSI report on traveling wave antennas 
[Cottony and others, 1959] left off. The bibliography partially overlaps that in the previous 
reference: papers that were previously listed as reports, but have since appeared in the open 
literature, are listed here again with their journal references [Pease, 1958; Plummer, 1958; 
Hansen, 1957; Hougardy and Hansen, 1958; Plummer and Hansen, 1957; Friedman and 
Williams, 1958; Weeks, 1957; Goldstone and Oliner, 1959; Elliott, 1957; Kelley and Elliot, 
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dielectric disk, and Kay [1959] gave a detailed 
description using Wiener-Hopf methods, of discon- 
tinuities on reactive surfaces, including the terminal 
discontinuity. He calculated and plotted radiation 
fields and the surface wave reflection and transmis- 
sion coefficients. 

The radiation mechanism of surface wave anten- 
nas can be viewed in two ways: As the superposition 
of radiation from two quasi-point sources—the feed 
and the terminal discontinuity—or as the Fourier 
integral over the current distribution along the 
antenna structure. As one finds them discussed in 
the literature, these two approaches lead to pattern 
calculations and design recommendations that partly 
contradict each other. Zucker [1958] showed, for a 
simple case, what approximations are involved in 
deriving each from the rigorous Green’s function 
formulation and indicated how the two approaches 
are reconciled by taking these approximations into 
account. Schlesinger and Vigants [1959] improved 
the conventional aperture integration approach and 
were able to predict the pattern of dielectric rods 
with higher accuracy than before. Kay [1960] 
examined the near field of Yagis experimentally and 
gave physical details that connect the two 
approaches. 

Optimum design principles of surface wave antennas 
are still largely based on cut-and-try methods. 
Ehrenspeck and Poehler [1959] showed how the 
Hansen-Woodyard condition for optimum gain must 
be modified for surface wave antennas, and Ehren- 
speck and Kearns [1957] used parasitic side rows to 
suppress the sidelobe level of a Yagi to 30 db. 
Bandwidths of 2:1 were achieved with polyrods by 
Parker and Anderson [1957]. Optimum design 
principles based on this and earlier work were col- 
lected for systematic presentation in the Handbook 
of Antenna Engineering [Zucker, 1960]. 

One approach to pattern control is to place radiating 
discontinuities at discrete intervals along a surface 
wave antenna, for example by spiking a polyrod with 
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short pieces of wire, coupling being controlled by the 
depth and angle of insertion [Duncan and DuHamel, 
1957]. A Goubau wire was similarly spiked [Scheibe, 
1958]. A two-dimensional slot array excited by the 
surface wave on a dielectric image line, was shown 
by Cooper et al. [1958] to be capable of producing a 
broadside, endfire, or sidefire pattern, depending on 
the arrangement of the slots. 

A second approach to pattern control consists in 
the use of variable impedance surfaces. Felsen 
[1957; 1959] gave the first rigorous solution to a 
problem of this type: he showed that on a surface 
with linearly increasing admittance (impedance) a 
TM (TE) surface wave propagates at the velocity of 
light with cylindrically spreading phase front, and 
without loss in total energy. This result is a key to 
the understanding of long tapered sections on surface 
wave antennas. Oliner and Hessel [1957] performed 
a detailed modal analysis of sinusoidally varying 
impedance sheets, showing that for periods shorter 
than about half a wavelength the surface supports 
a wave that is wholly trapped, while longer periods 
produce a leaky wave. An exact procedure for the 
design of an interface that supports a prescribed 
spectrum of waves (a “modulated” surface wave) 
has been given by Bolljahn [1959]. This important 
group of papers is the bridge between earlier work 
on surface wave modulation [Cottony and others, 
1959], which did not concern itself with physical 
realizability, and the ultimate goal, which is pattern 
control—including the generation of non-endfire 
beams—with parasitically excited antenna structures. 

A third approach to pattern control employs a 
distributed feed that is coupled to the antenna along 
its entire length. In continuation of earlier work 
Cottony and others [1959], Weeks [1957], and Giarcla 
[1959] analyzed this problem in terms of coupled 
waveguide theory and obtained experimental results 
on a 40 A long Yagi coupled to a two-wire line. It 
is, however, doubtful whether practically useful 
means for independently controlling phase and am- 
plitude along the structure can ever be found in this 
way. 

Turning now to more specific structures, we find 
that the dielectric rod continues receiving attention. 
Kornhauser [1959] gives general results on the modal 
characteristics of rods of very general cross sections, 
and Mickey and Chadwick [1958] worked with rods 
of dielectric constants up to 165, which are very 
much thinner than polyrods (though just as long, for 
equal pattern performance). Reggia, Spencer, et al. 
[1957] excited arrays of ferrimagnetic rods inserted 
in a cavity or the narrow wall of a waveguide, and 
show diverse arrangements for rapid switching, turn- 
ing the plane of polarization, lobing, etc. Work on 
broadband polyrods [Parker and Anderson, 1957] has 
already been mentioned. 


The relation between the phase velocity of a sur- 
face wave on a Yagi and the height, diameter, and 
~ ad of the elements was found experimentally in 
[Ehrenspeck and Poehler, 1959], supplementary data 
being furnished by Frost [1957] and Spector [1958]. 
Sengupta [1959], using a loaded transmission line 





model, and Serracchioli and Levis [1959], using an 
approximate coupled element approach, calculated 
these relations theoretically; their results agree quite 
well with the experimental data. Very long Yagis 
are treated in Kay, [1960], and twisted Yagis dor 
rl polarization) in Reynolds and Sigelman, 
1959]. 

A number of new structures were examined: Hyne- 
man and Hougardy [1958] invented an array of con- 
tiguous below-cutoff waveguides with closely-spaced, 
nonresonant, transverse slots. Sengupta [1958] dis- 
cussed a zigzag antenna, and Querido [1958] gave an 
approximate treatment of the fakir’s bed antenna 
(array of pins). 

Area sources permit scanning in azimuth. Gold- 
stone and Oliner [1959b] pointed out a general rela- 
tion for surface waves that travel obliquely across a 
corrugated surface, supplementing earlier work 
[Hougardy and Hansen, 1958] on the scanning of 
such an antenna. Walter [1957] obtains 360° scan 
from a dielectric sheet Luneberg lens whose elevation 
pattern is shaped by the surface wave. 

Volume arrays of endfire line sources have diverse 
applications. Ehrenspeck and Kearns [1959] used a 
Yagi-Adcock arrangement for satellite tracking. 
Kamen and Bogner [1959] are interested in the ad- 
vantages, under certain circumstances, of arrays of 
cigar or Yagi antennas over dishes and have built 
several satellite tracking and communication arrays 
of this type. An interesting new structure, called 
the backfire antenna [Ehrenspeck, 1960], looks like a 
Yagi with a large flat reflector at the end opposite 
the feed, and produces gains up to 6 db above that 
of an equal-length surface wave line source. 

The influence of a finite ground plane on the pat- 
tern of an endfire surface-wave antenna has been 
considered by Wait and Conda. The model they 
used was a conducting half-plane which itself could 
be located in the interface of an imperfectly con- 
ducting half-space [Wait and Conda, 1958]. The 
main effect of the truncation is to tilt the beam 
upward and to degrade the side lobe level. 

Another related problem, treated by Cullen [1960], 
is the excitation of a corrugated cylinder by an axial 
slot. He showed for certain combinations of cylinder 
dimensions and surface impedance that a very pure 
cos m@ pattern may be produced. This work has 
been extended by Wait and Conda [1960] who also 
treated elliptic cylinders with a nonuniform distribu- 
tion of surface impedance. 


2. Leaky Wave Antennas 


Earlier work by Marcuvitz [IRE Trans., 1959] and 
Barone [IRE Trans., 1959] has clarified the manner 
in which leaky waves, in spite of their nonspectral 
nature, enter in the description of the total field of a 
source above an interface. Barone and Hessel [1958] 
continue this work for the case of an electric line 
source over a dielectric slab. 

To calculate the parameters of leaky waves, 
Goldstone and Oliner [1959a; 1958] introduce a 
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perturbation procedure that is very much simpler 
than solving directly the complicated transcendental 
equations that arise in these problems. 

Attention has focused principally on four groups 
of leaky wave structures. The asymmetric trough 
waveguide was analyzed by Rotman and Oliner [1959], 
and applications were made by Rotman and Nau- 
mann [1958] that include positioning the beam in the 
broadside region by periodically reversing the deep 
and shallow side of the trough. Unlike conventional 
slot antennas, the periodically asymmetric trough 
guide can be scanned through broadside. 

The transverse wire grid antenna developed by 
Honey [1959] has excellent frequency scanning 
properties (no beam deterioration from 30° to 70° 
off endfire), and allows precise pattern control. It 
has been used as an X-band area source [Honey, 
1959], as a millimeter waveline source [Honey, 1960], 
as an area source curved on a cylindrical surface 
[Shimizu and Honey, 1960], and as a flat center-fed 
disk [Hill and Held, 1958]. 

Jones and Shimizu [1959] designed an area array 
of thick transverse slots which, in contrast to the wire 
grid, is vertically polarized. Hyneman [1959] gave 
a careful treatment of closely-spaced transverse slots 
in thin-walled rectangular waveguide. Earlier work 
on the “serrated” waveguide [Elliot, 1957; Kelly and 
Elliot, 1957] had treated the thick-walled case. 

The longslot in waveguide, which had received 
much attention in Cottony and others [1959], was 
examined by Nishida [1959a] for the case when it is 
covered by a thin dielectric sheet. 
analyzed the effect on leaky wave phase velocity 
and attenuation of coupling two parallel long slots 
in a plane [Nishida, 1959b] or on a cylinder [Nishida, 
1959¢]. 

As in the case of surface wave antennas, feeds can 
be designed for leaky waves that couple along the 
entire length of structure. The advantage in this 
instance is that the initial section of the leaky wave 
antenna would not have to carry as much power as it 
must when fed from one end. Barkson [1957], with 
this goal in mind though confining himself to a 
shielded case, analyzed the coupling of rectangular 
waveguides through a common broad wall with non- 
resonant transverse slots. MacPhie [1959] examined 
a radiating coupled structure, and by varying the 
coupling region achieved mechanical beam scanning. 


3. Assessment and Predictions 


Although the launching of surface waves, and their 
radiation from the terminal discontinuity, have each 
been separately analyzed in considerable detail, the 
combined and much more difficult problem of a 
source exciting an impedance structure of finite 
length has not yet been tackled. This ought to 
be done. 

Attempts will probably be made to place the 
optimum design of surface wave antennas on a firm 
theoretical basis. Now that rigorous results are 
available on tapered impedance surfaces, for example, 
there is hope that an explanation can be found for the 
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cut-and-dry rule that, for maximum gain, the taper 
should be short, for minimum sidelobes longer, and 
for wide bandwidth as long as the antenna itself. 

Antenna structures that combine broadside aper- 
ture and endfire line source features (such as the 
backfire antenna) will receive attention. An effort 
should be made to synthesize artificial or natural 
dielectrics with more broadband dispersion charac- 
teristics than those of present structures. 

Variable impedance surfaces will be- used in 
attempts to diversify the pattern potentialities of 
surface wave antennas. Structures that permit 
independent control of amplitude and phase along 
the aperture are especially needed if modulation 
techniques are to become a practical reality. 

The principal item of unfinished business in the 
theory of leaky wave antennas is the solution of a 
source problem over a complex impedance interface, 
on which the leaky wave—unlike in the case of the 
dielectric slab previously considered—is the dominant 
part of the total field. 

An interesting problem that could be examined is 
the synthesis of complex impedance interfaces whose 
dispersion is such as to result in some prescribed 
variation of scan angle with frequency. Alterna- 
tively, the dispersion could perhaps be controlled 
(ferroelectrically or mechanically) to allow programed 
scanning. Scanning through broadside with peri- 
odically asymmetric structures will no doubt be fully 
exploited. 
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1. Parametric Amplifiers 


P. K. Tien and H. Heffner 


1.1. General Theory and Historical Develop- 
ment 


The parametric amplifier was first introduced to 
the microwave field in 1957 by Suhl. In his first 
paper [Suhl, 1957a], he proposed an equivalent cir- 
cuit for a cavity type of parametric amplifier. It 
consists of two resonant circuits coupled to each other 
through a time-varying capacitor or inductor. The 
use of a ferromagnetic sample as a time-varying ele- 
ment was discussed. In his second paper [Suhl, 
1957b], he theorizes in great detail on three different 
possible operations of a ferromagnetic amplifier; 
namely 

(a) Electromagnetic, 

(b) semielectromagnetic, and 

(c) magnetostatic. 

Tien and Suhl [1958] then worked out the traveling 
wave version of the parametric amplifier. In their 
paper a propagating circuit loaded with time-varying 
reactor was studied. They found that, for optimum 
gain and bandwidth, the following conditions must 
be satisfied 


(a) w=a,+ 2, (b) B=61+f2 


(dw) __ (dw) 
©) (aay (as)? 


where w;, w2, and w are, respectively, the signal, idler, 
and pump frequencies, and 8,, 82, and @ are their 
phase velocities. In a later paper, Tien [1958] in- 
vestigated amplification and frequency conversion of 
propagating circuits including bandwidth, noise 
figure, and circuits of opposite group velocities. An 
alternative derivation of Tien’s gain expression was 
derived by Chang [1959a]. 

The basic principles of parametric interaction are 
the Manley and Rowe relations. They were dis- 
cussed in a paper [Manley, 1956] published in 1956, 
actually earlier than Suhl’s invention. It stated 
that power at different frequencies measured at the 
terminals of a nonlinear reactance must obey cer- 
tain relations which bear the names of the authors. 
Rowe [1958; Manley and Rowe, 1959] later published 
two papers discussing, respectively, the small signal 
theory and general properties of a nonlinear element. 
Pantell [1958] also studied the energy relations of a 
nonlinear resistive element. Some extensions of the 





Manley-Rowe relations have been made by Yeh 
[1960] and by P. A. Sturrock [1959], arid alternative 
derivations have been presented by Salzberg [1957] 
and Weiss [1957a]. 

An important calculation was carried out [Heffner 
and Wade, 1958] concerning noise of the parametric 
amplifiers. They found that noise generated in the 
idler circuit adds to the noise generated in the signal 
circuit. Under usual operating conditions, the noise 
figure of the parametric amplifier is 


14> 
We 


instead of 1 for a noiseless amplifier. Here w; is the 
signal frequency and w,, the idler frequency. The 
signal and the idler circuits are assumed at the same 
temperature. 

The parametric amplifiers so far described require 
a pump source at a frequency higher than that of 
the signal. A scheme was described by Bloom and 
Chang [1958] in which an effective pump of frequency 
2w is obtained by actually pumping at frequency », 
without providing any resonant circuit at 20. An- 
other low-frequency pumping scheme was proposed 
by Hogan et al. [1958] and also independently by 
Heffner. In the latter scheme, the parametric 
amplifier involves four frequencies, and is sort of a 
modulator internally coupled with a basic amplifying 
unit. Those schemes are very interesting but are 
rather limited in practical applications. 

A dispersionless parametric propagating circuit 
which carries an infinite number of mixed frequencies 
was analyzed by Roe and Boyd [1959]. They showed 
that when a sinusoidal signal is applied to the input 
end of such a circuit, the signal will contain more 
and more harmonics as it travels down the circuit 
and eventually becomes a chain of sharp pulses. 
Landauer [1960] also theorizes that such a dispersion- 
less nonlinear transmission line may produce electro- 
magnetic shock waves. 


1.2. Ferromagnetic Amplifier—Theory and 
Experiment 


A few months after Suhl’s invention, Weiss [1957b] 
experimentally demonstrated the electromagnetic 
operation of the ferromagnetic amplifier. In the 
next year, Poole and Tien [1958] reported a ferro- 
magnetic resonance frequency converter and ob- 
tained a fair agreement between the theory and the 
measurement. 
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Berk et al. [1958] reported a modified operation 
of ferromagnetic amplifiers. In their experiment, the 
ferromagnetic resonance is positioned at the idler 
frequency instead of the pump frequency as origin- 
ally proposed by Suhl. 

Ferromagnetic amplifier has not been very suc- 
cessful in the past because of excess loss at the ferro- 
magnetic resonance. Both Weiss and Berk have re- 
ported a pump power in the kilowatt range which is 
much too large for practical applications. The 
situation is, however, being improved lately as new 
techniques are developed in reducing the linewidth 
of yttrium iron garnet. A linewidth of less than 1 
oersted has been reported up to 59 kMe/s. 

Very recently, Denton [1960] has constructed a 
c.w. ferromagnetic amplifier which is operated in 
magnetostatic modes. The amplifier requires only 
500 mw of pump power. The pump frequency is 
9196 Mc/s and the pump field is in parallel with the 
d-c biasing field. The signal and idler frequencies 
are respectively 4626 and 4570 Me and are the 
resonance frequencies of the 310 and the 310 modes 
(Walker’s magnetostatic modes). The sample is a 
single crystal yttrium iron garnet sphere of 0.043 in. 
in diameter and has a linewidth of 0.40 oersteds. A 
gain of 25 db is measured and the noise figure is 
below 12 db. Some additional considerations of the 
limitations on ferromagnetic amplifier performance 
has been given by Damon and Eshbach [1960]. 


1.3. Diode Amplifiers and Noise Figure 
Measurements 


Early in 1956, Uhlir [1956] investigated the use 
of p-n junction devices for frequency conversion in 
communication systems. The first semiconductor 

arametric amplifier was, however, demonstrated by 
Hines [1957] after Suhl’s invention. In 1958, a 
traveling wave parametric diode amplifier was con- 
structed by Engelbrecht [1958]. Since then, the 
diode amplifier has attracted much attention in the 
field of low-noise devices. 

Most of the noise figure measurements were made 
on the cavity type of diode amplifier, and may be 
outlined briefly below: A noise figure of about 3 db 
(double side-band operation) was reported by 
Herrmann, Uenohara, and Uhlir [1958] using silicon 
and germanium diffused p-n junction diodes and also 
gold bond germanium diodes. They also reported 
a noise figure of 2.5 db for up-frequency conversion 
from 460 to 9375 Me/s. At the same time, Heffner 
and Kotzebue [1958] reported a noise figure of less 
than 4.8 db about 2 kMe/s using Western Electric 
427A diodes. Salzberg and Sard [1958] reported an 
excess noise temperature of 30°K for up-frequency 
conversion from 1 to 21 Mc/s using Hoffman 1N470 
silicon diodes. In 1959, Knechtli and Weglein [1959] 
reported an excess noise temperature of 50 °K 
(double side-band operation) at 3 kMce/s using gold 
bond germanium diodes refrigerated to liquid nitro- 
gen temperature (78 °K). Lately, a noise figure of 
0.6 db (or an excess noise temperature of 44 °K) 
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was reported by Uenohara and Bakanowski [1959 
at 6 kMe/s using germanium diffused mesa-type p-n 
junction diodes refrigerated to 87 °K. The best 
noise figure so far measured is 0.3 db or 21 °K excess 
noise temperature for double side-band operation. 
This was obtained by Uenohara and Sharpless [1959] 
at 6 kMce/s using Ga-As point contact diodes refrig- 
erated to 90 °K. Gallium arsenide diodes have 
many good features [Sharpless, 1959] including 
higher energy gap, larger electron mobility, and 
lower dielectric constant. 

Other work on diode parametric amplifiers at 
various frequencies and with various noise figures 
have been reported by Brand et al. [1959], by Chang 
[1959], by Hsu [1959], by De Loach and Sharpless 
[1959a], by Lombardo [1959], by Lombardo and Sard 
[1959], and Kibler [1960]. The highest frequency 
amplifier reported up to now also used a Ga-As 
diode operated in a degenerate mode at a signal 
frequency of 11.55 kMe/s with a gain of 10 db, a 
bandwidth of 53 Mc/s and a measured double channel 
noise figure of 3.2 db. This was reported by De 
Loach and Sharpless [1959b]. 

The major noise in diode comes from the spreading 
resistance. With a spreading resistance, R,, and an 
average shunt capacitance across the diode, (, the 
figure of merit of the diode as a parametric amplifier 
element is 


1 
Qa ite OR % 


Here w, is the signal frequency. Uenohara in a 
recent paper [1960] has shown experimentally and 
theoretically that larger gains and lower noise 
figures are obtained with diodes of larger Q,’s. From 
the definition of Q, we may easily see that, for a 
particular diode, the noise figure of the amplifier 
increases linearly with the frequency. It may, 
therefore, take years of research in material and 
fabrication technique before diode amplifiers may 
be used in millimeter wave regions as low-noise 
devices. 

Several papers have investigated certain interest- 
ing relaxation oscillations which occur in diode 
amplifiers at very high pump powers. These os- 
cillations make possible their operation as self- 
quenched superregenerative amplifiers. These prop- 
erties have been discussed in papers by Bossard 
[1959], by Younger et al. [1959a; b], and by Endler 
et al. [1959]. There has also been an investigation 
of the saturation characteristics of cavity-type 
diode amplifiers with possible applications for phase 
distortionless limiting by Olson et al. [1959]. 

In addition to this work on various ways of using 
diodes in amplifiers, there has also been considerable 
effort devoted to investigating the properties of diodes 
as parametric elements and the design and charac- 
teristics which optimize the performance of these 
diodes [Giacoletto and O’Connell, 1956; Mortenson, 
1959; Jorsboe, 1959; Spector, 1959; Firle and Hayes, 
1959; Bakanowski, 1959]. Along with this work 
should be mentioned the development of two new 
types of variable capacitance diodes. One of these 





employs a p-n-p configuration which gives a sym- 
metrical capacity voltage characteristic and hence 
can produce capacity changes at a frequency twice 
that of the pump. This was developed by Gibbons 
and Pearson [1960]. The second type involves a thin 
nonconducting layer of oxide sandwiched between a 
metal on one side and a thin layer of lightly doped 
semiconductor on the other side. These devices 
can give extremely large changes of capacity with 
bias though they are somewhat more lossy than the 
normal junction diodes. The invention seems to 
have been made independently by Moll [1959] 
and by Pfann and Garrett [1959]. 

Among other investigations involving diode para- 
metric amplifiers might be mentioned a significant 
improvement in the bandwidth of the cavity-type 
amplifier which was obtained by use of a filter 
structure as a signal and idle frequency circuit in- 
stead of single-tuned resonant cavities. This tech- 
nique is described by Seidel and Herrmann [1959]. 
With this technique the authors have constructed 
a diode amplifier at UHF with a 40 percent band- 
width. Another interesting application involves 
using the parametric principle for a limiter. This 
is described by Siegman [1959]. If the parametric 
element is ideal, the limiting is phase distortionless. 
Experimental results on a a of this type are 
presented by Wolf and Pippin [1960]. 


1.4. Electron Beam Parametric Amplifier— 
Space-Charge Wave Parametric Ampli- 
fier and Adler's Tube 


The first electron-beam parametric amplifier was 


demonstrated by Bridges [1958]. The beam is 
premodulated by a pump and then exposed to signal 
field of a double gap cavity specially designed to 
reduce noise. Later, Louisell and Quate [1958] 
suggested the use of space-charge waves in an elec- 
tron beam as a variable reactance element. Such 
tubes have been constructed bv Ashkin [1958] and 
show large amplification both at the lower and upper 
sidebands. Since the phase velocities of space- 
charge waves vary slowly with frequency, many 
sidebands are generated in the electron beam. As 
each sideband may be considered as separate idler 
circuit and all the idlers introduce additional noise, 
those tubes are relatively noisy. The problem has 
also been studied by many others [Cook and Louisell, 
1958; Louisell, 1959; Haus, 1958; Wade and Adler, 
1959; Wade and Heffner, 1958]. 

A much better noise figure is obtained from a tube 
which utilizes cyclotron motion of electrons. This 
type of tube was first proposed by Adler et al. 
[1958, 1959] and has been extensively studied by 
many others [Johnson, 1959; Siegman, 1959]. 

The Adler tube consists of three sections. The 
first section is a fast wave coupler which has been 
studied by Cuccia [1949], Ashkin, Louisell, and Quate 
[1960], and Gould [1959]. In the coupler, a signal 
fast cyclotron wave is excited and noise of the same 
wave in the electron beam is stripped. The electron 
beam then enters the next section know as the pump 
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cavity in which a quadrupolar electric field is ex- 
cited by a local oscillator of the pump frequency. 
As the signal is amplified after the electron beam 
passes through the pump cavity, it finally reaches 
another coupler (the third section of the tube) 
where the electromagnetic power of the amplified 
signal is extracted. 

A noise figure of 1.4 db has been obtained by Adler 
et al. [1959] in the 400 and 800 Mc/s region. A 
microwave version of the Adler tube was constructed 
by Bridges and Ashkin [1960], and a noise figure of 
2.5 db was measured at 4 kMe/s. 
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2. Microwave Properties of Ferrites 


P. K. Tien and B. Lax 


2.1. Finite Waveguide Components, Fre- 
quency Doubler and Mixer, and Ferro- 
magnetic Amplifiers 


Ferrite waveguide components have attracted 
much attention in the past. They may be classified 
in four groups: 

a. Devices using Faraday relation phenomenon, 

b. the nonreciprocal phase shifter in rectangular 

waveguide, 

c. the resonance isolator, 

d. the field-displacement isolator. 


Major advancements in those devices were made 
between 1952-1956 and have been reviewed by many 
authors (Hogan, 1953; Rowan, 1953; Kales, 1954; 
Lax, 1954; Fox et al., 1955; Hogan, 1956; Lax, 1956; 
Clarricoats et al., 1956; Lax, 1958]. 

One of the important developments in nonrecipro- 
cal devices after 1956 is the coaxial line resonance 
isolator reported by Duncan et al. [1957]. They 
obtained more than 10.5-db isolation over 2-4 kMc/s 
with a forward loss of less than 0.8 db. In addition 
to broad banding, the coaxial configuration permits 
the construction of very compact devices. Usually 
ferrite effects in TEM propagating waves are recipro- 
cal. Here a section of coaxial line is partially filled 
with dielectric. An almost true sense of circular 
polarization is created at the air-dielectric interface 
where two transversely magnetized ferrite rods 
provide nonreciprocal resonant elements. Obviously 
this new device offers many possibilities. A coaxial 
line nonreciprocal phase shifter is discussed by 
Sucher and Carlin [1957] and also by Button [1958]. 
Nonreciprocity in dielectric loaded strip line is 
investigated by Fleri and Hanley [1959]. 

There have been further investigations of phase 
shifters and isolators by various investigators [Boyet 
et al., 1959; Kravitz and Heller, 1959; Clavin, 1958; 
Seidel, 1957]. 

Another important development is the Y circulator 
reported by Chait and Curry [1959]. Such circula- 
tors are simple in construction and require little d-c 
magnetic field. They obtained 0.75-db insertion 
loss and more than 18-db isolation between 9200— 
9500 Me/s. The circulator has been operated at 50 
kMc/s peak power without breakdown. Y circula- 
tors in the millimeter wave range have been con- 
structed by Thaxter and Heller [1960]. The 70- 
kMe/s circulator has an insertion loss about 1 db 
with a maximum isolation more than 40 db. The 
140 kMe/s circulator has the insertion loss less than 
4 db with isolation about 20 db. The applied 
magnetic field in both cases is about 20 gauss. 

There has been an application to strip line by 
Davis et al. [1960]. There have also been a series of 
investigations on the nature of the various modes in 





755 


a ferrite filled or partially filled waveguide [Angelakas 
1959; Button, 1958; to Taichen, 1960]. A: particu- 
larly interesting set of problems have arisen in 
connection with anomalous modes of propagation 
which apparently can exist in ferrite filled wave- 
guides of arbitrarily small cross section (Seidel, 1957, 
1956; Seidel and Fletcher, 1959; Fletcher and Seidel, 
1959]. 

Beside waveguide components, the nonlinear 
property of the ferrites has been used for frequency 
doubling and mixing. The phenomenon can easily 
be analyzed from the equation of motion of the 
magnetization vector and has been investigated by 
Pippin [1956] and Stern and Persham [1957]. For 
the frequency doubler, the conversion efficiency is 
about —30 db at relatively low power levels. With 
a 30-kMce/s peak power at 9 kMc/s, Melcher, Ayres, 
and Vartanian [1957] were able to obtain 8-kw out- 
put at 18 kMe/s with an impressive conversion- 
efficiency of —6 db. A millimeter wave frequency 
doubler is reported by Ayres [1959]. He obtained 
more than 10-w output peak power at 2 mm. 

Some work on generation of the third harmonic 
has also been reported [Skomal and Medins, 1959]. 

The ferromagnetic amplifiers are discussed under 
the topic ‘Parametric Amplifiers” and will not be 
repeated here. 


2.2. Linewidth of Single Crystal Yttrium- 
Iron Garnet-Surface Imperfections and 
Rare Earth Impurities 


The loss of a magnetized ferrite sample is meas- 
ured by the linewidth at the resonance. It is there- 
fore essential to have ferrites of narrow linewidths 
in order to reduce loss in devices. The linewidths 
of usual spinel ferrites are more than 25 oersted. 
The search for matenals of better linewidths had 
not been successful until the discovery of a new 
class of magnetic oxides of cubic symmetry-yttrium- 
iron and rare earth iron garnets. 

Yttrium-iron and rare earth iron garnets were 
discovered by Bertant and Forrat [1956] [Bertant 
and Pauthenet, 1956], and also independently though 
somewhat later by Geller and Gilleo [1957]. As 
first reported by Dillion [1957], this material has the 
following general properties: 

(a) Saturation magnetization 41r//,~1700 gauss 

(b) resistivity in the order of 10° ohm-cm, 

(ec) anisotropy at room temperature ~90 oersteds, 

(d) linewidths at room temperature less than 10 
oersteds, and 

(e) spectroscopic splitting factor—2.005 +0.002 
at the room temperature. 

Data reported by Dillion were taken at two fre- 
quencies, 9300 and 2400 Me/s, and at various tem- 
peratures from 2.85 to about 540 °K. He found 





that the linewidth increases as temperature decreases 
from the room temperature and reaches to a peak 
between 20 and 65 °K. The linewidth then de- 
creases to about 5 oersteds at 2.85 °K. The behav- 
ior of the magnetocrystalline anisotropy is also 
very complex at low temperature. A more detailed 
report was given in one of his later papers [Dillion, 
1958]. 

A major advance in linewidth of yttrium-iron 
garnet was achieved by LeCraw, Spencer, and 
Porter [1958a, b]. They polished the surfaces of 
single crystal garnet spheres, using polishing papers 
of different mean grit sizes. They found that the 
linewidth in spherical samples decreases by over a 
factor of 20, as the samples are polished by succes- 
sively finer grit sizes. They finally obtained a line- 
width of about 4 oersted using a mean grit size in the 
order of 1 yw. The measurement was made at 
9300 Me/s. 

The question now is, ‘What is the intrinsic line- 
width of the garnet?” There were at that time 
several papers discussing the sources of the line- 
width. The linewidth was calculated by studying 
the rate at which the uniform procession is dissi- 
pated into disturbances of shorter wavelengths by 
scattering due to various mechanisms. For exam- 
ple, the scattering perturbation has been taken to 
be magnetic ion randomness of interatomic wave- 
lengths by Clogston et al. [1956], to be inhomoge- 
neities of M or H of long wavelengths by Geschwind 
et al. [1957], and to be microcrystal effects in poly- 
crystalline materials by Schlomann [1958]. Those 
theories appear to explain satisfactorily the order 
of magnitude of linewidth more than 25 oersteds 
found in spinel ferrites, but obviously not the kind 
of linewidth obtained in polished garnet spheres. 

In 1959, Dillion and Nielson [1960] discovered 
that the peak of the linewidth and the anomalous 
anisotropy reported previously by Dillion at low 
temperature, are the effects of the rare earth impur- 
ities contained in the crystal. He found that the 
linewidth peak at about 90 °K becomes much more 
prominent with the crystals doped with terbium. 
Spencer, LeCraw, and Clogston [1960] also found 
that with a specially purified crystal (the rare earth 
impurities less than 0.1 ppm), the maximem line- 
width is reduced from 6 oersteds (normal crystal) 
to slightly over 0.1 oersted (purified crystal), a fac- 
tor of 50:1. Kittel [1960] has forwarded a poss'ble 
mechanism for such anomalous effects. 

Other contributions to the theory of ferromay- 
netic resonance in garnets and to the relaxation 
mechanism have been made by Spencer and LeCraw 
[1960], and by Kittel and various co-workers [Sparks 
and Kittel, 1960; Kittel, 1959; de Gennes et al., 1959]. 

Recently, Turner reported linewidth measure- 
ments in a range from 9 kMc/s up to 59 kMe/s. 
The linewidth varies almost Jinearly with frequency, 
from about 0.3 oersted at 9 kMe/s to slightly less 
than 1 oersted at 59 kMe/s. The linewidth there- 


- fore varies little with frequency; the future applica- 
tions of ferrite in millimeter wave region seem to be 
unlimited. 
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2.3. Instabilities and Magnetostatic Modes 


It was first reported by Bloembergen and Wang 
[1954] that the linewidth of a ferrite sample broad- 
ens at high microwave signal levels and in some 
cases subsidiary absorption peaks are observed. 
Such instabilities were later analyzed by Suhl [1956a, 
b, 1957] and his theory agrees quite well with the 
experiments. : 

Suhl found two types of instability: 

(a) Spin waves directed in parallel with the mag- 
netizing field, 

(b) Spin waves not directed in parallel with the 
magnetizing field. In this case, subsidiary absorp- 
tion peak appears at a magnetizing field lower than 
that required for the resonance. 


In both cases, the spin waves are coupled to the uni- 
form procession and instabilities are produced by the 
second order small quantities in the equation of the 
motion of magnetization. In the latter case, how- 
ever, when the subsidiary absorption peak coincides 
with the main resonance line, the instability involves 
first order small quantities and the critical field for 
the onset of the instability is very low. 

According to Suhl’s theory, the critical field at 
which the instability starts, depends on the line 
width associated with the spin waves. Attempts 
have been made by LeCraw, Spencer, and Porter 
[1958a, b; LeCraw and Spencer, 1959] to determine 
the intrinsic line width by measuring the critical 
field. They indeed found that the line width thus 
determined is independent of the surface conditions 
of the sample, and is of a magnitude comparable to 
the spin-lattice relaxation time measured by Farrar 
by a different method [Farrar, 1959]. 

Instability at a power level much higher than 
Suhl’s threshold has recently been studied by 
Seiden and Shaw [1960]. 

At the bottom of the spin-wave spectrum, the 
wavelength becomes so long that the effect of ex- 
change force may be neglected. The electromagnetic 
fields satisfying proper boundary conditions are then 
the magnetostatic modes. 

There have been some experimental studies of 
these modes made back in 1956 by White, Solt, and 
Mercereau and also by Dillion. An excellent theory 
was given by Walker [1957, 1958]. Coupling of the 
magnetostatic modes have been studied by Fletcher 
and Solt [1959]. 

Additional studies on behavior of spin waves have 
been published by Buffler [1959], Solt, White, and 
Mercereau [1958]. Van Uitert et al. [1959] have 
proposed a method for varying the composition of a 
ferromagnetic material so as to increase the spin 
wave linewidth. 
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3. Progress in Solid-State Masers 






A. Siegman 


During the past three years an important accomplishment in masers has been the devel- 
opment of the solid-state maser and most of the recent work has been concerned with this 


device. 


Although most of this review will be devoted to this work on the solid-state maser, we 


may mention some research concerned with ammonia beam masers [Barnes, 1959; Helmer, 


1957; Wells, 1958]. 


There has also been some work on the so-called atomic clock. 


This 


is not really a maser device since it only involves absorption on a resonance line and not 


emission. 


However, it is a competitor of the ammonia maser as a time-keeper, and there 


have been a number of papers on such atomic clocks [Arditi, 1958; Bell, 1959; Mainberger 


and Orenberg, 1958; McCoubry, 1958]. 


Most of the recent work in masers is a consequence of Bloembergen’s original proposal for 


a three-level solid-state maser [Bloembergen, 1956]. 


The same three-level pumping scheme 


had also been independently proposed earlier by the Russians in connection with gas masers 
but the proposal had not been exploited. Bloembergen’s proposal was very rapidly verifie 
in every essential through the experimental work of Scovil et al. [Scovil, Feher. and Seidel, 


1957]. 
described below. 


3.1. Cavity-type Solid-state Masers: 


Experimental Results 


Three-level solid-state masers have now been 
operated in many laboratories mostly at helium 
temperatures at frequencies ranging from 350 to 
35,000 Mc/s. Shortly after the initial maser opera- 
tion mentioned above, definitive measurements on 
an S-band maser using potassium chromocyanide 
as the maser crystal were made by a group at Lincoln 
Laboratories [McWhorter and Meyer, 1958]. The 
maser material ruby, i.e., sapphire (Al,O;) containing 
a small amount of chromium, was soon introduced 
by the University of Michigan and has become prob- 
ably the most widely used maser material. (Mak. 
hov, Kikuchi, Lambe, and Terhune, 1958]. A num- 
ber of groups have developed masers in the UHF 
region and in L-band, the latter frequency band 
containing the important hydrogen emission line at 
1420 Mc/s [Arams and Okwit, 1959; Artman, Bloem- 
bergen, and Shapiro, 1958; Autler and McAvoy, 
1958; Kingston, 1958, 1959; Wessel, 1959]. An 
S-band maser (approximately 3000 Me/s) with a 
large gain bandwidth has been reported by Stanford 
University and many tunable high-performance 
masers have been reported at X-band (about 10,000 
Me/s) [Chang, Cromack, and Siegman, 1959; Arams, 
1959; Gionino and Dominick, 1960; King and Ter- 
hune, 1959; Morris, Kyhl, and Strandberg, 1959; 
Strandberg, Davis, Faughnan, and Kyhl, 1958]. A 
group at RCA has used titania (rutile) as a high- 
frequency maser material [Gerritsen and Lewis, 
1960]. Three-level maser operation at liquid nitro- 
gen temperature (with a considerable sacrifice in 
performance over helium temperature) has been 
achieved in England and at the Hughes Aircraft 
Co. [Ditchfield and Forrester, 1958; Maiman, 1960]. 
The principle of harmonic pumping offers consider- 
able future promise for masers amplifying at higher 
than the pumped frequency. The principle has 
been successfully demonstrated by Arams [1960]. 
An ingenious and very useful practical development 
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The rapid development which ensued can be judged from the work which will be 


has been the use of superconducting solenoids im- 
mersed in a helium bath to supply the masers’ d-c 
magnetic field [Autler, 1959]. Fields up to 5,000 
gauss were obtained with a flashlight battery as 
power supply or even with no power supply by 
setting up a persistent current in the solenoid. 
Other useful practical developments included tech- 
niques for orienting ruby boules and making silver- 
plated ruby maser cavities [Mattuck and Strandberg, 
1959; Gross, 1959]. 


3.2. Applications of Solid-State Masers 


Several important applications of the solid-state 
maser to radio astronomy and radar astronomy have 
already been made. The first use of a maser was by 
Lincoln Laboratories in contacting the planet Venus 
by radar at a frequency of 440 Me/s [Price, 1959]. 
A group from Columbia and the Naval Research 
Laboratory have used a maser as a preamplifier for 
an X-band radiometer, obtaining a_ substantial 
increase in sensitivity. Thermal emission from 
Venus and Jupiter was detected, as well as radio 
emissions from several radio stars [Alsop, Giord- 
maine, Mayer, and Townes, 1958; Giordmaine, 
Alsop, Mayer, and Townes, 1959; Alsop, Giordmaine, 
Mayer, and Townes, 1959]. A maser has also been 
tested as the first-stage receiver for an X-band radar 
system, with again a substantial increase in per- 
formance. However, special measures were re- 
quired to obtain satisfactory duplexing in the system 
[Forward, Goodwin, and Kiefer, 1959; Goodwin, 
1960]. 


3.3. Solid-State Masers: Theory and 
Analysis 


Numerous papers devoted to aspects of maser 
theory and analysis have appeared since Bloem- 
bergen’s paper cited earlier. Detailed quantum- 
mechanical analyses of the solid-state maser have 
been carried out by several workers [Anderson, 1957; 
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Clogston, 1958; Javan, 1957]. Analyses of the 
solid-state maser at somewhat less rarefied levels can 
be found in several review papers and also in the 
following [Bergman, 1959; Burkhart, 1958; Schulz- 
DuBois, Scovil, and DeGrasse, 1959; Scovil, 1958; 
Siegman, 1957; Stitch, 1958]. More specialized 
problems such as the reaction field, maser efficiency, 
phonon effects, double-quantum transitions, and 
others have also been considered [Bloembergen, 
1958; Feynman, Vernon, and Hellwarth, 1957; 
Heffner, 1957; Javan, 1958; King, Birko, and 
Makhov, 1959; Mims and McGee, 1959; Scovil and 
Schulz-DuBois, 1959; Yatsiv, 1959]. The circulator 
is a vital component in the reflection-type cavity 
maser, and one paper discussing this topic has 
appeared. In addition, proposals have been made 
for a circulatorless amplifier using two balanced 
maser cavities and a magic tee, and for nonreciprocal 
cavity masers without circulators using the non- 
reciprocal nature of the maser interaction process 
itself [Arams and Krayer, 1958; Autler, 1958; 
Strandberg and Kyhl]. Proposals have also been 
made for radiofrequency masers using nuclear spin 
levels, although the numerical calculations are not 
encouraging, particularly at lower frequencies [Braun- 
stein, 1957; Donovan and Vuylsteke, 1960]. 


3.4. Maser Materials 


Ruby is probably the most widely used maser 
material at present. The properties of ruby as a 
maser material have been summarized by the Uni- 
versity of Michigan group [Kikuchi, Lambe, Mak- 
hov, and Terhune, 1959]. Extensive tabulations of 
the energy levels and transition probability matrix 
elements for ruby and potassium chromicyanide 
have been given in reports from Stanford University 
[Chang and Siegman, 1958, 1959] and from the 
Royal Radar Establishment in England. Garstens 
[1959] has also given a method for finding an oper- 
ating point, given the desired pump and signal 
frequencies. 


3.5. Pulsed and Two-Level Masers 


There exists a variety of methods for obtaining 
population inversion in a material having only two 
energy levels, although nearly all of these methods 

ermit only intermittent or pulsed amplification. 

he two-level maser may nonetheless have certain 
advantages over the three-level maser, and work on 
the former has been carried out in several places. 
The various possible two-level schemes, including 
one as yet untried scheme for a CW two-level maser, 
are summarized by Bolef and Chester [1958]. 
Experimental work carried on via two-level masers 
has included the measurement of relaxation times and 
the study of paramagnetic levels in irradiated 
crystals of various sorts [Burkhardt, 1959; Chester 
and Bolef, 1957; Chester, Wagner, and Castle, 1958; 
Feher, Gordon, Buehler, Gere, and Thurmond, 1958; 
Hoskins, 1959; Wagner, Castle, and Chester, 1959]. 





The above work all uses adiabatic fast passage to 
obtain the population inversion. An MIT group 
has successfully used the rather more difficult 180° 
pulse technique (Collins, Kyhl, and Standberg, 1959]. 
A staircase scheme involving two successive adia- 
batic-fast-passage inversions has been suggested as a 
means for generating higher frequencies [Siegman 
and Morris, 1959]. Two other groups have gen- 
erated high microwave frequencies by a ‘brute 
force’ approach; that is, by inverting a spin popula- 
tion at a relatively low frequency and then rapidly 
—s the magnetic field to a high value to obtain a 
igh output frequency [Foner, 1959; Foner, Momo, 
and Mayer, 1959; Momo, Mayer, and Foner, 1960; 
Hoskins, 1959]. Momo et al., in particular, have 
obtained output at frequencies up to 70 kMe/s by 
pulsing the magnetic field up to 30 kilogauss. 
Immediately after the spin population in a maser 
cavity is inverted, intermittent or relaxation-type 
oscillations are often obtained instead of a continuous 
oscillation. The explanation of these effects in 
terms of the dynamics of the spin system and the 
cavity fields has occupied several workers [Kemp, 
1959; Senitzky, 1958; Theissing, Dieter, Caplan, 
1958; Yariv, Singer, and Kemp, 1959]. Finally, the 
topics of electron free precession and spin echoes from 
electron spins are at least distantly related to masers, 
and some work on these topics has been reported 
[Gordon and Bowers, 1958; Kaplan and Browne, 
1959; Norton, 1957]. 


3.6. Traveling Wave Masers 


In the traveling wave type of maser, the active 
maser material is distributed along a low-group- 
velocity slow-wave circuit, rather than being con- 
centrated in a resonant cavity. As a result, the 
traveling wave maser achieves broader bandwidth, 
easier frequency tuning, much better gain stability, 
and built-in nonreciprocity. Although the traveling 
wave maser would appear to hold much more 
promise than the cavity type, only a few groups have 
so far constructed traveling wave masers. At the 
Bell Telephone Laboratories, the comb slow-wave 
structure has been used with good results in a travel- 
ing wave maser at 6000 Mc/s [DeGrasse, 1958; 
DeGrasse, Schulz-DuBois, and Scovil, 19459]. 
Another slow-wave structure, the so-called meander 
line, has been developed at Stanford University and 
used in an S-band traveling wave maser [Chang, 
Cromack, and Siegman, 1959]. A MELabs group 
has also worked at 3000 Mce/s, exploring various 
modifications of the comb circuit [Tenney, Roberts, 
and Vartanian, 1959]. Various general discussions 
of the traveling wave maser have also been pub- 
lished [Siegman, Butcher, Cromack, and Chang, 
1958]. 


3.7. Noise in Masers 
So far as noise in masers is concerned, one can say 


in general that the inherent noise in a maser amplifier 
is extremely small, corresponding to a noise tem- 
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perature of ~1 ° K for typical microwave masers at 
helium temperature. The fundamental source of 
noise in masers is spontaneous emission from spins 
in the upper amplifying level. However, one can 
show by heuristic arguments that the noise genera- 
tion in a maser material is given by ordinary thermal 
noise formulas, providing that one is willing to 
tolerate the idea of a negative resistance with a 
negative temperature (the spin temperature). This 
viewpoint has been used by many workers to analyze 
maser noise [Ewen, 1959; Gordon and White, 1958; 
Pound, 1957; Strandberg, 1957a, b; Weber, 1957]. 
The results of these analyses are in agreement with 
more rigorous analyses which have been carried out. 
{[Muller, 1957; Shimoda, Takahasi, and Townes, 
1957]. 

Because of the small noise output of masers, 
accurate noise measurements are quite difficult. 
Moreover, the inherent maser noise is generally 
masked by extraneous noise sources. Small losses 
in the input cables and connections of the maser are 
a particularly troublesome noise source and generally 
determine the overall system noise figure in practical 
maser amplifiers. Nonetheless, all the noise meas- 
urements which have been made are in excellent 
agreement with theory and give strong support to 
the noise analyses listed above. Measurements have 
been made on ammonia beam maser amplifiers by 
several groups [Alsop, Giordmaine, Townes, and 
Wang, 1957; Gordon and White, 1957; Helmer, 1957; 
Helmer and Muller, 1958]. The first and still one 
of the definitive noise measurements on a cavity-type 
solid-state maser was made by the Lincoln group, 
who achieved a system noise figure of 20 ° K in good 
agreement with theory [McWhorter, Meyer, and 
Strum, 1957; McWhorter and Arams, 1958]. More 
recent measurements at the Bell Telephone Labora- 
tories on a traveling wave maser have shown that 
the noise in a carefully engineered maser system can 
be reduced to as low as ~10 ° K for the maser and 
associated circuitry, and to as low as ~18 ° K in- 
cluding noise contributions from the antenna and 
the sky noise. In addition, the accuracy of the 
measurement was such as to permit careful verifica- 
tion of the maser’s intrinsic noise (~2 ° K in this 
case) by subtracting out the known extraneous noise 
sources [DeGrasse and Scovil, 1960; DeGrasse, Hogg, 
Ohn, and Scovil, 1959]. 

The maser is certainly the lowest noise amplifier 
obtainable in practice. Is it also the lowest noise 
amplifier that one can conceive in principle, and is 
there any fundamental limitation on amplifier noise 
figure? These two questions have been recently 
considered in two very stimulating papers apparently 
developed simultaneously and independently [Fried- 
burg, 1960; Serber and Townes, 1960]. The gist of 
the papers is that the uncertainty principle of quan- 
tum theory sets a lower limit on the noise figure of 
an amplifier, with an ideal maser just attaining this 
theoretical limit. The lower limit corresponds to 
an uncertainty of one quantum per resolution time. 
Certain devices such as the quantum counter men- 
tioned in the next section appear to be completely 
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noiseless since they can detect incident photons 
with no inherent noise or error. However, the 
uncertainty principle then requires that they lose 
all ability to measure the phase of an incident signal. 
These latter devices might better be called counters 
or detectors than true amplifiers. 


3.8. Infrared and Optical Masers 


With the microwave-frequency solid-state maser 
now fairly well under control, considerable attention 
is turning to possibilities for application of the 
maser wg le at optical and infrared frequencies. 
There have been a number of proposals for optical 
or optically pumped masers, but as yet no successful 
experiments. Schwalow and Townes have sum- 
marized the problems involved [Schwalow and 
Townes, 1958]. Several proposals involve the 
use of energy levels in gases, with excitation at optical 
frequencies, and amplification or oscillaticn at 
optical, infrared, or microwave frequencies [Berg- 
mann, 1960; Hawkins and Dicke, 1953; Singer, 
1959]. Two authors have pointed out that it may 
also be possible to excite or pump a gaseous optical 
maser by electron impact [Javan, 1959; Sanders, 
1959]. Another technique, proposed in Russia, 
would use impact ionization to excite holes or 
electrons to higher levels in impurity-doped semi- 
conductors. The possibilities of optical pumping 
in crystals have been discussed, and an interaction 
between optical and microwave radiation in ruby 
has been observed successfully (although no maser 
operation was obtained) first by Wieder and then by 
a Bell Laboratories group [Theissing, Caplan, 
Dieter, and Rabbiner, 1959; Wieder, 1959; Gesch- 
wind, Collins, and Schwalow, 1959]. As a pump 
source for his optical experiments in ruby, Wieder 
developed a very interesting narrowband _high- 
power (~100 milliwatts) light source using the 
fluorescence of the 2; and FR, optical lines in a second 
piece of ruby [Wieder, 1959]. An alternative type 
of maser-like device for infrared frequencies called 
the quantum counter has been proposed by Bloem- 
bergen and also by Robinson [Bloembergen, 1959a, 
b, Robinson, 1960]. The quantum counter operates 
in a fashion similar to the Geiger counter or other 
particle detectors. As mentioned in the previous 
section, the quantum counter has the advantage in 
comparison with the maser of having no inherent 
noise even at high frequencies if operated at a very 
low temperature. 
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4. Low-Noise Beam-Type Microwave Tubes 
a 
| 
‘ L. Smullin 
ic 
4 At the time of the last URSI meeting in Boulder, Colo. (September 1957), theory and 
experiment on low-noise, beam-type microwave amplifier had reached the following stage: 
Traveling wave tubes with noise figures for 4-5 db had been produced in the 3,000 mega- 
6 cycles per second region. The noise in an electron beam was described theoretically in 
terms of two basic parameters S and x/S. These parameters had been shown to be invariant 
: under ordinary beam accelerations so long as the average beam velocity was large compared 
with thermal fluctuations. Thus, it was possible to predict the optimum attainable noise 
7 performance of a tube if the quantities S and x/S were specified at some point beyond the 
t. virtual cathod. Experimental studies had demonstrated the invariance of S and 2z/S in 
. some 3-region guns. 
” hus the outstanding theoretical problems were the determination of the ultimate 
values of S and z/S and thus of noise figure, and the determination of the factors that 
- governed these two parameters. 
8 A summary of the state of the art to about 1958 is presented in L. D. Smullin and H. A. 
, Haus, ‘‘Noise in Electron Devices,’ John Wiley & Sons, MIT., Technology Press, 1958. 
yn 
or 
33 4.1. Progress During the Past 3 Years alous experiments [Rigrod and Pierce, 1959; Rigrod, 
y. 1959]. ; 5 
m a. Design of Solid-Beam, Low-Noise Guns A detailed analysis of the various parameters for 
we best noise performance of a beam type backward 
Further progress was made in the design of low- vil oe = neta — li a 
S- noise guns previously described by R. W. Peter. Cur eral Fo cag 1958). PS Pare eee 
si The analysis of noise transformation within a multi- | ! The ras ng eae ¥ Ta ae lif 
", anode gun was analyzed in terms of a tapered trans- (noi ves fg ves y ; seca a pony re _— 
60 mission line [Echenbaum and Peter, 1959]. The peg One ndbuntapapor ines ies taza Encore —- 
; deleterious effect on noise of very rapid accelerations | (ls. P ti tivecresistance amplifiers ar ry 
v4 has been pointed out. This arises from the strong Sad tiie a Eas 200 si oar pees ae oe 
, transverse focusing action accompanying such ac- | S¢tibed [Haus an er, 1958a, 1958b, 1959]. 
on celerations in gridless gaps [Knechtli, 1958]. Hollow Beam Low-Noi 
le, The manufacturing experience with an S-band c. Hollow Beam Low-Noise Guns 
37 low-noise amplifier, employing a 3 region, solid-beam An interesting new development in low-noise 
- gun has been summarized in a recent article. Of | performance is a gun that appears to behave in a 
53 tubes, 4 had noise figures below 5 db, the mean | different way from the solid beam low-noise gun, 
9). value was about 5.5 db. Life test data and per- | and S- and C-band noise figures of 3.5 db have 
ht formance curves are given [Kinaman and Magid, been achieved [Currie, 1958; Coulton and St. John, 
1958]. 1958]. 
ice . ° 
In an attempt to get even better control over the , — ee ve _ — ey — yeaeeees 
“ acceleration of the beam, a gun was built with many | 20,;0W Seams with a system oF anodes near the 
30, ee eek weit ellos oe bate ld b cathode that had potentials such as to give a strong 
mi es t “al penton ame 4 “2 Pn : . ae © | radial field and an extended region in which the 
" separately adjusted. noise figure of 6.5 db was | axial field was small, and the space potential also 
obtained at X-band; and subsequently, S-band | was low. The noise reducing mechanism in these 
noise figures of 3.5 db were obtained. There is some | guns is still not fully understood, but it may be 
evidence that this gun may be operating in the mode | related to the mechanism described by Siegman et al. 
of the hollow beam, magnetron injection gun (see | (sec. IV). Because of the method of beam forma- 
sec. IIT) [Shaw, Siegman, and Watkins, 1959]. tion, they have been called “magnetron injection” 
guns. Best performance is achieved with a strong 
b. Theory of Noise on Beams and Low-Noise magnetic focusing field at the cathode. A field of 
Amplification about 1,100 gauss was used. __ 
: : : se ee Low noise tubes incorporating such guns have 
Theoretical studies have included an examination | been described recently. One of these was a C- 
of the higher order azimuthal modes in Brillouin | band traveling-wave amplifier that had a noise 
focused beams, the couplin between such modes and | figure below 4 db. The other was an X-band back- 
an external circuit, and the intercoupling between | ward wave amplifier whose noise figure was about 
the modes in a finite beam were computed. The | 4.5 db (Hammer, Laico, Holvorsen, and Olsen, 1959; 
derived theory helps to explain some hitherto anom- | Nevins, 1959]. 


763 











d. Theory of Noise in Multivelocity Electron Beams 


The work of H. A. Haus, F. N. Robinson, and 
others had predicted the invariance of two basic 
noise parameters S and z in an electron beam, so 
long as accelerations were slow and the drift velocity 
was large compared to thermal fluctuations. Thus 
it is possible to predict the best noise figure obtainable 
if x and S are specified for a given cathode. 

In the period covered by this report, some progress 
has been made in the theory of the multivelocity 
region extending from the cathode to a point where 
the space potential is of the order of a volt or more 
[Siegman and Bloom, 1957]. This paper is an 
attempt to explain some of the numerical results 
obtained earlier by Tien and is concerned with the 
region between cathode and virtual cathode. A 
resonant peak in shot-noise is predicted in the 
neighborhood of the plasma frequency of the virtual 
cathode. There is still no experimental verification 
of this prediction. 

The region just beyond the virtual cathode has 
been studied theoretically [Siegman, 1957; Siegman 
and Watkins, 1957]. In these two papers the anal- 
ysis is carried out for the region just beyond the 
virtual cathodes of a parallel plane diode, and it is 
shown that even if the initial noise excitation at the 
virtual cathodes has zero correlation between density 
and velocity fluctuations, a finite, positive correla- 
tion (x/S>0) is produced as the beam is accelerated 
through the first 1; to 1 v, and S is simultaneously 
lowered. 

Although the model was highly idealized, the 
results indicated a way of possibly controlling 
(reducing) the noise in the beam by extending the 
region in which the beam drifts at low voltage. 
The multianode gun previously described was built 
with this idea in mind |Shaw, Siegman, and Watkins, 
1959]. 

The exact reason for the improved noise perform- 
ance of the magnetron injection gun is not under- 
stood. The Siegman type of analysis, if applicable, 
might explain it; however, the magnetic field strength 
plays an important role in determining the actual 
noise figure, and no theory has so far completely 
accounted for it [Currie and Forster, 1959; Muller 
and Currie, 1959]. 


e. Fundamental Noise Measurements 


Several measurements of the noise quantities S 
and « generated in low-noise guns of the solid-beam 
and of the magnetron injection type have been made 
[Saito, 1958; Zacharias and Smullin, 1960; Jory, 
1960]. Saito and Zacharias used two cavities spaced 
\,/4 apart to separately determine the noise excita- 
tion of the fast and slow space charge waves. Saito 
found a positive correlation, 7/S~0.2—0.3 in solid 
beam guns. This value was essentially independent 
of the way in which the beam was accelerated in the 
fun so long as strong lens effects were avoided. 

In contrast, Zacharias made similar measurements 
on a magnetron injection gun and found S to be a 





sensitive function of the voltage applied to the first 
anode and to the focusing electrode; but +/S~0 for 
all settings. If true, these data indicate a difference 
in the operating mode of the two types of guns. 

Jory also made measurements on a magnetron 
injection gun; but he used a backward wave amplifier 
with an axially movable gun. By measuring noise 
figure at various settings, he was able to determine 
Sand z/S. His values show z/S~0.2. Thus there 
appears to be a serious discrepancy between these 
results and those of Zacharias and Smullin. Further 
experiments are in progress. 


f. Electron Beam Parametric Amplifiers '! 


Considerable work and some success has been 
achieved in the design and construction of para- 
metrically excited, low-noise, beam-type amplifiers. 
Earlier attempts were based on the use of space 
charge waves. Although it proved possible to build 
tubes that amplified, little success has so far been 
achieved in getting low-noise performance. 

The principal difficulty in making low-noise, space 
charge wave, parametric amplifiers lies in the small 
separation between the fast- and slow-waves. As a 
result, it has so far proven practically impossible to 
strip the noise from the fast-wave and then to amplify 
it, only, without getting major contamination from 
slow-wave noise. 

The theoretical basis of beam-parametric amplifi- 
cation seems firmly established; and there are now 
power conservation theorems, and analysis by cou- 
pling-of-modes just as for cenventional beam-type 
amplifiers. 

The use of cyclotron waves and transverse deflec- 
tion allowed a great separation in velocity between 
the fast and slow waves (at w=w.=eB/m, the fast 
wave has infinite phase velocity). A UHF tube was 
built, using a quadrupole section excited at 2w, for 
parametric amplification, and Cuccia couplers for 
input and output circuits. This tube has a noise 
figure of less than 2 db and a gain of 30 db over a 
10 o/o bandwidth in the range of 400 to 800 Me/s. 

Recently, a similar type tube has been built for 
operation at 4 kMe/s. Its double channel noise 
figure was about 2.5 db with a gain of 24 db, over 
about a 114 o/o bandwidth. 


g. Low-Noise Klystrors 


Two low-noise tubes have been built for operation 
at S- and C-bands. They employ “conventional” 
solid cylindrical beam low-noise guns. Noise figures 
of 6 to 7 db and gains of 11.5 were attained [Rock- 
well, 1959]. 
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5. Interaction Between Plasmas and Electromagnetic 
Fields 






L. Smullin 


5.1. Introduction 

As a result of the intense interest in such diverse 
subjects as thermonuclear generation of power, ion- 
propulsion of rockets, and direct generation of 
electricity from furnace heat by MHD generators, 
the volume of literature on plasmas has grown 
enormously within the last few years. 

In this review, a brief survey is made of a narrow 
branch of plasma physics: the interaction between 
lasmas and electromagnetic waves, and the cou- 
omb interaction between interpenetrating plasma 
streains. As evidence of the growing interest in this 
field, the following books have appeared recently 
in the United States [Landshoff, 1957; Landshoff, 
1958; Proc. of Symposium on Electronic Waveguides, 
Microwave Research Institute Symposia Series, Vol. 
VIII, Polytechnic Press, 1958; Brown, 1959; Notes 
or MIT Summer Course, 1959; Longmire, Tuck, 
and Thompson, 1959; Clauser, 1960]. 


5.2. Propagation of Electromagnetic Waves 
in Unbounded Plasmas—Small Signal 
Theory 


The propagation of plane waves of arbitrary 
polarization in an ideal unbounded plasma (no 
collisions or thermal fluctuations) has been studied 
in three recent papers. Dispersion characteristics 
have been plotted, and the possible wave surfaces 
have been mapped on a chart relating applied fre- 
quency to plasma and cyclotron frequency. The 
wave surface contour plotted in various regions of 
the chart represents the phase velocity of each 
possible wave as a function of the angle between 
the d-c magnetic field and the direction of propaga- 
tion. [Auer, Hurwitz, and Miller, 1958; Allis, 
1959; Allis and Papa, 1959.] 

The same problem has been attacked for a fully 
ionized plasma in which the random motion of the 
charged particles is included. The approach is 
through the Boltzmann equation [Bernstein, 1958]. 


5.3. Plasma Waveguides 


Recently, there has been considerable interest in 
the study of b agree columns as electromagnetic 
waveguides. number of authors have studied 
the problem of propagation along an ideal plasma 
column either in free space, or coaxial with an outer 
metal tube. The effect of a superimposed, axial 
magnetostatic field is considered. For the cases 
in which w, and w, are small compared to the cutoff 
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frequency of the outer metal tube, relatively simple, 
approximate solutions to the dispersion equations 
have been found. These predict the existence of 
several passbands with both positive- and negative- 
dispersion and phase velocity small compared with c. 
Experiments have confirmed the theoretical predic- 
tions and both the positive- and negative-dispersion 
regions have been observed [Stix, 1957; Smullin and 
Chorney, 1958a; Chorney, 1958; Gould and Trivel- 
piece, 1958; Trivelpiece, 1958; Trivelpiece and 
Gould, 1959; Lichtenberg, 1959]. 

The previous papers all confine their attention 
to reciprocal modes of propagation. The gyro- 
electric, or nonreciprocal modes, have also been 
studied and nonreciprocal phase shifters and polar- 
izers have been demonstrated experimentally [Gold- 
stein, 1958]. 

The scattering of electromagnetic waves from an 
infinitely long plasma column in a strong magnetic 
field has been studied [Dawson and Oberman, 1959]. 

Much of the theoretical work now going on is 
aimed at finding methods of solving the less restricted 
problem of plasma within a metal cylinder (cavity) 
of arbitrary size. The earlier works of Van Trier, 
Suhl and Walker, and Gamo on ferrites has laid the 
foundation for the solution of these problems, but 
much remains to be done in this area. 


5.4. Electron Stimulated Plasma 
Oscillations 


The system consisting of an electron beam drift- 
ing through a stationary plasma has been studied 
by several authors. This is an old problem, and in a 
sense, it is a direct descendent of the double-stream 
amplifier of A. F. Haeff. For some time the pri- 
mary interest in this type of interaction, except for 
vacuum tubes, lay in the hope that it might explain 
some of the phenomena of solar flares and similar 
astronomical occurrences. More recently, double- 
stream interaction has been studied as a possible 
means of heating a plasma and as a possible origin 
of some of the experimentally observed instabilities 
in the various large-scale plasma machines built for 
thermonuclear research. 

Small signal analyses have been carried out for 
various geometrical arrangements in which an elec- 
tron beam is allowed to drift through a stationary 
plasma. Modes of interaction have been discovered 
that are similar to those of traveling wave tubes, 
klystrons, monotrons, backward wave oscillators, 
and reactive-medium amplifiers (Easytrons). Di- 
rect experimental evidence has already established 
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the reality of several of these modes [Jepsen, 1957; 
Boyd, Field, and Gould, 1958a; Smullin and Chorney, 
1958; Boyd, Field, and Gould, 1958b; Sturrock, 
1958; Boyd, 1959; Smullen and Getty, 1960]. 


A study of large signal effects in electron-stimulated 
plasma oscillations has been carried out for a one- 
dimensional system, and klystron-type ‘ Apple- 
gate” diagrams are plotted showing the overtaking 
of particles and the randomization of the original 
coherent oscillation [Buneman, 1958, 1959]. 


5.5. Large Signal Oscillations 


The possible parametric instabilities of a plasma 
confined by a strong rf field have been studied 
theoretically. It is shown that under certain con- 
ditions, the parametrically induced oscillations may 
destroy the confining action of the rf field [Haus, 
1959]. The use of a plasma column as a nonlinear 
medium for parametric amplification has been dis- 
cussed. Pumping by both electromagnetic and 
acoustic waves is considered [Kino, 1959, 1960]. 

An exact solution for one-dimensional electro- 
static oscillations of a collisionless plasma has been 
found for arbitrary large variations of electro- 
static potential. It is shown that the general so- 
lution for the traveling potential wave includes a 
large class of waveforms, both periodic and aperiodic 
[Bernstein, 1957]. 
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